
P
o
S
(
S
o
l
v
a
y
)
0
0
4

Entangled States, Yangian and Yang-Baxter
Approach

Mo-Lin Ge∗,a Cheng-Ming Bai,a Kang Xue,b Yong Zhanga

aChern Institute of Mathematics,
Nankai University, Tianjin 300071, P.R. China

bDepartment of Physics, Northeast Normal University, Changchun 130024, P.R. China

The GHZ type of entangled states are shown to be connected with Yang-Baxter approach and

Yangian algebras.

BETHE ANSATZ: 75 YEARS LATER
October 19-21, 2006
Brussels, Belgium

∗Speaker.

c© Copyright owned by the author(s) under the terms of the Creative Commons Attribution-NonCommercial-ShareAlike Licence. http://pos.sissa.it/



P
o
S
(
S
o
l
v
a
y
)
0
0
4

Entangled States, Yangian and Yang-Baxter Approach Mo-Lin Ge

Contents

1. Introduction 2

2. Yangian and Entangled States 2
2.1 Yangian and Bell States 2
2.2 Yangian andSU(3) entangled states 6
2.3 Maximally entangled states forSU(n) 9
2.4 GHZ states with 3 spins 11
2.5 Extended GHZ states with 4 spins 13

3. GHZ states and Yang-Baxter equation 15
3.1 Symplectic matrix and general GHZ states 15
3.2 Yang-Baxterization ofBN-matrix 16
3.3 Hamiltonian and evolution 17
3.4 Braid group matrix of GHZ with 3 spins 19

4. Conclusion 20

1. Introduction

The quantum entangled states leave room for spin-1
2 systems described in terms of other than

the usual Lie algebrasSU(2). They are governed by either representations of braid groupBN , or
Yangian algebras. The Yang-Baxter equation and Yangian algebra had been well established for
long time[1−8]. On the other hand entangled states[9−13] play important role in quantum information.
A special interest in this paper is to set up the close relationship between quantum entanglements
and Yang-Baxter approach. We shall point out that such a connection is not only looking natural,
but also deep singnificant.

2. Yangian and Entangled States

2.1 Yangian and Bell States

For aN spin−1
2 system, the Yangian can be realized in terms of

I =
N

∑
i=1

Si, (S2
i =

3
4
); (2.1)

J =
N

∑
i=1

µiSi +

√
−1
2

N

∑
i< j

Si ×S j. (2.2)

2



P
o
S
(
S
o
l
v
a
y
)
0
0
4

Entangled States, Yangian and Yang-Baxter Approach Mo-Lin Ge

The setY = (I,J) forms Yangian associated withSU(2). The operatorsJ act on tensor space and
µi are free complex parameters. The essential difference between Yangian and Lie algebra is in the
parametersµi. It can be checked thatI andJ satisfy the relations given by Drinfeld[1−2] and the
RTT relations[3−7] for the simplest rational solution ofR(u)-matrix. The independent commutation
relations are

[Iα , Iβ ] = iεαβγ Iγ , (α ,β ,γ = 1,2,3) (2.3)

[Iα ,Jβ ] = iεαβγJγ , (2.4)

and[8]

[J3, [J+,J−]] =
1
4
(I3J±− J3I±)I±, (2.5)

whereJ± = J1 ± iJ2. Based on Eq. (2.3), Eq. (2.4) and Jacobian identities (2.5)exhaust all the
commutation relations given by Drinfeld withcαβγ = iεαβγ

[8]. The realization (2.2) is general. A
special model means a particular value of the parameter set{µi}.

It is known that the spin triplet, spin singlet and Bell states for a two spin system read

ψ00 = 1√
2
(| ↑↓〉− | ↓↑〉)

spin singlet

ψ11 = | ↑↑〉
ψ10 = 1√

2
(| ↑↓〉+ | ↓↑〉)

ψ1−1 = | ↓↓〉

spin triplet

Ψ1 = 1√
2
(| ↑↑〉+ | ↓↓〉) = |1〉

Ψ2 = 1√
2
(| ↑↑〉− | ↓↓〉) = |2〉

Ψ3 = 1√
2
(| ↑↓〉+ | ↓↑〉) = |3〉

Ψ4 = 1√
2
(| ↑↓〉− | ↓↑〉) = |4〉

Bell states

(2.6)

We see that the statesψ00 = Ψ4 and ψ10 = Ψ3 are entangled states, whereasψ11 andψ1−1 can
be decomposed into two direct products, i.e. they are not entangled states. However, taking the
linear combination ofψ11 andψ1−1 to yield Ψ1 andΨ2, then they form entangled states. The Bell
states possess the maximal degree of entanglement[9] . In parallel to the transitions for three states
of the spin triplet we may ask what kind of operators can make transitions between twoΨi states
(i = 1,2,3,4). The answer is throughJ.

It can directly check the following transitions: (a = µ1,b = µ2, andJ2 is taken as
√
−1J2 for

simplicity)

J3|1〉 = (a+ b)|2〉, J3|2〉 = (a+ b)|1〉;
J3|3〉 = (a−b+1)|4〉, J3|4〉 = (a−b−1)|3〉; (2.7)

J1|1〉 = (a+ b)|3〉, J1|2〉 = −(a−b+1)|4〉;
J1|3〉 = (a+ b)|1〉, J1|4〉 = −(a−b−1)|2〉; (2.8)

J2|1〉 = (a−b+1)|4〉, J2|2〉 = −(a+ b)|3〉;
J2|3〉 = (a+ b)|2〉, J2|4〉 = −(a−b−1)|1〉. (2.9)

where|i〉 = Ψi (i = 1,2,3,4). Because|1〉, · · · , |4〉 form orthogonal and normalized states, Eqs.
(2.7)-(2.9) gives a 4× 4 representation ofJ. We shall show that the states|i〉 (i = 1,2,3,4) are
eigenstate ofJ2 with ab = −1

4.
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The following graphs explain Eqs. (2.7)-(2.9).
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|4〉

Fig 1. Whena−b = 1, J1|4〉 = J2|4〉 = J3|4〉 = 0;
whena−b = −1, J1|2〉 = J2|1〉 = J3|3〉 = 0.
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Fig 2. By taking the particular values of parametersa andb, some of the

transitions can be controlled in only one direction.

The Bell states are the pure entangled states for a system with two spins. They possess the max-
imal degree of entanglement and is the simplest member of Greenberger-Horne-Zeilinger (GHZ)
entangled states for multi-spin system[10−12]. Before going to the general GHZ states let us intro-
duce an operator̂Q which takes the four states|i〉 (i = 1,2,3,4) as eigenstates. Therefore, it may
describe the overall property for the four states.

Observing that

J2
1|1〉 = (a+ b)2|1〉, J2

1|2〉 = [(a−b)2−1]|2〉;
J2

1|3〉 = (a+ b)2|3〉, J2
1|4〉 = [(a−b)2−1]|4〉.

J2
2|1〉 = −[(a−b)2−1]|1〉, J2

2|2〉 = −(a+ b)2|2〉;
J2

2|3〉 = −(a+ b)2|3〉, J2
2|4〉 = −[(a−b)2−1]|4〉.

J2
3|1〉 = (a+ b)2|1〉, J2

3|2〉 = (a+ b)2|2〉;
J2

3|3〉 = [(a−b)2−1]|3〉, J2
3|4〉 = [(a+ b)2−1]|4〉.

Noting that

J2 =
1
2
(J2

1 − J2
2 + J2

3), (2.10)

(here we use
√
−1J2 instead of the usualJ2) and by taking

(a+ b)2 = [(a−b)2−1], (2.11)

i.e.
ab = −1

4
, (2.12)
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we obtain

J2|i〉 =
3
2
(a+ b)2|i〉 (ab = −1

4
), i = 1,2,3,4. (2.13)

With the normalization we introducêQ ∼ J2(ab = −1
4):

Q̂|i〉 =
2
3

a2

(a2− 1
4)2

J2|i〉 = |i〉, i = 1,2,3,4, (2.14)

that acts on the four Bell states as the identity. It exploresthe common property of|i〉, i.e., Q̂
indicates the fact that four Bell states have the same degreeof entanglement.

On the other hand, if we take

(a+ b)2 = −[(a−b)2−1], (2.15)

i.e.

a2 + b2 =
1
2
, (2.16)

the four states|1〉, |2〉, |3〉, |4〉 are divided into two sets (I) and (II) such that there are two states
in each set. The sets (I) and (II) are the eigenstates ofJ2

α ,(α = 1,2,3) with opposite signs of
eigenvalues, namely, fora2 + b2 = 1

2 we have

J2
1|I〉 = λ |I〉,J2

1 |II〉 = (−λ )|II〉
J2

2|I′〉 = λ |I′〉,J2
2 |II′〉 = (−λ )|II′〉

J2
3|I′′〉 = λ |I′′〉,J2

3 |I′′〉 = (−λ )|I′′〉

where

λ = 2ab+1, |I〉 = |1〉 and |3〉, |II〉 = |2〉 and |4〉
I′ = |1〉 and |4〉, II′ = |2〉 and |3〉,
I′′ = |1〉 and |2〉, II′′ = |3〉 and |4〉 (2.17)

So with the actions ofJ2
α (α = 1,2,3) respectively, instead we have the following decomposition

different from the usual decomposition 2×2 = 3⊕1 for SU(2):

2⊗2 = 2⊕2. (2.18)

With the normalization we can introducêT ∼ J2
α , (a2 + b2 = 1

2,α = 1,2,3):

T̂ |i〉 =
1

2ab+1
J2

α |i〉 = |i〉, ∀ |i〉 ∈ set I ;T̂ |i〉 =
1

2ab+1
J2

α |i〉 = −|i〉, ∀ |i〉 ∈ set II. (2.19)

It shows that under the actions ofT̂ , the whole tensor space12 ⊗ 1
2 is decomposed into two blocks

corresponding to the eigenvalues 1 and−1 of T̂ respectively. It differs from the parityP = 1 for
spin triplet and -1 for spin singlet.

