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1. Introduction

2Lη = 2m1 K + im2 K ′

(1.1)

where 2K and 2K ′ are the real and imaginary periods of the quasiperiodic functions which characterize the Boltzmann weights of the 8 vertex model. In particular the condition (1.1) is necessary
for the original solution of the eigenvalue problem of the 8 vertex model transfer matrix of [1] to
hold and for the solution for eigenvectors given in [6]–[8] to hold it is necessary that the related
root of unity condition
Lη = 2m1 K + im2 K ′
(1.2)
be imposed. A study of the eigenvalue problem for generic values of η is given in [6] and [9]
however none of these classic studies either for roots of unity or for generic values revealed all the
properties of the eigenvalue spectrum. In particular it was found in [10] that the condition (1.1)
is not sufficient and for the method of [1] to hold we must require in (1.1) with m2 = 0 that for a
system with N lattice sites in a chain that the case with L odd and m1 even must be excluded for
N > L − 1 if N is even and for all N if N is odd.
The eigenvectors at generic values of η are briefly mentioned in [11],[12], and [13] and in the
recent paper of Bazhanov and Mangazaeev [14] presented at this conference.
It is the purpose of this paper to present recent progress in the study of the eigenvalues and
eigenvectors of the 8 vertex model at the roots of unity (1.1) with m2 = 0 and L is even or both L
and m1 are odd for even values of N. We found in [10] that one has to distinguish two types of
eigenstates of T :
1. singlet states for the nondegenerate eigenvalues.
2. states appearing in multiplets for degenerate eigenvalues.
The singlet states are eigenstates of the spin reflection operator. This should be compared with the
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The eight vertex model was introduced into physics by Baxter [1] as the natural generalization of
the six vertex model which satisfies the star triangle equations and because the six vertex model is
solved by the same ansatz for eigenvectors which was introduced by Bethe [2] in his famous 1931
computation of the eigenvectors and eigenvalues of the isotropic Heisenberg chain it is a common
practice of many authors to present the computation of the eigenvalues and eigenvectors of the
eight vertex model as a generalization of the methods of Bethe. Indeed it is for this reason that the
8 vertex model is the topic of many talks at this conference honoring the 75 anniversary of Bethe’s
original paper.
Nevertheless there are several profound distinctions between the 6 and 8 vertex model which
make the methods used to study the properties of the 8 vertex model very different from the methods
used in the Bethe’s ansatz solution of the 6 vertex model as presented, for example, in the classic
1967 papers by Lieb [3] and by Sutherland, Yang and Yang [4] and the corresponding 1966 papers
of Yang and Yang [5] for the anisotropic Heisenberg model. Perhaps the most visible of these
differences in solution is that while the Bethe ansatz for the eigenvectors of the 6 vertex model
is valid for all values of the crossing parameter η (and the corresponding anisotropy ∆ of the
anisotropic Heisenberg chain) a very important role for the solutions of the 8 vertex model given
in [1] is played by what is called the “root of unity” condition
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2. Degenerate eigenvectors of T in the eight-vertex model.
Our goal is to find a general procedure allowing the construction of all degenerate eigenstates of the
transfer matrix T . The powerful and elegant algebraic Bethe-Ansatz [11] is the ideal tool to develop
the analytic framework in a transparent manner. Furthermore it will allow the interpretation of the
result in the context of symmetry algebras.
We shall first describe the important results obtained in [11]. For the six vertex model the authors
find that eigenstates of T are given by a product of B-operators acting on a reference state. In
the six-vertex model this works for all irrational crossing parameters. For rational multiples of
π not all eigenstates are obtained but only those which are highest weight states of loop algebra
multiplets. To construct the remaining elements of these multiplets in addition to B-operators the
more complicated creation operators of strings are needed. These creation operators of strings were
introduced in [16]. Besides being creation operators of strings they have an important algebraic
meaning: They are current operators of the loop algebra symmetry of the six-vertex model. The
description of the loop-algebra symmetry of the six-vertex model is given in [15].
In the eight-vertex model the situation is more complicated. First the well developed results [8, 11]
are valid only at roots of unity. In [11] eigenvectors of T are given by finite sums of products
of B-operators acting on generalized reference states. Like in the six-vertex model one gets by
this method all singlet states. But unlike the case of the six-vertex model the B-operators and
the reference states of the eight vertex model depend on additional free parameters s,t and by
varying these parameters one gets a subspace of dimension larger than one for each degenerate
eigenspace. However there still remain a large number of states states in the multiplets which
cannot be constructed in this way. For the construction of these missing eigenstates one needs the
additional string creation operators which were found in [18]. There are also missing eigenvectors
in the solution of the eight-vertex model by Felder and Varchenko [12]. They have been studied by
Deguchi in [19, 20].
3
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limiting case of the six vertex model where only a few states with Sz = 0 are singlets. Furthermore
in the Bethe ansatz treatment of [2]-[5] the eigenvectors of the Hamiltonian are by definition eigenvectors of the operator Sz and thus for Sz 6= 0 none of the Bethe states can be an eigenstate of the
spin reflection operator.
Little attention has usually been paid to the second case despite the fact that depending on the
size N and the value of the crossing parameter η the overwhelming majority of states is degenerate.
As an illustration we mention that for N = 12 and η = K/2 there are 128 non degenerate states in
the eigenspace of dimension 4096. This same phenomenon of degeneracies at roots of unity which
are larger than the symmetry required under Sz → −Sz occurs in the six-vertex model where it is
explained by the existence of an sl2 loop algebra [15]. The explanation of the multiplets as highest
weight representations of this algebra based on the algebraic Bethe ansatz of [11] was first given in
[16] and a rigorous proof in terms of representation theory is given in [17]. A treatment in terms of
the coordinate Bethe ansatz is given in [13].
The more complicated problem of obtaining all degenerate eigenstates of T in the algebraic
Bethe-Ansatz of the eight-vertex model has been solved recently in [18]. A parallel investigation
for the description of the eight-vertex model given in [12] is done in [19, 20].
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3. The dimension of degenerate subspaces in the eight-vertex model.
The transfer matrix T (v) has the property that it satisfies the famous T Q equation derived in [1]
T (v)Q(v) = [ρ h(v − η )]N Q(v + 2η ) + [ρ h(v + η )]N Q(v − 2η )

