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Transcedentality Property of N 4 Supersymmetric Gauge Theories Lev Lipatov

1. Introduction

In the Born approximation the scattering amplitude in QChhigh energies,/s and fixed
momentum transferg= y/—t has a simple form showing in particular the helicity conaéon

5 2s
MQBB (S,t)|Born = gTAC'A 5)\A//\A T gTBC’Ba)\B//\B . (11)

In the leading logarithmic approximation (LLAY?Ins ~ 1 one obtains for this amplitude the
Regge-type behaviof][1]
Mf\\/BB/(s,t) = MQ;B‘B,(Svt”BOTHSw(t)v (12)

where the gluon Regge trajectory has an infrared divergegglarized by a gluon mags

2 ac 2 lal? . Qc ||

The final state particles at high energies for the proédss+ A'B'd;...d,_1 in LLA are pro-
duced in the multi-Regge kinematics

S>§ = (kr—1+kr)2 > ’qr’27 Kr =0 — Qry1- (1.4)

Further, the gluon production amplitude in this region tesrhulti-Regge factorized fornf][1]

W1 (D
Mz 1 n~ b GTE Cll,0) 25 Clthn O 1) s, @ = wl(—[a?),  (15)
|| || |l
where the Reggeon-Reggeon-gluon vertex for the produesthglith a definite helicity equals
0201
C(tp,p) = ——2—. 1.6
(%2, ) —— (1.6)
We introduce the complex variables for the gluon transveosgdinates and momenta
T @
k k ks Pk k, Mk 0pk s Mk ap; . "

Then in LLA the Balitsky-Fadin-Kuraev-Lipatov (BFKL) eqgtian for the Pomeron wave
function can be written as follow$][1]

a5 Lo asN: .
EW(P1,02) = H12W(P1,P2) , A= — zsnc minE, (1.8)

whereA is the Pomeron intercept entering in the expression fordta tross-sectiom; ~ s*. In
the operator representation the BFKL Hamiltonian is sifigali [2]

Hiz=In |pap2|* + (In |p12]?) pLps+ (In|p12f?) pip2 —44(1), (1.9)

P1P; P1 P2

wherepi, = p1 — p2 and P(x) = '(x) /T (x). Here the kinetic energy is proportional to the sum
of the gluon Regge trajectories(—|py2|%) and the potential energy In |ps2|? is obtained by the
Fourier transformation from the product of two verti€&s),, q1).
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The BFKL Hamiltonian is invariant under the Mobius transfiation [}]

+b
O — i§:+d. (1.10)

There are two Casimir operators of the Mdbius group

M2 =
r

Their eigenvalue equations

N

2
M“)) = P51 P2, M2 = (M?)". (1.11)
1

M? fnm = M(M— 1) fnm, M2 fm= M(M—1) fm (1.12)
define the conformal weights
m=1/2+iv+n/2, m=1/2+iv—n/2 (1.13)
with realv and integen for the principal series of unitary representations.
The Hamiltonian has the property of the holomorphic seplityali§]
Hi2 = hio+hi,, (1.14)

where the holomorphic Hamiltonidm is given below

1 1
h12 = In(pyp2) + ™ (Inp12) p1+ e (Inp12) p2—2¢(1). (1.15)

2. Integrability of the multi-colour BFKL dynamics

Let us investigate the Bartels-Kwiecinskii-Praszalowéciation [[p] for ther-gluon state

TkaTIa
(—Ne)
whereT2 is the gauge group generator acting on the colour index offthenk.

The BKP equation is especially simple in the multi-colour @@vhere the Hamiltonian is
simplified as followsH = %Zka,kH- It is invariant under the Mobius and duality transforma-

tions [6]

Ew(ﬁ].? --vﬁn) = Z Hk-,l Lp(ﬁ:b "'7ﬁn) ) (21)
k<

Prr+1— Pr — Pr—1r- (2.2)

The corresponding wave function has the property of therhotphic factorization [J4]

w(ﬁlaﬁZa "'>ﬁn) = Z af,SLPI'(pla '-‘apn) q"s(pik, 7pr>1k) ) (23)
S

where the coefficienta, s are chosen from the condition of its single-valuedness.
The holomorphic Hamiltoniah commutes with the integrals of motiof] [2, 7]