The further extension of Bell states goes along two lines. One is extended to the fundamental
representation ofSU(n) algebras. The other is to multi-spin system.

5



P
o
S
(
S
o
l
v
a
y
)
0
0
4

Entangled States, Yangian and Yang-Baxter Approach Mo-Lin Ge

2.2 Yangian and SU(3) entangled states

The Gell-mann matricesλµ satisfy

[Fλ ,Fµ ] = i fλ µν Fν (λ ,µ ,ν = 1, · · · ,8), (2.20)

whereFµ = 1
2λµ . To the later convenience, we denoteλµ by

H1 =
√

2λ3, H2 =
√

2(−1
2

λ3 +

√
3

2
λ8),E1 = I+ =

1√
2
(λ1 + iλ2), E−1 = I− =

1√
2
(λ1− iλ2),

E2 = U+ =
1√
2
(λ6 + iλ7), E−2 = U− =

1√
2
(λ6− iλ7),E3 = V− =

1√
2
(λ4 + iλ5)

andE−3 = V+ = 1√
2
(λ4− iλ5). Explicitly, we have

H1 =





1 0 0
0 −1 0
0 0 0



 , H2 =





0 0 0
0 1 0
0 0 −1



 , E1 =





0 1 0
0 0 0
0 0 0



 , E−1 =





0 0 0
1 0 0
0 0 0



 ,

E2 =





0 0 0
0 0 1
0 0 0



 , E−2 =





0 0 0
0 0 0
0 1 0



 , E3 =





0 0 1
0 0 0
0 0 0



 , E−3 =





0 0 0
0 0 0
1 0 0



 . (2.21)

Denoting by|i, j〉 = |i〉1| j〉2 (i, j = 0,1,2) in the tensor space ofSU(3)⊗ SU(3)∗ where the
basis|i〉1 = u0,u1 and u2 in SU(3) fundamental representation (quark states) and| j〉2 = u∗0,u

∗
1

and u∗2 are dual base (antiquark states), theSU(3) entangled states with the maximal degree of
entanglement were given by[13] as follows.

ψ(1)
1 =

1√
3
(|00〉+ |11〉+ |22〉)

ψ(1)
2 =

1√
3
(|00〉+ ω |11〉+ ω2|22〉) (2.22)

ψ(1)
3 =

1√
3
(|00〉+ ω2|11〉+ ω |22〉)

ψ(2)
1 =

1√
3
(|01〉+ |12〉+ |20〉)

ψ(2)
2 =

1√
3
(|01〉+ ω |12〉+ ω2|20〉) (2.23)

ψ(2)
3 =

1√
3
(|01〉+ ω2|12〉+ ω |20〉)

ψ(3)
1 =

1√
3
(|02〉+ |10〉+ |21〉)

ψ(3)
2 =

1√
3
(|02〉+ ω |10〉+ ω2|21〉) (2.24)

ψ(3)
3 =

1√
3
(|02〉+ ω2|10〉+ ω |21〉)

6
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whereω3 = 1. The construction of Eqs. (2.22)-(2.24) is easy to be understood. Sinceψ(1)
1 is

a maximally entangled state, any decomposable unitary transformationsU1⊗U2 generate equiv-
alent ones, whereU1 andU2 acts on the space ofSU(3) andSU(3)∗, respectively. TakingU1 =

diag(1,ω ,ω2) or diag(1,ω2,ω) andU2 = 1 we find ψ(1)
2 andψ(2)

3 . To ensure the unitarity and
maximal degree of entanglement, theU1 is unique.

To find the Yangian operators which make transitions forψ(i)
j (i, j = 1,2,3), we introduce (see

the Appendix) the Yangian operators acting on the tensor spaceSU(3)⊗SU(3)∗ as[14−16]

Y = {Fµ ,Jµ = aF(1)
µ + bF(2)

µ +
1
2

cµνσ F (1)
ν F (2)

σ } (2.25)

wherecµνσ = i fµνσ are the structure constants ofSU(3).
Further we introduce the linear combination ofSU(3) generators to form the new basis (ω3 =

1)

H ′
1 =





1 0 0
0 ω 0
0 0 ω2



 , H ′
2 =





1 0 0
0 ω2 0
0 0 ω



 , E ′
1 =





0 1 0
0 0 1
1 0 0



 , E ′
−1 =





0 0 1
ω 0 0
0 ω2 0



 ,

E ′
2 =





0 1 0
0 0 ω

ω2 0 0



 , E ′
−2 =





0 0 1
ω2 0 0
0 ω 0



 , E ′
3 =





0 0 1
1 0 0
0 1 0



 , E ′
−3 =





0 1 0
0 0 ω2

ω 0 0



 .

(2.26)
i.e.

H ′
1 = H1−ω2H2, H ′

2 = H1−ωH2,

E ′
1 = E1 + E2+ E−3, E ′

2 = E1+ ωE2+ ω2E−3, E ′
−3 = E1 + ω2E2 + ωE−3,

E ′
3 = E3+ E−1+ E−2, E ′

−1 = E3+ ωE−1+ ω2E−2, E ′
−2 = E3+ ω2E−1+ ωE−2. (2.27)

The set Eq. (2.27) formssl(3) algebra. In terms of Eq. (2.27) the Yangian operatorsJ(H ′
1),J(H ′

2),J(E ′
1), · · ·

can be defined. According to the action of Yangian operators on the tensor spaceSU(3)⊗SU(3)∗

((1,0)⊗ (0,1)) that is expressed in terms ofH1,H2 andE±i(i = 1,2,3) given in the Appendix, after
lengthy calculations we find the following results.

J(H ′
1)ψ

(1)
1 = γψ(1)

2 J(H ′
2)ψ

(1)
1 = γψ(1)

3

J(H ′
1)ψ

(1)
2 = (a−b)ψ(1)

3 J(H ′
2)ψ

(1)
2 = τψ(1)

1 (2.28)

J(H ′
1)ψ

(1)
3 = τψ(1)

1 J(H ′
2)ψ

(1)
3 = (a−b)ψ(1)

2

J(H ′
1)ψ

(2)
1 = βψ(2)

2 J(H ′
2)ψ

(2)
1 = αψ(2)

3

J(H ′
1)ψ

(2)
2 = βψ(2)

3 J(H ′
2)ψ

(2)
2 = αψ(2)

1 (2.29)

J(H ′
1)ψ

(2)
3 = βψ(1)

1 J(H ′
2)ψ

(2)
3 = αψ(2)

2

J(H ′
1)ψ

(3)
1 = αψ(3)

2 J(H ′
2)ψ

(3)
1 = βψ(3)

3

J(H ′
1)ψ

(3)
2 = αψ(3)

3 J(H ′
2)ψ

(3)
2 = βψ(3)

1 (2.30)

J(H ′
1)ψ

(3)
3 = αψ(3)

1 J(H ′
2)ψ

(3)
3 = βψ(3)

2

7
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whereα = a−bω2,β = a−bω ,γ = a−b− 3
2,τ = a−b+ 3

2,ω3 = 1.

J(E ′
1)ψ

(1)
1 = γψ(2)

1 J(E ′
2)ψ

(1)
1 = γψ(2)

2 J(E ′
−3)ψ

(1)
1 = γψ(2)

3

J(E ′
1)ψ

(1)
2 = ωαψ(2)

2 J(E ′
2)ψ

(1)
2 = ωαψ(2)

3 J(E ′
−3)ψ

(1)
2 = ωαψ(2)

1 (2.31)

J(E ′
1)ψ

(1)
3 = ω2βψ(2)

3 J(E ′
2)ψ

(1)
3 = ω2βψ(2)

1 J(E ′
−3)ψ

(1)
3 = ω2βψ(2)

2

J(E ′
1)ψ

(2)
1 = (a−b)ψ(3)

1 J(E ′
2)ψ

(2)
1 = βψ(3)

2 J(E ′
−3)ψ

(2)
1 = αψ(3)

3

J(E ′
1)ψ

(2)
2 = ωαψ(3)

2 J(E ′
2)ψ

(2)
2 = ω(a−b)ψ(3)

3 J(E ′
−3)ψ

(2)
2 = ωβψ(3)

1 (2.32)

J(E ′
1)ψ

(2)
3 = ω2βψ(3)

3 J(E ′
2)ψ

(2)
3 = ω2αψ(3)

1 J(E ′
−3)ψ

(2)
3 = ω2(a−b)ψ(3)

2

J(E ′
1)ψ

(3)
1 = τψ(1)

1 J(E ′
2)ψ

(3)
1 = ωαψ(1)

2 J(E ′
−3)ψ

(3)
1 = ω2βψ(1)

3

J(E ′
1)ψ

(3)
2 = ωαψ(1)

2 J(E ′
2)ψ

(3)
2 = ωβψ(1)

3 J(E ′
−3)ψ

(3)
2 = ωτψ(1)

1 (2.33)

J(E ′
1)ψ

(3)
3 = ω2αψ(1)

3 J(E ′
2)ψ

(3)
3 = ω2τψ(1)

1 J(E ′
−3)ψ

(3)
3 = ωαψ(1)

2 .

