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The Ettore Majorana paper “Theory of incomplete P' triplets”, published in 1931, focuses on the 
role of selection rules for the non-radiative decay of two electron excitations in atomic spectra, 
involving the configuration interaction between discrete and continuum channels. This work is a 
key step for understanding the 1935 work of Ugo Fano on the asymmetric lineshape of two 
electron excitations and the 1958 Herman Feshbach paper on the shape resonances in nuclear 
scattering arising from configuration interaction between many different scattering channels. 
The Feshbach resonances and shape resonances are today of high scientific interest in many 
different fields and in particular for ultracold gases and high Tc superconductivity. 
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1. Introduction 

Ettore Majorana was 25 years old in 1931, five years after quantum mechanics was 
proposed by Heisenberg and Dirac and the wave mechanics by Schrödinger. In this year he was 
attracted by the problem of the role of the exchange interaction in the problems of the molecular 
bond [1] and the decay of two electron excitations in atomic spectra [2]. The interest of the 
scientific community working in the development of quantum mechanics was diverging in two 
directions, the first, toward high energy interactions in nuclear physics, the second, toward 
understanding the chemical bond [3,4], and the processes of molecular association and 
dissociation [5-10]. It was pointed out that the dissociation involves the decay of the bound 
particles in a discrete state into a continuum spectrum of states made of dissociated particles. 
The molecular dissociation processes where considered to be similar to the Auger effect [11-
18], discovered in the twenties by Lise Meitner [11,12] and Pierre Auger [13,14]. The Auger 
effect concerns the non-radiative decay channel of the excited states of an atom A* with the 
emission of a free electron leaving a positive ion  

A* → A+ + eauger
−  

This decay process competes with the standard radiative recombination, where a neutral 
excited atom A* atom decays in its ground state A with the emission of a photon  

A* → A + hν . 
In 1921 Albert Einstein received the Nobel prize for the theoretical interpretation of the 

photoemission process 
hν + A → A+ + ephotoelectron

−  

that involves the excitation of an electron in the external atomic shell in the vacuum so that the 
ion A+ is left in its ground state. 

 
 
 

 Fig. 1 The original photographic plate where Auger has recorded two electrons emitted by a krypton 
atom that have absorbed an x-ray photon of 60 KeV energy in a Wilson chamber. The Auger experiment 
shows that by changing the energy of the x-ray photon the energy of the Auger electron does not changes 
while the energy of the photoelectron increases linearly with the photon energy (1926).  
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The Auger effect was found looking at the photoemission process in the x-ray range where 
two electrons are emitted, as it can be seen in Fig. 1. In this energy range the photons have 
enough energy to excite a photoelectron from a core level (for example the 1s level, called K 
shell) of an atom A into the vacuum. The ion, with N-1 electrons, is formed in an excited state 
A+* (for example with a core hole in the 1s level or K shell). This excited state can decay via a 
radiative x-ray fluorescence process, known as x-ray fluorescence channel (for example the Kα 
x-ray emission line following the electronic transition from 2p to 1s level) 

 
hν + A → ephotoelectron

− + A+* → ephotoelectron
− + A+ + hν fluorescence . 

 
Pierre Auger discovered that this process is in competition with the non-radiative decay of A+* 

 

hν + A → ephotoelectron
− + A+* → ephotoelectron

− + A2+ + eauger
−

 

 

where the core hole in the inner level is filled by an electron in a more external level with the 
emission of an Auger electron. Auger described this process as the dissociation of the excited 
A+* into a A2+ ion (with N-2 electrons) and an Auger electron in the continuum following the 
energy scheme shown in Fig. 2. 

 
Fig. 2. The energy scheme for the case of the excitation of a core hole in the 1s level (K shell) followed by 
the emission of a photoelectron and the emission of one Auger electron of energy K-2L. 
hν + A(1s22s2) → ephotoelectron

− + A+*(1s12s2) → ephotoelectron
− + A2+(1s22s0) + eauger

− . 