(3.1)

h(v) = Θ(0)Θ(v)H(v).

(3.2)

where

Q(v) = QR (v)QR−1 (v0 )

(3.3)

where QR,72 is only defined when (1.1) holds. Like the transfer-matrix T (v) the matrix QR (v) is the
trace of a product of local matrices which are in this case of size L × L
[QR (v)]α |β = TrSR (α1 , β1 )SR (α2 , β2 ) · · · SR (αN , βN )

(3.4)

where α j and β j = ±1 and for the case m2 = 0 in (1.1)
SR (α , β )(v)k,l = δk+1,l uα (v + K − 2kη )τ−k,β +δk,l+1 uα (v + K + 2l η )τl,β +
δk,1 δl,1 uα (v + K)τ0,β
+δk,L δl,L uα (v + K + 2Lη )τL,β

(3.5)

for 1 < k ≤ L, 1 < l ≤ L and where
u− (v) = Θ(v)

u+ (v) = H(v)

(3.6)

We have shown in [10] that QR,72 (v) has the (quasi)periodicity properties
QR,72 (v + 2K) = SQR,72 (v)

(3.7)

where
S = σ3 ⊗ σ3 ⊗ · · · ⊗ σ3
and
QR,72 (v + 2iK ′ ) = q−N exp(

−iπ Nv
)QR,72 (v)
K

(3.8)

Q72 can be formed in accordance with (3.3) only if Q−1
R,72 exists.
−1
Whether QR,72 exists depends on the size N of the spin chain. If N is so large that exact complete
strings could exist then as we found in [10]
−1
QR,72
does NOT EXIST for real η if m1 is even and L is odd.

It exists only for odd m1 and even or odd L.
4
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and Θ(v) and H(v) are the standard Jacobi theta functions. It is important to recognize that the
matrix Q(v) in (3.1) is not unique. The original Q matrix was discovered [1] in 1972 under the
condition (1.1) and has been further studied in detail in [10]. In 1973 Baxter constructed [6] a
second Q-matrix which is different from that of [1] and is defined for generic values of the crossing
parameter η . To distinguish between these two rather different matrices we denote them as Q72
and Q73 . Both matrices have the form
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It follows that for odd m1 and even or odd L the matrix Q72 exits. It can be shown that it commutes
with T . From (3.7) and (3.8) it follows that its root structure differs from that of Q73 . It is shown
in [10] that
nB

Q72 (v) = Kˆ (q; vk )exp(i(nB − ν )π v/2K) ∏ h(v − vBj )
j=1

nL

× ∏ H(v − iw j )H(v − iw j − 2η ) · · · H(v − iw j − 2(L − 1)η )

(3.9)

j=1

(3.10)

nB is the number of Bethe roots vk and nL the number of exact Q-strings of length L.
Note that nL is always even.
Q72 satisfies a functional relation conjectured in [10] and proven for L = 2 in [22]:1
For N even and either L even or L and m1 odd
e−N π iv/2K Q72 (v − iK ′ )
L−1