J(E ′
3)ψ

(1)
1 = γψ(3)

1 J(E ′
−1)ψ

(1)
1 = γψ(3)

2 J(E ′
−2)ψ

(1)
1 = γψ(3)

3

J(E ′
2)ψ

(1)
2 = ω2βψ(3)

2 J(E ′
−1)ψ

(1)
2 = ω2βψ(3)

3 J(E ′
−2)ψ

(1)
2 = ω2βψ(3)

1 (2.34)

J(E ′
3)ψ

(1)
3 = ωαψ(3)

3 J(E ′
−1)ψ

(1)
3 = ωαψ(3)

1 J(E ′
−2)ψ

(1)
3 = ωαψ(3)

2

J(E ′
3)ψ

(2)
1 = γψ(1)

1 J(E ′
−1)ψ

(2)
1 = βψ(1)

2 J(E ′
−2)ψ

(2)
1 = αψ(1)

3

J(E ′
2)ψ

(2)
2 = ω2βψ(1)

2 J(E ′
−1)ψ

(2)
2 = ω2αψ(1)

3 J(E ′
−2)ψ

(2)
2 = ω2τψ(1)

1 (2.35)

J(E ′
3)ψ

(2)
3 = ωαψ(1)

3 J(E ′
−1)ψ

(2)
3 = ωτψ(1)

1 J(E ′
−2)ψ

(2)
3 = ωβψ(1)

2

J(E ′
3)ψ

(3)
1 = (a−b)ψ(2)

1 J(E ′
−1)ψ

(3)
1 = αψ(2)

2 J(E ′
−2)ψ

(3)
1 = βψ(2)

3

J(E ′
2)ψ

(3)
2 = ω2βψ(2)

2 J(E ′
−1)ψ

(3)
2 = ω2(a−b)ψ(2)

3 J(E ′
−2)ψ

(3)
2 = ω2αψ(2)

1 (2.36)

J(E ′
3)ψ

(3)
3 = ωαψ(2)

3 J(E ′
−1)ψ

(3)
3 = ωβψ(2)

1 J(E ′
−2)ψ

(3)
3 = ω(a−b)ψ(2)

2

In Eqs. (2.28)-(2.36) all theψ(m)
j (m, j = 1,2,3) are given by Eqs. (2.22)-(2.24) that are with the

maximal degree of entanglement. The Eqs. (2.28)-(2.36) also show that theψ(m)
j provide a nice set

of basis which makes the representation ofY (sl(3)) given in the Appendix in simple way.
Furthermore, obviously, for the lower indexj of the statesψ(m)

j ( j,m = 1,2,3), the above
operators are the following permutations, respectively

J(H ′
1) :

(
1 2 3
2 3 1

)

, J(H ′
2) :

(
1 2 3
3 1 2

)

,J(E ′
1) :

(
1 2 3
1 2 3

)

, J(E ′
2) :

(
1 2 3
2 3 1

)

,

J(E ′
−3) :

(
1 2 3
3 1 2

)

, J(E ′
3) :

(
1 2 3
1 2 3

)

, J(E ′
−1) :

(
1 2 3
2 3 1

)

, J(E ′
−2) :

(
1 2 3
3 1 2

)

.

An interesting discrete operator similar toJ2(ab = −1
4) shown in Eq. (2.12) forSU(2) can be

found. It is the extension ofJ2 for Y (sl(3)) corresponding to the Casimir operator ofsl(3) under

8
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the inner product Trxy :

Ω =
2
3
(H1⊗H1+ H2⊗H2)+

1
3
(H1⊗H2+ H2⊗H1)+

3

∑
i=1

(Ei ⊗E−i + E−i ⊗Ei) (2.37)

that acts on the octet wave functionw1,1 = |02〉 = 1√
3
(ψ2

1 + ωψ(2)
2 + ω2ψ(2)

3 ) (in fact, J2 acts on

the whole vector spaceV (1,1) by a constant) and singlet onev00 = ψ(1)
1 yields

J2w1,1 = [
8
3
(a2 + b2)+

2
3

ab− 3
4
]w1,1 = ρw1,1, (2.38)

J2w0,0 = [
8
3
(a2 + b2)− 16

3
ab−6]w0,0. (2.39)

By identifying both of eigenvalues we arrive at

ab = −7
8
, (2.40)

i.e., under the choice of Eq. (2.40) the total nine states share the same eigenvalues ofJ2. After
renormalization we havêQs = 1

ρ J2 as the identity multiplication. Making transformation{w1,1, · · · ,v0,0}→
ψ(m)

j (m, j = 1,2,3) and Eq. (2.21)→ (2.26), then under the new basis given by Eq. (2.26), we still

haveJ2ψ(m)
j = ρψ(m)

j if ab =−7
8. Sinceψ(m)

j describe the maximal degree of entanglement and all
the wave functions (including the Octet and singlet) share the same eigenvalues, we can imagine
that theJ2 may be related to the maximal degree of entanglement. Obviously, theJ2 with ab =−7

8
is the natural extension ofJ2 with ab = −3

4 for SU(2).
The above discussions can be viewed as a realization of the representation theory forY (sl(3))[14−16]

based on the entangled states.

2.3 Maximally entangled states for SU(n)

The maximally entangled states forSU(3) can be extended to the tensor productSU(n)⊗
SU(n)∗, that is, the tensor product of the fundamental representation λ1 = (1,0, · · · ,0) of SU(n)

and its dual representationλn = λ ∗
1 = (0, · · · ,0,1). We choose the basis ofsl(n) as follows.

H ′
1 =








1 0 · · · 0
0 ω · · · 0

0 0
. . . 0

0 0 · · · ωn−1








, H ′
2 = (H ′

1)
2 =








1 0 · · · 0
0 ω2 · · · 0

0 0
. . . 0

0 0 · · · ω2(n−1)








, · · · ,

H ′
n−1 = (H ′

1)
n−1 =








1 0 · · · 0
0 ωn−1 · · · 0

0 0
. . . 0

0 0 · · · ω








, ωn = 1. (2.41)

E(1)
1

′
=










0 1 0 · · · 0
0 0 1 · · · 0

0 0 0
. . . 0

0 0 0
. . . 1

1 0 0 · · · 0










, E(1)
2

′
=










0 1 0 · · · 0
0 0 ω · · · 0

0 0 0
. . . 0

0 0 0
. . . ωn−2

ωn−1 0 0 · · · 0










, · · · ,
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E(1)
n

′
=










0 1 0 · · · 0
0 0 ωn−1 · · · 0

0 0 0
. . . 0

0 0 0
. . . ω2

ω 0 0 · · · 0










; (2.42)

· · · , · · · , · · · , · · ·

E(n−1)
1

′
=










0 0 · · · 0 1
1 0 · · · 0 0

0 1
. . . 0 0

0 0
. . . 0 0

0 0 · · · 1 0










, E(n−1)
2

′
=










0 0 · · · 0 1
ω 0 · · · 0 0

0 ω2 . . . 0 0

0 0
. . . 0 0

0 0 · · · ωn−1 0










, · · · ,

E(n−1)
n

′
=










0 0 · · · 0 1
ωn−1 0 · · · 0 0

0 ωn−2 . . . 0 0

0 0
. . . 0 0

0 0 · · · ω 0










. (2.43)

In this subsection, for any indexa > n we take the valuea′ ≤ n satisfyinga = a′(modn) and we
still denote it bya. The wave functions take the forms[13]

Ψ(m)
k = |1,m〉+ ωk−1|2,m +1〉+ · · ·+ ω(n−1)(k−1)|n,m−1〉

=
n

∑
j=1

ω(k−1)( j−1)| j,m + j−1〉,(k,m = 1,2, · · · ,n), (2.44)

where |i, j〉 = |i〉1| j〉2 (i, j = 1,2, · · · ,n) are basis states in the tensor space ofSU(n)⊗ SU(n)∗,
|i〉1 = 1, · · · ,n are base of the fundamental representation with the weightλ1 = (1,0, · · · ,n) and
| j〉2 = 1∗, · · · ,n∗ are the dual base.

We can choose a standard basis{Iα} of sl(n) under the inner productB(x,y) = Trxy, ∀x,y ∈
sl(n). Then the Yangian operators acting on the tensor spaceSU(n)⊗SU(n)∗ are given by (see Eq.
(2.25) and the Appendix)

Y = {Iµ ,Jµ = aI(1)
µ + bI(2)

µ +
1
2

cµνσ I(1)
ν I(2)

σ } (2.45)

wherecµνσ are the structure constants ofsl(n) under the basis{Iα}. On account of the base of
sl(n) given by Eqs. (2.41)-(2.43) and the wave functions given by Eq. (2.44), the actions of the
Yangian operators are given as follows.

J(H ′
i )







Ψ(1)
k = (a−b− n

2)Ψ(1)
i+1, k = 1

Ψ(1)
k = (a−b+ n

2)Ψ(1)
1 , k = n−1− i

Ψ(1)
k = (a−b)Ψ(1)

k+i, k 6= 1,n+1− i

Ψ(m)
k = [a−bω i(m−1)]Ψ(m)

k+i, m = 2, · · · ,n

(2.46)
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J(E( j)
i

′
)







Ψ(1)
1 = (a−b− n

2)Ψ(1+ j)
i

Ψ(1)
k = (aω j(k−1) −b)Ψ( j+1)

k+i−1,k = 2, · · · ,n
Ψ(n+1− j)

n+2−i = (a−b+ n
2)ω j(k−1)Ψ(1)

1

Ψ(n+1− j)
k = (aω j(k−1) −bωn+1−i)Ψ(1)

k+i−1,k 6= n+2− i

Ψ(m)
k = (aω j(k−1) −bω(i−1)(m−1))Ψ(m+ j)

k+i−1,m 6= 1,n+1− j

(2.47)

wherei = 1, · · · ,n; j = 1, · · · ,n−1. It can be checked that the above generalized relations canreduce
to the given actions forSU(2) andSU(3).