 
In 1927 Wentzel [19] proposed a non trivial extension of the Heisenberg theory of the 

quantum resonance in helium published in 1926 [20] to explain the Auger effect. He considered 
the simple case of the non-radiative decay of a discrete excited state of two electrons into final 
states in the continuum. He proposed that the Auger decay was due to the configuration 
interaction, driven by the Coulomb repulsion, between the initial discrete excited state of two 
electrons and the continuum final state where one of two electrons is emitted as a free electron 
in the vacuum. The wavefunction of the initial state of the two excited electrons of quantum 
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numbers n, m, l and N, M, L  and coordinates r, θ, ϕ and R, Θ, Φ  respectively was 

described as the linear combination of the products of the hydrogenoic wavefunctions fnlm e 
fNLM: 

 

unlmNLM =
1
2

fnlm (rθϕ) ⋅ fNLM (RΘΦ) ±{ fnlm (RΘΦ) ⋅ fNLM (rθϕ)}. 

 
The effect of the perturbation is to mix with different weights the wavefunctions of the system 
and it is described by 

 

 ∑ ∫
∞

−−−''''' 0 '

''''''
''''''

)'()(
'

MLmln Nnn

MLElmn
MLEmln

nlmNLM
EEEE

uV
dE   

 
where the sum has been replace by an integral considering a continuum spectrum  

 

 The term VnlmNLM
n ' l 'm'E 'L 'M '  represents the matrix associated with the transition from the initial 

discrete states nlm and NLM  to the final n' l'm' and N 'L' M '  states in the continuum. 

 

∫ ∫ ∫ ∫ ∫ ∫ΘΘΦ= 22'''''' dRRsendddrrsenddV MLEmln
nlmNLM θθϕ  
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2
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e
⋅
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⋅  

 
where the e2 R − r  is the Coulomb interaction. The approximate wavefunction of the final states 
in the continuum has been described as: 
 

 )()'cos(
'
'2)( ''''' θϕα

π
θϕ MLMLE P

r
rk

dE
dkrf ⋅

−
⋅= , where k'= (2π /h) 2mE '  

with a time dependent factor   ehi(E−mc2 )t ⋅ e−γt , where e−γt  takes into account the decrease of 
the electronic charge due to the electron emission in the vacuum.  

Although the possibility of the extension of the quantum resonance between two bound 
states to that between a discrete and a continuum of a many body system could be questioned, 
Wentzel showed that his theory was able to predict an important experimental fact:: the ratio 
between the radiative and non-radiative recombination. The calculated probability of the Auger 
non-radiative recombination channel is larger that that for the radiative recombination for low Z 
atoms and the ratio between the two probabilities depends on the atomic number Z in agreement 
with experimental results [15-18]. 



P
o
S
(
E
M
C
2
0
0
6
)
0
0
1

Incomplete P’ triplets and Feshbach resonances Antonio Bianconi 

 
 5 
 
 

The absorbed photon energy in the non-radiative decay of the photo-excited states A* is 
fully converted into an electronic energy, with no emission of photons, therefore it is high 
interest for the efficient transformation of photonic energy into electronic energy, but this 
quantum process remains difficult to be predicted theoretically since it depends on the details of 
the quantum overlap of the many bound and unbound electronic wave functions involved in the 
process. 

 Today the non-radiative decay is of high scientific interest in the photosynthesis that is a 
key process to understand living matter. In fact it appears that the biological evolution has 
selected particular quantum tricks for the control of the non-radiative decay of the photo-excited 
state A* in the antenna of the photosystyem II to get the most efficient conversion of the 
absorbed electromagnetic radiation into an electronic energy: the voltage gradient across the 
thylakoid membrane called the proton-motive force.  

 
 

2. Two electron excitations 

 
Ettore Majorana [2] addressed his interest to the selection rules for the non-radiative 

recombination process of two electron excited states following the Wentzel theory. The 
probability of the decay of the two electron quasi-bound excited state into the continuum is 
controlled by the Coulomb interaction in the Wentzel theory. Majorana pointed out in his work 
that it was necessary to consider also the configuration interaction due to spin orbit interaction 
between the atomic two electron excited states in order to control the probability of the non-
radiative decay.  

 

 
 

Fig. 3. The two electrons excitations in the optical absorption spectra of Cd measured by Foote et al. 
(1925) [25]. 