= A ∑ hN (v − (2l + 1)η )
l=0

Q72 (v)
Q72 (v − 2l η )Q72 (v − 2(l + 1)η )

(3.11)

where A is a normalizing constant matrix independent of v that commutes with Q72 .
(3.11) determines the complete set of zeros of each eigenvalue of Q72 . So it delivers more information than Bethe’ equations (which are contained in (3.11)). It determines the regular roots as well
as the roots appearing in exact strings: If there exists an eigenvalue of Q72 having nL exact strings
in its set of zeros with string centers
vc1 , · · · , vcnL
(3.12)
then there exist eigenvalues of Q72 having the same regular roots and strings with centers
vc1 + ε1 iK ′ , · · · , vcnL + εnL iK ′

(3.13)

for all 2nL sets

εi = 0, 1,

i = 1, · · · , nL

(3.14)

It follows [18] : The eigenspace of a degenerate eigenvalue of T has the dimension
2nL

or

2nL −1

It is the purpose of the following sections to construct all eigenvectors of T in these degenerate
subspaces.
We conclude this section with three remarks:
1.
Recently a Q-matrix has been found [21] for even N which has the same properties as Q72 and
which exists for η = 2m1 K/L where Q72 does not exist.
1 It

is not sufficient to prove this functional equation in the subspace of R-invariant states [14]. It is important to
show its validity in the degenerate subspaces of T .

5
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2nB + LnL = N.
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2.
The matrix QR (u) defined by (3.4)-(3.6) is which is the definition given literally in [1] only satisfies
the T QR equation (C22) of [1] when (1.1) holds with m2 = 0. To extend the working of [1] to the
case m2 6= 0 the definitions of all theta functions must be modified as done in [6] for the related
root of unity condition (1.2). The required modification is
Θ̃(v) = Θ(v)exp[iπ m2 (v − K)2 /(8KLη )]
H̃(v) = H(v)exp[iπ m2 (v − K)2 /(8KLη )]

(3.15)

Q72 (v + iK ′ ) = q−N/4 exp(−N π v/2K)RQ72 (v)

(3.16)

where
R = σ1 ⊗ σ1 ⊗ · · · ⊗ σ1
However, the relation (3.16) cannot possibly hold because, if we recall that the eigenvectors of
Q72 (v) are independent of v, we see that (3.16) would imply that all eigenvectors of Q72 (v) would
be eigenvectors of R which we demonstrated in [10] is not the case.
To isolate more explicitly the reason why (3.16) fails to hold we note that it follows from the
quasiperiodicity properties of H(v) and Θ(v) that for m2 = 0 from (3.4)-(3.6)
SR (±, β )k,k+1 (v + iK ′ ) = f (v)exp(iπ kη /K)RSR (±, β )k,k+1 (v)
SR (±, β )k+1,k (v + iK ′ ) = f (v)exp(−iπ kη /K)RSR (±, β )k+1,k (v)
SR (±, β )1,1 (v + iK ′ ) = f (v)RSR (±, β )1,1 (v)
SR (±, β )L,L (v + iK ′ ) = (−1)m1 f (v)RSR (±, β )L,L (v)
where
f (v) = q−1/4 exp(−

iπ v
)
2K

(3.17)

(3.18)

The relation (3.16) will follow only if (−1)m1 = 1 which requires that m1 be even. But we found
in [10] that if m1 is even then when the number of lattice sites N is sufficiently large that QR (v) is
singular for all u and that Q72 (v) as given by (3.3) does not exist. Consequently (3.16) fails to hold
for the matrix Q72 .
3.1 The string-free eigenstates of T .
Here we state the important result derived in [11]: If the crossing parameter is restricted to (1.2)
with m2 = 0 and N is even there are eigenstates of the transfer matrix T given by
Ψm =

L−1

∑ e2π iml/L Bl+1,l−1 (λ1 ) · · · Bl+n,l−n (λn )ΩNl−n

l=0

6

(3.19)

PoS(Solvay)003

With the replacements in (3.6) of Θ(v) → Θ̃(v) and H(v) → H̃(v) the matrix Q72 (v) of (3.3) will
satisfy the T Q equation (3.1) whenever it exists for all η which satisfy (1.1).
3.
In [14] it is claimed in equ. (A.33) that (in Baxter’s notation)
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where λ1 , · · · , λn are chosen to satisfy
n
hN (λ j + η )
h(λ j − λk + 2η )
−4π im/L
=
e
.
∏
N
h (λ j − η )
k=1,k6= j h(λ j − λk − 2η )

(3.20)

with N = 2n+integer×L and
ΩlN = ω1l ⊗ · · · ⊗ ωNl

ωnl =

H(s + 2(n + l)η − η )
Θ(s + 2(n + l)η − η )