Furthermore, rewriting the above basis Eqs. (2.41)-(2.43)as follows.

T (1)
i = H ′

i−1, i = 2, · · · ,n; T ( j)
i = E( j+1)

i

′
, i = 1, · · · ,n, j = 2, · · · ,n. (2.48)

we have

T ( j)
i =

n

∑
k=1

ω(i−1)(k−1)ek, j+k−1, for j = 1, i 6= 1, (2.49)

where (ekm)i j = δkiδm j. Then for the entangled wave functions given by Eq. (2.44), the Eqs.
(2.46)-(2.49) can be rewritten as (fori 6= 1, j 6= 1)

J(T ( j)
i )Ψ(m)

k = [aω( j−1)(k−1)−bω(i−1)(m−1) +
n
2

δi+k−1,1δm+ j−1,1ω( j−1)(k−1)− n
2

δk,1δm,1]Ψ
(m+ j−1)
i+k−1 .

(2.50)

Whenn = 2, they reduce toJ(T (1)
2 ) = J3, J(T (2)

1 ) = J1, J(T (2)
2 ) = J2, Ψ(2)

2 = |1〉, Ψ(2)
1 = |2〉,

Ψ(1)
2 = −|3〉, Ψ(1)

2 = −|4〉 and yield all the results in the subsection § 2.1.

Whenn = 3 they reduce toT (1)
2 = H ′

1, T (1)
3 = H ′

2, T (2)
1 = E ′

1, T (2)
2 = E ′

2, T (2)
3 = E ′

−3, T (3)
1 = E ′

3,

T (3)
2 = E ′

−1, T (3)
3 = E ′

−2 andΨ(m)
k = ψ(m)

k are exactly the entangled states forSU(3). It yields all
the results in the subsection § 2.2.

2.4 GHZ states with 3 spins

Now we turn to maximally entangled states formed by 3 spins. In this example there are 8
independent entangled states[10−11]:

|1〉〉 =
1√
2
(| ↑↑↑〉+ | ↓↓↓〉); |2〉〉 =

1√
2
(| ↑↑↑〉− | ↓↓↓〉);

|3〉〉 =
1√
2
(| ↑↑↓〉+ | ↓↓↑〉); |4〉〉 =

1√
2
(| ↑↑↓〉− | ↓↓↑〉); (2.51)

|5〉〉 =
1√
2
(| ↑↓↑〉+ | ↓↑↓〉); |6〉〉 =

1√
2
(| ↑↓↑〉− | ↓↑↓〉);

|7〉〉 =
1√
2
(| ↓↑↑〉+ | ↑↓↓〉); |8〉〉 =

1√
2
(| ↓↑↑〉− | ↑↓↓〉).

Similar to §2.1, S1⊗S2⊗S3 can be decomposed into three sets:

(I) |1〉〉 and|2〉〉 that withI3 = ±3
2;

(II) |3〉〉, |5〉〉 and|7〉〉;
(III) |4〉〉, |6〉〉 and|8〉〉.
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The action ofJ is listed below (wherea = µ1,b = µ2 andc = µ3 in Eq. (2.2)).

J1|1〉〉 = (c−1)|3〉〉+ b|5〉〉+(a+1)|7〉〉; J1|2〉〉 = (c−1)|4〉〉+ b|6〉〉+(a+1)|8〉〉;
J1|3〉〉 = (c+1)|1〉〉+ a|5〉〉+(b−1)|7〉〉; J1|4〉〉 = (c+1)|2〉〉−a|6〉〉− (b−1)|8〉〉; (2.52)

J1|5〉〉 = b|1〉〉+ a|3〉〉+ c|7〉〉; J1|6〉〉 = b|2〉〉−a|4〉〉− c|8〉〉;
J1|7〉〉 = (a−1)|1〉〉+(b+1)|3〉〉+ c|5〉〉; J1|8〉〉 = (a−1)|2〉〉− (b+1)|4〉〉− c|6〉〉;

J2|1〉〉 = (1− c)|4〉〉−b|6〉〉− (a+1)|8〉〉; J2|2〉〉 = (1− c)|3〉〉−b|5〉〉− (a+1)|7〉〉;
J2|3〉〉 = (c+1)|2〉〉+ a|6〉〉+(b−1)|8〉〉; J2|4〉〉 = (c+1)|1〉〉−a|5〉〉− (b−1)|7〉〉; (2.53)

J2|5〉〉 = b|2〉〉+ a|4〉〉+ c|8〉〉; J2|6〉〉 = b|1〉〉−a|3〉〉− c|7〉〉;
J2|7〉〉 = (a−1)|2〉〉+(b+1)|4〉〉+ c|6〉〉; J2|8〉〉 = (a−1)|1〉〉− (b+1)|3〉〉− c|5〉〉;

J3|1〉〉 = (a+ b+ c)|2〉〉; J3|2〉〉 = (a+ b+ c)|1〉〉;
J3|3〉〉 = (a+ b− c)|4〉〉− |6〉〉− |8〉〉; J3|4〉〉 = (a+ b− c)|3〉〉− |5〉〉− |7〉〉; (2.54)

J3|5〉〉 = |4〉〉+(a−b+ c)|6〉〉− |8〉〉; J3|6〉〉 = |3〉〉+(a−b+ c)|5〉〉− |7〉〉;
J3|7〉〉 = |4〉〉+ |6〉〉+(−a+ b+ c)|8〉〉; J3|8〉〉 = |3〉〉+ |5〉〉+(−a+ b+ c)|7〉〉.

By (2.54), we obtain the action ofJ2
3 as follows.

J2
3|1〉〉 = (a+ b+ c)2|1〉〉;

J2
3|2〉〉 = (a+ b+ c)2|2〉〉;

J2
3|3〉〉 = [(a+ b− c)2−2]|3〉〉− (2a+1)|5〉〉+(1−2b)|7〉〉;

J2
3|4〉〉 = [(a+ b− c)2−2]|4〉〉− (2a+1)|6〉〉+(1−2b)|8〉〉; (2.55)

J2
3|5〉〉 = (2a−1)|3〉〉+[(a−b+ c)2−2]|5〉〉− (2c+1)|7〉〉;

J2
3|6〉〉 = (2a−1)|4〉〉+[(a−b+ c)2−2]|6〉〉− (2c+1)|8〉〉;

J2
3|7〉〉 = (2b+1)|3〉〉+(2c−1)|5〉〉+[(−a+ b+ c)2−2]|7〉〉;

J2
3|8〉〉 = (2b+1)|4〉〉+(2c−1)|6〉〉+[(−a+ b+ c)2−2]|8〉〉.

Therefore there are the following transitions.

I ←→ II, III

J1|1〉〉 −→ |3〉〉
J2|2〉〉 −→ |3〉〉
J1|2〉〉 −→ |4〉〉
J2|1〉〉 −→ |4〉〉

for
a = −1
b = 0
c 6= 1

;

J1|3〉〉 −→ |1〉〉
J2|4〉〉 −→ |1〉〉
J1|4〉〉 −→ |2〉〉
J2|3〉〉 −→ |2〉〉

for
a = 0
b = 1

c 6= −1
; (2.56)

J1|1〉〉 −→ |5〉〉
J2|2〉〉 −→ |5〉〉
J1|2〉〉 −→ |6〉〉
J2|1〉〉 −→ |6〉〉

for
a = −1
b 6= 0
c = 1

;

J1|5〉〉 −→ |1〉〉
J2|6〉〉 −→ |1〉〉
J1|6〉〉 −→ |2〉〉
J2|5〉〉 −→ |2〉〉

for
a = 0
b 6= 0
c = 0

; (2.57)
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J1|1〉〉 −→ |7〉〉
J2|2〉〉 −→ |7〉〉
J1|2〉〉 −→ |8〉〉
J2|1〉〉 −→ |8〉〉

for
a 6= −1
b = 0
c = 1

;

J1|7〉〉 −→ |1〉〉
J2|8〉〉 −→ |1〉〉
J1|8〉〉 −→ |2〉〉
J2|7〉〉 −→ |2〉〉

for
a 6= 1

b = −1
c = 0

; (2.58)

II ←→ II, III ←→ III

J2
3|3〉〉 −→ |5〉〉

J2
3|4〉〉 −→ |6〉〉 for

a 6= −1
2

b = 1
2

c = a+ 1
2 ±

√
2

;
J2

3|3〉〉 −→ |7〉〉
J2

3|4〉〉 −→ |8〉〉 for
a = −1

2

b 6= 1
2

c = b− 1
2 ±

√
2

; (2.59)

J2
3|5〉〉 −→ |3〉〉

J2
3|6〉〉 −→ |4〉〉 for

a 6= 1
2

b = a− 1
2 ±

√
2

c = −1
2

;
J2

3|5〉〉 −→ |7〉〉
J2

3|6〉〉 −→ |8〉〉 for
a = 1

2

b = c+ 1
2 ±

√
2

c 6= −1
2

; (2.60)

J2
3|7〉〉 −→ |3〉〉

J2
3|8〉〉 −→ |4〉〉 for

a = b+ 1
2 ±

√
2

b 6= −1
2

c = 1
2

;
J2

3|7〉〉 −→ |5〉〉
J2

3|8〉〉 −→ |6〉〉 for
a = c− 1

2 ±
√

2
b = −1

2
c 6= 1

2

. (2.61)

Similar to the Bell states, we are able to find the conditions satisfied by the parametersa,b and
c such that all the 8 entangled states are eigenstates of the operatorJ2(a,b,c). The calculation is
lengthy. We first setb = a+ c and then find the sufficient condition

c2 = i{i
15λ −3

4
± [

135
8

(1+ λ )]
1
2}/[6(λ +1)]h2, (2.62)

whereλ = ±
√

3i andh is a free parameter. The fact thatJ2 gets the same eigenvalue for the 8 en-
tangled states indicates that the operatorJ2 may be related to the maximal degree of entanglement.