 

He recognized that the ideal simplest experiment for testing the quantum theory for the 
decay of the two electron excited states, considered in the Wentzel theory, was the decay of the 
excited state of a neutral atom with two external electrons measured in the optical spectra- 
where a photon excites the two external electrons.  

These two electron excitations were measured as week absorption lines in the atomic 
spectra beyond the ionization potential (I.P.) for single electron excitations [21-23]. The optical 
absorption spectrum of Cd, measured by Foote et al. in 1925 [21] is shown in Fig. 3. In this 
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experiment the absorption spectra of atomic species with two external electrons ns2 have been 

recorded. The final states for the two electron excitations ns2np0 + hν → ns0np2 , where both 

electrons are excited into the p level, have been identified. The energy scheme of the two 
electron excitations observed in Cd, Zn and Hg is shown in Fig. 4. The quasi-bound discrete 
states of the two excited electrons, np2, are degenerate with the continuum and therefore they 
are expected to decay with the Wentzel non radiative recombination if the process is not 
forbidden by selection rules. 

 
Fig. 4. The energy scheme for two electron excitations in Cd, Zn and Hg and the degenerate continuum 
states involved in the non radiative decay process. 

 

Majorana has shown in his work [2] that the expected final states are 
 
 

J = 3 : (3D3)

J = 2 : 1D2,
3P2, (3D2)

J =1: 3P1, (3D1),(
1P1),(

3S1)

J = 0 : 3P0,
1S0.

⎧ 

⎨ 

⎪ 
⎪ 
⎪ ⎪ 

⎩ 

⎪ 
⎪ 
⎪ 
⎪ 

 

 
The final states (3D3),(3D2),(3D1),(

1P1),(
3S1)  are forbidden by the Pauli principle, and the 

3P0  3P1,
3P2, final triplet states are expected to be observed, on the contrary the 3P2, was not 

observed in all spectra of Cd, Zn, and Hg spectra. This unexpected experimental result was 
known as the problem of the incomplete P’ triplet. Majorana has showed in his paper that it is 
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necessary to consider the configuration interaction of the excited states induced by spin orbit 
interaction that gives:  

 

H 3P2 = f (r1) + f (r2)
4

3P2 + f (r1) + f (r2)
2 2

1D2 + 3 f (r1) − f (r2)
4

(3D2)

H 3P1 = −
f (r1) + f (r2)

4
3P1 + 5 f (r1) − f (r2)

4 3
(3D1) +

+
f (r1) − f (r2)

2 2
(3P1) −

f (r1) − f (r2)
3

(3S1)

H 3P0 = −
f (r1) + f (r2)

2
3P0 +

f (r1) + f (r2)
2

1S0

⎧ 

⎨ 

⎪ 
⎪ 
⎪ 
⎪ 

⎩ 

⎪ 
⎪ 
⎪ 
⎪ 

 

 
 
 
Majorana results show that the stable terms are due to even 4p2 configurations which 

cannot decay into the odd continuum 4s1,εp configuration. Though partial breakdown of LS 
coupling in the p2 configuration the unstable term (3P2) acquires a component of (1D2) and thus 
become subject to allows the non radiative decay through interaction with the 4s,εd continuum. 
Therefore the 3 P 2  term is the only level in configuration the J=1 subject to rapid non radiative 
decay because of its interaction with the final state 1D2. Therefore Majorana has shown that the 
spin orbit interaction need to considered for the control of the non-radiative recombination and 
in the particular experimental case he considered it becomes relevant only for the missing term 
in the spectrum.  

Clearly for testing the predictions of the quantum mechanics the most simple experiment 
on two electron excitations is the absorption spectrum of atomic helium beyond the ionization 
potential. Unfortunately the two electron excitations in helium are in the ultraviolet energy 
range and they were not available in 1931 for Majorana.  

The ultraviolet absorption spectrum of helium will be measured few years later in 1935 by 
H. Beutler [24] who identified the series of two electron excitations 1s2 + hν →1s02s1np1 

shown in Fig. 5. 
 