(3.21)
(3.22)

We call the set λ1 , · · · , λn which solves the Bethe-equations (3.20) regular Bethe-roots. The Bk,l operators are elements of the gauge transformed monodromy matrix
!
A
B
k,l
k,l
Tk,l = Mk−1 (λ )T (λ )Ml (λ ) =
.
Ck,l Dk,l
As mentioned above the state vectors (3.19) give all singlet states as well as a subset of each
degenerate multiplet of states.
3.2 Eigenstates of T with strings.
The remaining much larger set of eigenvectors of T has been obtained in [18]. These eigenvectors
are given by
Ψ=

n

L−1

L,1
∑ ω l BL,1
l (λc1 )...Bl (λcm )

l=0

∏

Bl+m,l−m (λm )ΩNl−n

(3.23)

m=Ls +1

where ω = exp(2π iml/L) and the contribution of an exact L-string is


Ls
∂ Bl+ j,l− j
∂ Bl+ j,l− j
L,1
(λ j ) − Ẑ j
(λ j ) · · · Bl+Ls ,l−Ls (λLs )
Bl (λc ) = ∑ Bl+1,l−1 (λ1 ) · · ·
∂η
∂λ
j=1

(3.24)

and where λci are the centers of strings

λk = λc − 2(k − 1)η

k = 1, · · · , Ls

(3.25)

We shall refer to (3.24) as B-string operator which creates the B-string (3.25). The string centers
are free parameters. The string length Ls is for odd L
Ls = L
and for even L
Ls = L/2
The key of our method is the function Ẑ j in (3.24). Its definition is
Ẑ j (λc ) = Ẑ1 (λc − ( j − 1)2η )
Ẑ1 = −2

Ls −1 ω
k
∑k=0

−2(k+1) ρ
k+1

Pk Pk+1
Ls −1 ω −2(k+1) ρk+1
∑k=0
Pk Pk+1

7

(3.26)
(3.27)

PoS(Solvay)003

!

An Elliptic Current Operator for the Eight Vertex Model

Klaus Fabricius

ρk = hN (λc − (2k − 1)η )
and

n

Pk =

∏

h(λc − λm − 2kη ).

(3.28)

(3.29)

m=Ls +1

λk = λc − 2(k − 1)η , k = 1, · · · Ls

(3.30)

to the set of Bethe roots fails because
Bl+1,l−1 (λ1 ) · · · Bl+Ls ,l−Ls (λLs ) = 0

(3.31)

To circumvent this problem we insert instead of (3.30) the expression

λk = λc − 2(k − 1)η − Ẑk (λc )ε , k = 1, · · · Ls

(3.32)

and perform the limit ε → 0. The O(ε ) term gives the desired result.The function Ẑk (λc ) is an
essential ingredient of our method.
We follow the same path as Takhtadzhan and Faddeev [11]: Let Ψ be the candidate for an eigenstate
of T and
(3.33)
T Ψ = t(λ )Ψ + additional
{z terms}
|
| {z }
unwanted

wanted term

In the work of [11] the unwanted terms can be removed by adjusting the set of free parameters
λ1 , · · · , λn to satisfy ” Bethe’s equations”. In our case a first set of unwanted terms is removed by
again invoking Bethe’s equations to determine λ1 , · · · λn .
The remaining second set of unwanted terms is removed by appropriately choosing the functions
Ẑk (λc ) which leads to

ω (Ẑk+1 − Ẑk − 2)ρk−1 Pk = ω −1 (Ẑk − Ẑk−1 − 2)ρk Pk−2

(3.34)

where ρ and Pk and are defined in (3.28) and (3.29). The solution of (3.34) is (3.27).
The total number of operators B building an eigenvector is restricted by
2(nB + ns ) + rL = N

(3.35)

where nB is the number of regular roots and ns is the number of roots belonging to B-strings. It is
important to note that the integer r may be positive and negative. It follows that there is no restriction on the number of B-string-operators in a state vector. To understand the role of B-strings we
note that the analytical expression for eigenstates of the eight-vertex model without strings given by
equ. (3.19) depends on two free parameters s,t. For degenerate eigenstates which form a space of
dimension d a subspace of dimension d0 < d can be constructed by the variation of s and t without
8

PoS(Solvay)003

ω = e2π im/L is a Lth root of unity. The constants λm in (3.29) are the regular Bethe-roots of the
state under consideration. We see that each string operator depends on its string center λc , on s,t
and on all regular roots defining the eigenvalue of T .
We briefly describe how the result (3.23)-(3.29) has been derived. The attempt to generate the
missing eigenstates by adding a complete exact string
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