2.5 Extended GHZ states with 4 spins

There are 24 = 16 independent entangled states as follows.

|1) =
1√
2
(| ↑↑↑↑〉+ | ↓↓↓↓〉); |2) =

1√
2
(| ↑↑↑↑〉− | ↓↓↓↓〉);

|3) =
1√
2
(| ↑↑↑↓〉+ | ↓↓↓↑〉); |4) =

1√
2
(| ↑↑↑↓〉− | ↓↓↓↑〉);

|5) =
1√
2
(| ↑↑↓↑〉+ | ↓↓↑↓〉); |6) =

1√
2
(| ↑↑↓↑〉− | ↓↓↑↓〉);

|7) =
1√
2
(| ↑↓↑↑〉+ | ↓↑↓↓〉); |8) =

1√
2
(| ↑↓↑↑〉− | ↓↑↓↓〉); (2.63)

|9) =
1√
2
(| ↓↑↑↑〉+ | ↑↓↓↓〉); |10) =

1√
2
(| ↓↑↑↑〉− | ↑↓↓↓〉);

|11) =
1√
2
(| ↑↓↑↓〉+ | ↓↑↓↑〉); |12) =

1√
2
(| ↑↓↑↓〉− | ↓↑↓↑〉);

|13) =
1√
2
(| ↑↓↓↑〉+ | ↓↑↓↑〉); |14) =

1√
2
(| ↑↓↑↓〉− | ↓↑↑↓〉);

|15) =
1√
2
(| ↑↑↓↓〉+ | ↓↑↓↑〉); |16) =

1√
2
(| ↑↑↓↓〉− | ↓↑↓↑〉).
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We list the actions ofJ on the above 16 states withµ1 = a,µ2 = b,µ3 = c andµ4 = d in Eq.
(2.2) in the following.

J1|1) = (d − 3
2
)|3)+ (c− 1

2
)|5)+ (b+

1
2
)|7)+ (a+

3
2
)|9);

J1|2) = (d − 3
2
)|4)+ (c− 1

2
)|6)+ (b+

1
2
)|8)+ (a+

3
2
)|10);

J1|3) = (d +
3
2
)|1)+ (b− 1

2
)11)+ (a+

1
2
)|13)+ (c− 3

2
)|15);

J1|4) = (d +
3
2
)|2)+ (b− 1

2
)12)− (a+

1
2
)|14)+ (c− 3

2
)|16);

J1|5) = (c+
1
2
)|1)+ (a+

1
2
)11)+ (b− 1

2
)|13)+ (d − 1

2
)|15);

J1|6) = (c+
1
2
)|2)− (a+

1
2
)12)+ (b− 1

2
)|14)+ (d − 1

2
)|16);

J1|7) = (b− 1
2
)|1)+ (d − 1

2
)11)+ (c+

1
2
)|13)+ (a+

1
2
)|15);

J1|8) = (b− 1
2
)|2)+ (d − 1

2
)12)+ (c+

1
2
)|14)− (a+

1
2
)|16); (2.64)

J1|9) = (a− 3
2
)|1)+ (c+

1
2
)11)+ (d − 1

2
)|13)+ (b+

3
2
)|15);

J1|10) = (a− 3
2
)|2)− (c+

1
2
)12)− (d − 1

2
)|14)− (b+

3
2
)|16);

J1|11) = (b+
1
2
)|3)+ (a− 1

2
)5)+ (d +

1
2
)|7)+ (c− 1

2
)|9);

J1|12) = (b+
1
2
)|4)− (a− 1

2
)6)+ (d +

1
2
)|8)− (c− 1

2
)|10);

J1|13) = (a− 1
2
)|3)+ (b+

1
2
)5)+ (c− 1

2
)|7)+ (d +

1
2
)|9);

J1|14) = −(a− 1
2
)|4)+ (b+

1
2
)6)+ (c− 1

2
)|8)− (d +

1
2
)|10);

J1|15) = (c+
3
2
)|3)+ (d +

1
2
)5)+ (a− 1

2
)|7)+ (b− 3

2
)|9);

J1|16) = (c+
3
2
)|4)+ (d +

1
2
)6)− (a− 1

2
)|8)− (b− 3

2
)|10);

and the actions forJα |i〉 (α = 2,3, i = 1,2, · · · ,8) are shown in the Appendix B1-B3.

Observing eq(2.64) and Appendix B we can get the transitionsbetween GHZ states as given
in the subsection §2.2.

In a short conclusion, for the two types of maximally entangled states where one type is formed
in terms of fundamental representations ofSU(n) and the other is regarding multi-spin systems, we
have showed the following statements.

(1) Yangian operatorsJµ(a,b, · · ·) act on the whole Hilbert tensor space formed by all the
maximally entangled states. They make the transitions between the singlet and multiplet. The role
played by Yangian in entangled states is similar to what Lie algebras do within reduced subspaces
with fixed I2. In this sense we may say that the maximally entangled statesmay provide an explicit
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Yangian representation, i.e. they are described in terms ofHopf algebra. The point here is that
Yangian is formed by 2-body operators.

(2) The operators of the Casimirs of Yangians with the special choice of parameters are the
discrete eigen-operators of the considered entangled states. It may serve to describe the maximal
degree of entanglement.

3. GHZ states and Yang-Baxter equation

For a given set of GHZ states (and the extension to the fundamental representations ofSU(n))
in section 2 we have pointed out that the different GHZ statesare connected through Yangian
operators. Another point of view is to generate GHZ states based on the natural multi-spin states.
For Bell states it was first pointed out by Kauffman and Lomonaco[17] that the matrix

B4 =
1√
2







1 0 0 1
0 1 1 0
0 −1 1 0
−1 0 0 1







=
1√
2
(1+







1
1

−1
−1







), (3.1)

transforms the states(↑↑,↑↓,↓↑,↓↓)T to the Bell states(Ψ1,Ψ3,−Ψ4,−Ψ2)
T given by Eq. (2.6).

For the Bell states the relateďR(x)-matrix and Hamiltonian were found in Refs. [18-19]. We shall
show that Eq. (3.1) can be extended to more general GHZ states.

3.1 Symplectic matrix and general GHZ states

Observing the Bell states given by Eq. (2.6), GHZ states for 4spin system shown by Eq. (2.63)
and the general GHZ states (maximally entangled states) given by[20]

1√
2
(|m1,m2, · · · ,mn〉± |−m1,−m2, · · · ,−mn〉) (3.2)

that are generated through the transformation matrixBN :

BN = 1+ M, (N = 22n i.e., N = 4,16, · · · ,22n = m2), (3.3)

where

M =
1√
2

(s,s) (s,s−1) · · · (1
2,−s) (− 1

2,s) · · · (−s,−s+1) (−s,−s)
(s,s)

(s,s−1)
...

(1
2,−s)

(− 1
2,s)
...

(−s,−s+1)

(−s,−s)

















1
1

. .
.

1
−1

. .
.

−1
−1

















(3.4)

i.e. M is aN ×N matrix, whereN = (2s+1)2 is the number of spins,s = 1
2, 3

2, 5
2, · · ·. We label the

matrix M in terms of the indices appearing in Eq. (3.4) for both the rowand the column ofM, then
the elements are given by

Mi j,kl = ε(i)δ−k
i δ−l

j , ε(i) = 1, for i > 0, −1, for i < 0; i, j,k, l = s,s−1, · · · ,−s. (3.5)
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It is easy to find that

M2 = −1, (3.6)

and calculation gives

MiMi±1 = −Mi±1Mi, (Mi = Mi,i+1), (3.7)

MiM j = M jMi for |i = j| ≥ 2. (3.8)

With the help of Eq. (3.3) and Eqs. (3.5)-(3.8), it can be proved that the matrixBN (N = 4,16, · · ·)
satisfies braid relation:

BiBi+1Bi = Bi+1BiBi+1. (3.9)

The matrixBN has two distinct eigenvalues

(BN −λ1)(BN −λ2) = 0, (3.10)

where

λ1 =
1√
2
(1+ i), λ1 =

1√
2
(1− i). (3.11)

The Eq. (3.9) also admits aq-deformation solution

B(q) = 1+ M(q), (3.12)

where

M(q) = ∑
i, j

ε(i)qi j|i j〉〈−i− j| (3.13)

andqi j satisfy

qi jq−i− j = 1, qi jq− jkq−i j = q jk. (3.14)

For instance, for GHZ states with 4 spins (s = 3
2, soN = 16), we conclude that the transformation

matrices generating GHZ states with(2s+1) components satisfy braid relation.