 

 

Fig. 5. The ultraviolet absorption spectrum of helium beyond the ionization limit measured by 
H. Butler (1935)[24].  
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The paper of H. Butler was known at the Institute of Physics of Rome University in via 
Panisperna in January 1935. The Fermi’s group was no more working on basic problems of 
quantum mechanics, they were fully focused on the experiments in the artificial radioactivity 
induced by the nuclear capture of slow neutrons discovered few month before. Emilio Segrè 
were helping Enrico Fermi in his experimental efforts to investigate the nuclear capture in many 
different atomic species, but Ettore Majorana was working at home in Rome and was not 
coming to the Institute in via Panisperna. Emilio Segrè kept the contacts with Ettore and visited 
Ettore at home in viale Regina Margherita in Rome several times, as Amaldi has written in his 
memories [25].  

Ugo Fano, coming form Turin with a diploma in mathematics, joined the Fermi’s group at 
the end of 1934. Ugo Fano has written his memories of that period [26] “In January, 1935, 
Emilio Segrè gave me some spectroscopy papers by H. A. Beutler as a fruitful subject of study. 
The Beutler spectra showed unusual intensity profiles which struck me as reflecting 
interferences between alternative mechanisms of excitation. Fermi then taught me sequentially 
within a few days how to formulate my interpretation theoretically; a paper was sent to the 
Nuovo Cimento quickly and I dropped the matter.” 

It is possible therefore that E. Segrè was the link between Ettore Majorana and Ugo Fano 
in fact it is clear that the 1935 Fano paper [26] is the evolution of the 1931 Ettore Majorana 
paper [2]. The Panisperna group, Enrico Fermi, Emilio Segrè, Edoardo Amaldi, like Ugo Fano, 
“dropped the matter” and considered this work as a simple exercise of quantum mechanics in 
atomic physics of no interest in nuclear physics and other fields. 

The paper by Ugo Fano identifies the anisotropic lineshape of the profile of the two 
electron absorption lines as due to the configuration interaction between the quasi bound excited 
state and the continuum. The anisotropy coefficient can be extracted from the experimental data 
and it provides a direct measure of the complex integral of configuration interaction between 
two different scattering channels that is very difficult to calculate for the specific cases.  

 

3. Synchrotron radiation spectroscopy 

 
In the early 60’ the revival of the interest on two electron excitations in atomic spectra was 

due to the discovery of the synchrotron radiation emitted by electron synchrotrons that because 
of its intense continuum spectrum extending from the infrared to x-ray range allowed for the 
first time to extend the experimental spectroscopy investigation to far ultraviolet and soft x-ray 
range. Synchrotron radiation spectroscopy experiments beyond the near ultraviolet started at the 
National Bureau of Standards (NBS) in USA where in these years Ugo Fano was working. Ugo 
Fano published in 1961 an extended version of his 1935 paper in Phys. Rev. [28] that had an 
impressive success and today it classified between the most important publications in the 
physics of the second half of the XX century (this paper is between the first three most relevant 
works published in Phys. Rev. and Phys. Rev. Lett.). The success of this theory has been related 
with the emergence of synchrotron radiation spectroscopy that greatly expanded the range of 
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spectroscopy from the optical or near ultraviolet to far ultraviolet in the early 1960s, to the soft 
x-rays in the 1970s and in the hard x-rays in the 1980s. In the early 1960s the development of a  

 

 
 

Fig. 6. Absorption spectra of helium, neon, and argon atoms in the extreme ultraviolet spectral region, 
from [29-31]. These images have been recorded on photographic plates exposed to synchrotron radiation 
at the National Bureau of Standards in USA. The synchrotron radiation was passed through a gas cell 
and then dispersed by a diffraction grating to show the dependence of absorption upon wavelength 
(which is indicated in Ångstrom units: 1 Å = 10–10 m). Increased blackness indicates increased 
absorption by the gas. Note that these spectral lines clearly exhibit the Fano asymmetric profiles. 