3.2 Yang-Baxterization of BN-matrix

Since theBN-matrix does have two distinct eigenvalues, it can be Yang-Baxterized to[21−22]

Ř(x) = B + xB−1 (3.15)

that satisfies the Yang-Baxter equation (YBE):

Ři(x)Ři+1(xy)Ři(y) = Ři+1(y)Ři(xy)Ři+1(x). (3.16)

For more explicit physical meaning we introduce a new variable u for

x = e2iΘ1 (3.17)

through

u =
1− x
1+ x

= −i tanΘ1, v =
1− y
1+ y

= −i tanΘ2, (3.18)
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then the sum of two velocities ofu andv corresponding toxy = e2i(Θ1+Θ2) should be

xy −→ u+ v
1+ uv

, (3.19)

and the YBE reads

Ři(Θ1)Ři+1(Θ1 + Θ2)Ři(Θ2) = Ři+1(Θ2)Ři(Θ1 + Θ2)Ři+1(Θ1), (3.20)

i.e.
Ři(u)Ři+1(

u+ v
1+ uv

)Ři(v) = Ři+1(v)Ři(
u+ v
1+ uv

)Ři+1(u). (3.21)

The Eq. (3.19) is nothing but the sum of two velocities in special relativity with c = 1. It is easy
to understand the Eq. (3.19) if one observes the more generalform of B4 shown in Eq. (3.1)[23]. It
takes the form of Lorentz transformation.

In terms of the defined velocityu we obtain the solution of YBE

Ř(Θ) = 1+ uM = 1− i tanΘM. (3.22)

In difference from the familiar rational solution of YBE

Ř(u) = 1+ uP, (3.23)

and making comparison with Eq. (3.22) the permutationP is replaced by a symplectic structureM
which takes the form shown by Eqs. (3.13) and (3.14).

To look for further physical meaning of Eq. (3.22) we should find the Hamiltonian for the
system.

3.3 Hamiltonian and evolution

Since any(2s+1)2× (2s+1)2 matrix BN has two eigenvalues

[BN − 1√
2
(1+ i)][BN − 1√

2
(1− i)] = 0, (3.24)

and
ŘN(x) = BN + xB−1

N =
1√
2
[(1+ x)1+(1− x)M]. (3.25)

SupposeΦ is a natural basis without entanglement, then GHZ statesΨ is given by

Ψ = BNΦ. (3.26)

For instance whenN = 4, we have[17,18]

Ψ =







Ψ1

Ψ2

Ψ3

Ψ4







=







φ1

φ3

−φ4

−φ2







=
1√
2







1 0 0 1
0 1 1 0
0 −1 1 0
−1 0 0 1













↑↑
↑↓
↓↑
↓↓







= B4







Φ1

Φ2

Φ3

Φ4







. (3.27)

The wave functionΨ(x) should be normalized, so instead of theŘ(x) we should use the normalized
B(x)-matrix

BN(x) = ρ(x)−1/2ŘN(x), ρ = 1+ x2 (3.28)
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to generateΨ(x) such that
Ψ(x) = BN(x)Φ. (3.29)

From Eq. (3.28) it follows

i
∂Ψ(x)

∂x
= i(

∂BN(x)
∂x

B−1
N (x))Ψ(x) = H(x)Ψ(x), (3.30)

where

H(x) = i
∂BN(x)

∂x
B−1

N (x). (3.31)

Taking Eq. (3.28) into account we get

H(x) = i
∂
∂x

(ρ(x)−
1
2 Ř(x))(ρ(x)−

1
2 Ř(x))−1 = −iρ(x)−1M. (3.32)

To obtain time-independent (“real") HamiltonianH(x = 1), a new variableθ is introduced through

cosθ = ρ(x)−
1
2 , sinθ = xρ(x)−

1
2 , (3.33)

i.e.
dx
dθ

= 1+ x2 = ρ(x). (3.34)

From Eq. (3.30) it follows

i
∂Ψ(x)

∂x
dx
dθ

= H(x)
dx
dθ

Ψ(x), (3.35)

We then obtain the Schrödinger equation with the Hamiltonian

HN = −iM (3.36)

i
∂Ψ(θ)

∂θ
= HNΨ(θ), (3.37)

where the Schrödinger equation works in the space of parameter θ that plays the role of “time" and

H = i
∂B(θ)

∂θ
B−1(θ) (θ = 0). (3.38)

For N = 4,

H4 =
1√
2

σy ⊗σx. (3.39)

For generalN we have

HN =
1√
2

σy⊗
n−1

︷ ︸︸ ︷

σx ⊗σx⊗·· ·⊗σx . (3.40)

In this picture the GHZ states can be generated through the evolution with the parameterθ . The
wave functionΨ(θ) is thene−iHN θ Ψ(θ = 0).

For a givenŘ(x)-matrix we are able to discuss algebras through the RFT approach. It can be
made based on the direct calculation. We are not going to discuss the subject here.

ForN = 4 the Hamiltonian with the nearest neighbor interaction takes the form

Hn,n+1 ∼ σ y
nσ x

n+1. (3.41)
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In the usual manner we define the Hamiltonian on a chain

H = ∑
n

Hn,n+1 = J ∑
n

σ y
nσ x

n+1 (3.42)

that isσ x andσ y at the alternative lattice. It is different from the Heisenberg chain derived based
on Řn,n+1(u) = 1 + uPn,n+1 which was first introduced by C.N. Yang to describe theS-matrix for
δ -interaction model[24]. In fact, Eq. (3.42) provides a unitary transformation.

3.4 Braid group matrix of GHZ with 3 spins

In the subsections (3.1)-(3.3) we have set up the relationship between GHZ states with even
number of spins and braid group representations. The calculations is straightforward because of
N = m2 for BN beingm×m matrix, i.e., 4×4,16×16,64×64, · · ·. However, for the GHZ states
with 3 spins, we meet theB8-matrix, but 8 cannot be written asm2. We should use the coupled
Yang-Baxter equations to determineB8 for the givenB4. The general braid relations whereS j 1

2 ,S
1
2 j

andS
1
2

1
2 are involved had been given by Drinfeld-Jimbo formula[25−26]:

S
j 1

2
12S

j 1
2

23S
1
2

1
2

12 = S
1
2

1
2

23 S
j 1

2
12S

j 1
2

23; (3.43)

S
1
2 j
12S

1
2

1
2

23 S
j 1

2
12 = S

j 1
2

23S
1
2

1
2

12 S
1
2 j
23; (3.44)

S
1
2

1
2

12 S
1
2 j
23S

1
2 j
12 = S

1
2 j
23S

1
2 j
12S

1
2

1
2

23 ; (3.45)

Eqs. (3.43)-(3.45) determineS j 1
2 andS

1
2 j for the givenS

1
2

1
2 . For the 6-vertex solution ofS

1
2

1
2 (4 by

4 matrix) theS j 1
2 andS

1
2 j can be explicitly given based on the general theory ofS j1 j2 of Drinfeld ,

Kirillov and Reshetikhin. However, whenS
1
2

1
2 takes the symplectic form shown by Eq. (3.1), we

should find the new solutions ofS j 1
2 andS

1
2 j. The calculation is lengthy and shown in the Appendix

C. The result is

B8 = S
3
2

1
2 =

1√
2
















1 1
1 1

1 1
1 1
−1 1

−1 1
−1 1

1 −1
















, (3.46)

and

S
1
2

3
2 =

1√
2
















1 1
1 −1

1 −1
1 1
−1 1

1 1
1 −1

1 −1
















, (3.47)
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where the other elements of the matrices are zero. Noting that S
3
2

1
2 S

1
2

3
2 6= 1. The matrixB8 = S

3
2

1
2

transforms the decomposable 3-spin states to GHZ states with 3-spins as follows.















|1〉
|3〉
|5〉
|7〉
−|8〉
−|6〉
−|4〉
|2〉
















= S
3
2

1
2
















| ↑↑↑〉
| ↑↑↓〉
| ↑↓↑〉
| ↓↑↑〉
| ↑↓↓〉
| ↓↑↓〉
| ↓↓↑〉
| ↓↓↓〉
















, (3.48)

where the LHS of Eq (3.48) is given by Eq. (2.51). Noting that changing a sign of individual wave
function does not change the maximal degree of entanglement, we conclude that the LHS and RHS
of Eq. (3.48) are connected each other by the solution of braid relations Eqs. (3.43)-(3.45) provided
S

1
2

1
2 is fixed to beB4.

4. Conclusion

There exists the close relationship between the GHZ type of maximally entangled states and
Yang-Baxter approach. On the one hand, the Yangian algebra describes transitions for entangled
states and possiblyJ2 with special choice of dependent parameters is related to the maximal de-
gree of entanglement. It is quite natural to introduce Yangian operators for GHZ states. On the
other hand, the matrices transforming the natural spin-tensor states to GHZ type of entangled
states obey braid relation. The idea is similar to the spinorstructure ofSO(2n) representations
and braiding[27−28] , but here we meet sympletic structure.They can be Yang-Baxterized to yield
Ř(x)-matrix and lead to Hamiltonian which governs the evolutionprocess of wave function with
respect to the variableθ . From the point of view of statistics[27] the Schr ¨odinger equation we
introduced may dictate the fractional statistics for differentθ .

We hope that possibly the Yang-Baxter description of entangled states may help to set up a
hidden connection between entangled states and topological quantum field theory[29−30]. Of course,
the general definition of entangling degree has not been wellestablished, so there may be long way
to go.
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Appendix A: The Representations of the Yangian Y (sl(3))

In general, the definition of Yangian was first given by Drinfeld in Refs. [1-2]. Let{Iλ} be an

orthonormal basis of a simple Lie algebraG overC with respect some invariant inner product( , ).

The YangianY (G ) associated toG is the Hopf algebra overC generated (as an associative alge-

bra) by elementsIλ andJλ with relations (summation over repeated indices is always understood

hereafter):

1) [Iλ , Iµ ] = cλ µν Iν , [Iλ , Jν ] = cλ µν Jν (A1)

2) [Jλ , [Jµ , Iν ]]− [Iλ , [Jµ , Jν ]] = aλ µναβγ{Iα , Iβ , Iγ}; (A2)

3) [[Jλ ,Jµ ], [Iσ ,Jτ ]]+ [[Jσ , Jτ ], [Iλ , Jµ ]] = (aλ µναβγcστν + aστναβγcλ µν){Iα , Iβ , Jγ}; (A3)

where thecλ µν are structure constants ofG , and

aλ µναβγ =
1
24

cλασ cµβτ cνγρcστρ , {x1, x2, x3} = ∑
i6= j 6=k

xix jxk (symmetric summation) (A4)

4) co-product:

∆(Iλ ) = Iλ ⊗1+1⊗ Iλ , ∆(Jλ ) = Jλ ⊗1+1⊗ Jλ + 1
2cλ µν Iν ⊗ Iµ (A5)
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In the caseG = sl(2), (A1) implies (A2), and forG 6= sl(2), (A3) follows from (A1) and (A2).

WhenG = sl(n), we have the following conclusion. Let Tr(xy) be taken as the inner product

of sl(n), and{Iλ} be the orthonormal basis. Then there is a homomorphism of algebras (but not a

Hopf-algebra homomorphism)

ε : Y (sl(n)) −→U(sl(n)) (A6)

such that

ε(x) = x, ε(J(x)) =
1
4 ∑

λ ,µ
Tr(x(Iλ Iµ + IµIλ ))Iλ Iµ (A7)

It is shown in Ref. [15] that for the fundamental representations ofsl(n) with the weights

λ1 = (1,0, · · · ,0),λ2 = (0,1, · · · ,0), · · · ,λn = (0,0, · · · ,1), (A8)

the action ofJ(x) given by Eq. (A7) is justαx for anyx ∈ sl(n), whereα is a constant (in the case

sl(2), α = 0). So for any fundamental representationV (λi) of sl(n) anda ∈ C, we can construct a

representation ofY (sl(n)) with the actions given by

x → x,J(x) → ax, (A9)

and we denote it byV (λi)(a).

Next we turn to the case ofsl(3). According to the inner product Trxy, we can obtain an

orthonormal basis ofsl(3):

Ĥ1 =
1√
2

H1, Ĥ2 =
1√
6
(H1 +2H2), Êi =

1√
2
(Ei + E−i), Ê−i =

1√−2
(Ei −E−i), i = 1,2,3,

(A10)

whereH1,H2,Ei,E−i are given in Eq. (2.15).

The homomorphism of algebrasε : Y (sl(3)) −→U(sl(3)) as in (A7) is given by

x −→ x, ∀x ∈ sl(3)

J(H1) −→ 1
6
(H2

1 + H1H2 + H2H1)−
1
4
(E2E−2+ E−2E2)+

1
4
(E3E−3+ E−3E3)

J(H2) −→ −1
6

(H2
2 + H1H2+ H2H1)+

1
4
(E1E−1+ E−1E1)−

1
4
(E3E−3+ E−3E3)

J(E1) −→ 1
12

((H1+2H2)E1 + E1(H1+2H2))+
1
4
(E3E−2+ E−2E3)

J(E−1) −→ 1
12

((H1+2H2)E−1+ E−1(H1 +2H2))+
1
4
(E−3E2+ E2E−3)

J(E2) −→ −1
12

((2H1 + H2)E2 + E2(2H1 + H2))+
1
4
(E3E−1+ E−1E3)

J(E−2) −→ −1
12

((2H1 + H2)E−2+ E−2(2H1 + H2))+
1
4
(E−3E1+ E1E−3)
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J(E3) −→ 1
12

((H1−H2)E3 + E3(H1−H2))+
1
4
(E1E2 + E2E1)

J(E−3) −→ 1
12

((H1−H2)E−3 + E−3(H1−H2))+
1
4
(E−1E−2+ E−2E−1)

After the direct computation, we know that for the fundamental representation ofsl(3) with weight

(1,0), ε(J(x)) = 5
12x and for the fundamental representation ofsl(3) with weight (0,1) (the dual

representation of(1,0)), ε(J(x)) = − 5
12x.

Therefore, according to the co-product given by Eq. (A5), wecan consider the representation

of YangianY (sl(3))

W = V (1,0)(a)⊗V (0,1)(b) = V (1,0)(a)⊗V (1,0)∗(b). (A11)

In another form, we can rewrite it as in Eq. (2.19). As representations ofsl(3), we have

W = V (1,0)(a)⊗V (1,0)(b) ∼= V (1,1)⊕V (0,0), (A12)

whereV (1,1) can be regarded as the 8-dimensional adjoint representation of sl(3) with the basis

η0,0(H1) = |00〉− |11〉, η ′
0,0(H2) = |11〉− |22〉, w2,−1(E1) = |01〉, w−1,2(E2) = |12〉,

w1,1(E3) = |02〉,w−2,1(E−1) = |10〉, w1,−2(E−2) = |21〉, w−1,−1(E−3) = |20〉; (A13)

andV (0,0) ∼= C is the trivial representation ofsl(3) with the basis

v0,0 = |00〉+ |11〉+ |22〉. (A14)

Under the above basis, the actions ofJ(x) onW = V (1,0)(a)⊗V (0,1)(b) are given by

J(H1) →


















1
3(a−b) 2

3(a−b) 0 0 0 0 0 0 2
3(a−b + 3

2)
1
3(a−b) − 1

3(a−b) 0 0 0 0 0 0 − 1
3(a−b + 3

2)

0 0 a + b 0 0 0 0 0 0
0 0 0 −a 0 0 0 0 0
0 0 0 0 a 0 0 0 0
0 0 0 0 0 −(a + b) 0 0 0
0 0 0 0 0 0 b 0 0
0 0 0 0 0 0 0 −b 0

a−b− 3
2 0 0 0 0 0 0 0 0


















; (A15)

J(H2) →


















1
3(a−b) − 1

3(a−b) 0 0 0 0 0 0 − 1
3(a−b + 3

2)

− 2
3(a−b) − 1

3(a−b) 0 0 0 0 0 0 2
3(a−b + 3

2)

0 0 −b 0 0 0 0 0 0
0 0 0 a + b 0 0 0 0 0
0 0 0 0 b 0 0 0 0
0 0 0 0 0 a 0 0 0
0 0 0 0 0 0 −(a + b) 0 0
0 0 0 0 0 0 0 −a 0
0 a−b− 3

2 0 0 0 0 0 0 0


















; (A16)
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J(E1) →


















0 0 −(a + b) 0 0 0 0 0 0
0 0 a 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 a 0 0 0 0
0 0 0 0 0 0 0 0 0

1
3(2a + b) 1

3(a−b) 0 0 0 0 0 0 1
3(a−b + 3

2)

0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 −b 0 0
0 0 a−b− 3

2 0 0 0 0 0 0


















; (A17)

J(E2) →


















0 0 0 b 0 0 0 0 0
0 0 0 −(a + b) 0 0 0 0 0
0 0 0 0 −b 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0

− 1
3(a−b) 1

3(a +2b) 0 0 0 0 0 0 1
3(a−b + 3

2)

0 0 0 0 0 a 0 0 0
0 0 0 a−b− 3

2 0 0 0 0 0


















; (A18)

J(E3) →


















0 0 0 0 −b 0 0 0 0
0 0 0 0 −a 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 −b 0 0 0 0 0
0 0 a 0 0 0 0 0 0

1
3(2a + b) 1

3(a +2b) 0 0 0 0 0 0 1
3(a−b + 3

2)

0 0 0 0 a−b− 3
2 0 0 0 0


















; (A19)

J(E−1) →


















0 0 0 0 0 a + b 0 0 0
0 0 0 0 0 −b 0 0 0

− 1
3(a +2b) 1

3(a−b) 0 0 0 0 0 0 1
3(a−b + 3

2)

0 0 0 0 0 0 0 0 0
0 0 0 a 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 −b 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 a−b− 3

2 0 0 0


















; (A20)

J(E−2) →


















0 0 0 0 0 0 −a 0 0
0 0 0 0 0 0 a + b 0 0
0 0 0 0 0 0 0 0 0

− 1
3(a−b) − 1

3(2a + b) 0 0 0 0 0 0 1
3(a−b + 3

2)

0 0 −b 0 0 0 0 0 0
0 0 0 0 0 0 0 a 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 a−b− 3

2 0 0


















; (A21)
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J(E−3) →


















0 0 0 0 0 0 0 a 0
0 0 0 0 0 0 0 b 0
0 0 0 0 0 0 a 0 0
0 0 0 0 0 −b 0 0 0

− 1
3(a +2b) − 1

3(2a + b) 0 0 0 0 0 0 1
3(a−b + 3

2)

0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 a−b− 3

2 0


















(A22)

Through the direct calculation, it is easy to find that the actions of Y (sl(3)) on W can be

regarded as

x →
(

ρad(x) 0
0 0

)

, J(x) →
( 2

3(a−b)Jad(x)+ 1
2(a+ b)ρad(x) (a−b+ 3

2)M12(x)
(a−b− 3

2)M21(x) 0

)

(A23)

whereρad(x) is the adjoint representation ofsl(3), Jad(x) is the action ofε(J(x)) given by Eq. (A7)

on the adjoint representation,M12(x) andM21(x) are the 1×8 and 8×1 matrices, respectively.