  

 
 
 

 

Fig. 7. The absorption coefficient vs. wavelength for the strongest absorption feature of helium (around 
206 Å). The points are experimental data; the solid line is a fit to the Fano profile formula. This feature is 
associated with excitation of the 2s2p 1P0 state of the helium atom (1963) from ref. [31]. 
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 synchrotron radiation source at the betatron of the National Bureau of Standards (NBS) was an 
offshoot of a program of investment in betatron electron accelerators which started in the late 
1940s, originally aimed to provide high-energy electron beams for the production of x rays. 
These accelerators also yielded, at first as an unappreciated byproduct, a broad band of 
synchrotron radiation spanning the electromagnetic spectrum from the radio to the x-ray 
domains. The first relevant experiment with synchrotron radiation was the measure in 1963 of 
the two electron excitations in the far ultraviolet [29-31] of noble gases shown in Fig. 6. The 
experimental absorption profile of the two electron excitations shown in Fig. 7 are in fully 
agreement with the theory of configuration interaction between continuum and discrete states 
The two electrons excitations have been investigated later at other synchrotron radiation 
facilities in the soft x-ray range in the solids [32,33] and molecules [34] and later in the x-ray 
range in solids [35] using novel synchrotron radiation facilities using the storage ring. The x ray 
spectroscopy with synchrotron radiation in these last 40 years allowed a careful test of the 
theory of configuration interaction between a discrete and a continuum [36]. 

 

4. Shape resonances in nuclear physics 

 
In the fifties the interest of nuclear physics was attracted by the resonant scattering of a 

slow neutron on a nucleus known as the “shape resonances” [37]. In 1954, Herman Feshbach, 
Charles Porter, and Victor Weisskopf [38] developed the cloudy crystal ball model, which 
revolutionized the treatment of nuclear reactions, initially providing a detailed description of the 
scattering of neutrons from nuclei. The model's characterization of the nucleus as a complex 
"optical" potential combines the independent nucleon aspect embodied in the shell model with 
the excitation of dense compound nuclear levels postulated by Niels Bohr to explain many 
aspects of nuclear reactions. Herman Feshbach developed the theory of the multichannel 
resonance [39] in the frame of the general nuclear reaction theory for multistep reactions 
(known today as Feshbach resonance). In 1961 Fano [28] realized that the Feshbach theory was 
an extension of his paper in Nuovo Cimento in 1935. In fact the Feshbach theory deals with 
neutron capture that is an association processes inverse to those considered in the Fano’s theory 
of autoionization that is a dissociation process. The neutron capture is a scattering process, in 
which the system is formed by combining an incident particle n (the neutron) with the “rest” 
(the nucleus). Moreover in nuclear multi-channel reactions the nucleus (the system of N+1 
particles) then breaks up releasing alternatively either the same particle or another particle and 
…, therefore the multichannel Feshbach resonance was an extension of the single channel shape 
resonance discussed in the Fano’s paper of 1935. The theory of shape resonances and 
multichannel Feshbach resonances was developed and applied to many processes of association 
and dissociation [40]. 
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5. Exchange interaction in superfluids at high temperature 

 
Feshbach resonances for molecular association and dissociation have been proposed for 

the manipulation of the interatomic interaction in ultracold atomic gases. In fact the interparticle 
interaction shows resonances tuning the chemical potential of the atomic gas around the energy 
of a discrete level of a biatomic molecule controlled by an external magnetic field [41-43]. This 
quantum phenomenon has been used by Ketterle group to achieve the Bose-Einstein 
condensation (BEC) in the dilute bosonic gases of alkali atoms [44] and by Jin’s group to reach 
the crossover between BCS and Bose condensation in fermionic gases [45] where Feshbach 
resonances control the exchange pairing between fermions [46-49].  

 In the field of high Tc superconductivity the process for increasing Tc by “shape 
resonance” was first proposed by Blatt and Thompson [50] in 1963 for a superconducting thin 
film and extended later to a superlattice of quantum stripes [51-54] or quantum wells [55]. 

In conclusion we have shown that the 1931 paper of Majorana [2] plays a key role for 
understanding the 1935 theory of Fano for the autoinization lines of helium involving the 
configuration interaction between discrete and continuum ionization channels that is at the basis 
of Feshbach resonances. 

 
. 
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