Appendix B: Actions of J for GHZ states with 4 spins

J2|1) = −(d− 3
2
)|4)− (c− 1

2
)|6)− (b+

1
2
)|8)− (a+

3
2
)|10);

J2|2) = −(d− 3
2
)|3)− (c− 1

2
)|5)− (b+

1
2
)|7)− (a+

3
2
)|9);

J2|3) = (d +
3
2
)|2)− (b− 1

2
)12)+ (a+

1
2
)|14)− (c− 3

2
)|16);

J2|4) = (d +
3
2
)|1)− (b− 1

2
)11)− (a+

1
2
)|13)− (c− 3

2
)|15);

J2|5) = (c+
1
2
)|2)+ (a+

1
2
)12)− (b− 1

2
)|14)− (d − 1

2
)|16);

J2|6) = (c+
1
2
)|1)− (a+

1
2
)11)− (b− 1

2
)|13)− (d − 1

2
)|15);

J2|7) = (b− 1
2
)|2)− (d − 1

2
)12)− (c+

1
2
)|14)+ (a+

1
2
)|16);

J2|8) = (b− 1
2
)|1)− (d − 1

2
)11)− (c+

1
2
)|13)− (a+

1
2
)|15); (B1)

J2|9) = (a− 3
2
)|2)+ (c+

1
2
)12)+ (d − 1

2
)|14)+ (b+

3
2
)|16);

J2|10) = (a− 3
2
)|1)− (c+

1
2
)11)− (d − 1

2
)|13)− (b+

3
2
)|15);

J2|11) = (b+
1
2
)|4)+ (a− 1

2
)6)+ (d +

1
2
)|8)+ (c− 1

2
)|10);

J2|12) = (b+
1
2
)|3)− (a− 1

2
)5)+ (d +

1
2
)|7)− (c− 1

2
)|9);
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J2|13) = (a− 1
2
)|4)+ (b+

1
2
)6)+ (c− 1

2
)|8)+ (d +

1
2
)|10);

J2|14) = −(a− 1
2
)|3)+ (b+

1
2
)5)+ (c− 1

2
)|7)− (d +

1
2
)|9);

J2|15) = (c+
3
2
)|4)+ (d +

1
2
)6)+ (a− 1

2
)|8)+ (b− 3

2
)|10);

J2|16) = (c+
3
2
)|3)+ (d +

1
2
)5)− (a− 1

2
)|7)− (b− 3

2
)|9);

J3|1) = (a+ b+ c+ d)|2);

J3|2) = (a+ b+ c+ d)|1);

J3|3) = (a+ b+ c−d)|4)−|6)−|8)−10);

J3|4) = (a+ b+ c−d)|3)−|5)−|7)−9);

J3|5) = |4)+ (a+ b− c+ d)|6)−|8)−|10);

J3|6) = |3)+ (a+ b− c+ d)|5)−|7)−|9);

J3|7) = |4)+ |6)+ (a−b+ c+ d)|8)−|10);

J3|8) = |3)+ |5)+ (a−b+ c+ d)|7)−|9); (B2)

J3|9) = |4)+ |6)+ |8)+ (−a+ b+ c+ d)|10);

J3|10) = |3)+ |5)+ |7)+ (−a+ b+ c+ d)|9);

J3|11) = (a−b+ c−d)|12)+2|16);

J3|12) = (a−b+ c−d)|11)−2|13);

J3|13) = 2|12)+ (a−b− c+ d)|14)+2|16);

J3|14) = (a−b− c+ d)|13);

J3|15) = (a+ b− c−d)|16);

J3|16) = −2|11)−2|13)+ (a+ b− c−d)|15).

J2
3|1) = (a+ b+ c+ d)2|1);

J2
3|2) = (a+ b+ c+ d)2|2);

J2
3|3) = [(a+ b+ c−d)2−3]|3)−2(a+ b+1)|5)−2(a+ c)|7)−2(b+ c−1)|9);

J2
3|4) = [(a+ b+ c−d)2−3]|4)−2(a+ b+1)|6)−2(a+ c)|8)−2(b+ c−1)|10);
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J2
3|5) = 2(a+ b−1)|3)+ [(a+ b− c+ d)2−3]|5)−2(a+ d +1)|7)−2(b+ d)|9);

J2
3|6) = 2(a+ b−1)|4)+ [(a+ b− c+ d)2−3]|6)−2(a+ d +1)|8)−2(b+ d)|10);

J2
3|7) = 2(a+ c)|3)+2(a+ d −1)|5)+ [(a−b+ c+ d)2−3]|7)−2(c+ d +1)|9);

J2
3|8) = 2(a+ c)|4)+2(a+ d −1)|6)+ [(a−b+ c+ d)2−3]|8)−2(c+ d +1)|10); (B3)

J2
3|9) = 2(b+ c)|3)+2(b+ d)|5)+2(c+ d −1)|7)+ [(−a+ b+ c+ d)2−3]|9);

J2
3|10) = 2(b+ c)|4)+2(b+ d)|6)+2(c+ d −1)|8)+ [(−a+ b+ c+ d)2−3]|10);

J2
3|11) = [(a−b+ c−d)2−4]|11)−2(a−b+ c−d +2)|13)+2(a+ b− c−d)|15);

J2
3|12) = [(a−b+ c−d)2−4]|12)−2(a−b− c+ d)|14)+2(a−b+ c−d−2)|16);

J2
3|13) = 2(a−b+ c−d−2)|11)+ [(a−b− c+ d)2−8]|13)+2(a+ b− c−d)|15);

J2
3|14) = 2(a−b− c+ d)|12)+ (a−b− c+ d)2|14)+2(a−b− c+ d)|16);

J2
3|15) = −2(a+ b− c−d)|11)−2(a+ b− c−d)|13)+ (a+ b− c−d)2|15);

J2
3|16) = −2(a−b+ c−d +2)|12)+2(a−b− c+ d)|14)+ [(a+ b− c−d)2−8]|16).

Appendix C: Proof of B8 to satisfy braid relations Eqs. (3.43)-(3.45)

For

S j j =
1√
2
(1+ M), M2 = α1, (C1)

where j=half integer, then braid relation forS j j reads

S j j
12S j j

23S j j
12 = S j j

23S j j
12S j j

23. (C2)

It leads to

M12M23M12+ M12 = M23M12M23+ M23. (C3)

Setting the matrixM to the form

Mab
cd = paδadδbcδa−b + vabδa−cδb−d |a6=−b. (C4)

The Eq. (B2) gives the relations

M12M23M12 = M23, M23M12M23 = M12, (C5)

or

MiMi±1Mi = Mi±1, (C6)

with the allowed values ofpa andvab, provided they satisfy one of the following three relations.
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(a) All pa = vab = 1; (C7)

(b) pa =
1 a > 0
−1 a < 0

vab =
1 a > 0
−1 b < 0

; (C8)

(c) pa =
1 a > 0
−1 a < 0

vab =
1 a > 0,b 6= a or b = a > 0
−1 a > 0,b 6= a or b = a < 0

. (C9)

The solutions (b) and (c) give the sameS
1
2

1
2 in which only vaa is survived. Together with

pa p−a = vaav−a−a = vabv−a−b = −1, we get

M2 = −1, and (S
1
2

1
2 )2−

√
2S

1
2

1
2 + 1 = 0. (C10)

Similarly, we set

S j 1
2

aα
βb

= paα δabδαβ |a6=±α + qaα δa−bδα−β |a6=±α +(S
1
2

1
2 )

aα
βb

|a,b∈( 1
2 ,− 1

2), (C11)

and

S
1
2 j αa

βb
= fαaδαβ δab|a6=±α + gαaδα−β δa−b|a6=±α +(S

1
2

1
2 )

αa
βb

|a,b∈( 1
2 ,− 1

2). (C12)

Substituting Eqs. (C1), (C11) and (C12) into Eqs. (3.43)-(3.45) for j = 3
2 after calculation one

finds

p 3
2

1
2
= p 3

2− 1
2
= p− 3

2
1
2
=

1√
2
, p− 3

2− 1
2
= − 1√

2
;

q 3
2

1
2
= q 3

2− 1
2
= q− 3

2− 1
2
=

1√
2
, q− 3

2
1
2
= − 1√

2
;

f 1
2

3
2
= f− 1

2
3
2
= f 1

2− 3
2
=

1√
2
, f− 1

2− 3
2
= − 1√

2
; (C13)

g 1
2

3
2
= g− 1

2
3
2
= g− 1

2− 3
2
=

1√
2
, g− 1

2
3
2
= − 1√

2
.

Taking the labeling

(a,α) = (
3
2
,
1
2
),(

3
2
,−1

2
),(

1
2
,
1
2
),(

1
2
,−1

2
), · · · ,(−3

2
,−1

2
),

and

(β ,b) = (
1
2
,
3
2
),(−1

2
,
3
2
),(

1
2
,
1
2
),(

1
2
,−1

2
), · · · ,(−1

2
,−3

2
),

then we obtain

S
3
2

1
2 =










p 3
2

1
2

q 3
2

1
2

p 3
2− 1

2
q 3

2− 1
2

S
1
2

1
2

q− 3
2

1
2

p− 3
2

1
2

q− 3
2− 1

2
p− 3

2− 1
2










=
1√
2
















1 1
1 1

1 1
1 1
−1 1

−1 1
−1 1

1 −1
















.

(C14)
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