G= >  PuakPek-Pik PiaPr--Pi  [or,h] = 0. (2.4)

ki<ko<...<k
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The integrability of the BFKL dynamicg][7] is related to thet, thatH coincides with the local
Hamiltonian of the Heisenberg spin modg| [8].
In particular for the Pomeron wave functiom= 2) one can obtain the simple expressifjn [3]

prz \"( pi \"
f ~—>7—>;—> :< > ( 12 ) 25
with the corresponding energy having the holomorphic sepktly property
d
Enm=&mnt&n , &m= Ym) +P(l-—m)—2¢(1), P(x) = E(In r(x). (2.6)
Further, the intercept of the BFKL Pomeron is positije [1]
A=4%NIn2 @2.7)
T
and, as a result, one obtains the violation of the Froissamd
o~ >cln?s. (2.8)

One should restore thechannel unitarity for scattering amplitudes. The comsistvay to
solve this problem is to use the effective field theory for Reggeized gluon$][9][T10].

3. DGLAP and BFKL equationsin N =4 SUSY

The parton distributions are expressed in terms of the sporeding unintegrated quantities

fa(x,Q?) = /2 IR Pa(x.K2). (3.1)

ki <Q?
With the use of the Mellin transformation
1 .
fall. Q) = [l ia(x @) (3.2)
0
the DGLAP equation[[11] foffa(x, Q?) is written as a renormalization group equation fgfj, Q%)
with the kernel expressed in terms of the anomalous dimema#trix yap
0 (@) = S yauli) o, @) (3.9
dInQ2 a\ )y % a 9 . .

The momentaf,(j,Q?) are proportional to matrix elements of the light-cone congris of
the local twist-2 operators which are tensors or pseudsetsn

a_ @plh Al Oa a_ @l @l
O* =i/ 0y 4, =000, (3.4)
The anomalous dimensions are the same for the differendit@ngjections
UL ML a o1 |9
nee...nme Ol—ll-,--wIJler-,o'lrwo'\n\ IL "'IL : (3'5)

4
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Solutions of the BFKL equation are classified by the anonmaldimensiony = %4— iv and the
conformal spinjn|. The conformal spin coincides with the number of transvémséces of the
tensorO?.

In the next-to-leading approximation the eigenvalue ofBR&L kernel is given below[[12]

w=wo(n, y)+4&A(ny), 4= g°Ne/(161), (3.6)

where in QCDA(n,y) contains non-analytic functiong,p and &y, but in N = 4 SUSY these
Kroniker symbols are cancellef J14].
Moreover, in theN = 4 model we obtain, thak(n, y) has the Hermitian separability property

A(n,y) = fp(M)+fp(M*)—%/ﬁfm, M= v+|—;|, (3.7)
p(M) = B'M)+ 5220, 82 = 5 |¥ () ~¥ (3) @9)

and is expressed in terms of special functions belonginbeartaximal transcedentality clags|[14]

@(M) = 3(3) + W' (M) — 20(M) + 26' (M) (W(L) — W(M) ), (3.9)

where

B'k+1) & (—1)K w(k+1)—w(1)>. (3.10)

oM L (W(k+1) —
Z K+ M kZOk+M< (k+1) K+ M
Let us return now to the DGLAP equatioh [11]. One loop anomsildimension matrix for
twist-2 operators irN = 4 SUSY was firstly calculated in Ref. [ J15]. The examples ofhsuc
operators are given below

Of...siy = SCpy Dy Dy-.Dyyy e (3.11)
Oty = SGDyp,Dys--Dyy G (3.12)
Op i :sw Yius Dpsp--- Dy W2, (3.13)
Oy = SPP¥6Yi Dy Dy W, (3.14)
O 1y = SP*Dy,Dy,...Dy, D2 (3.15)

The diagonalization of the anomalous dimension matrjcasdy gives the result

-45(j-2 O 0 —45(j - 1) 0
0 —45,(j) 0 , , (3.16)
0 0 —45(j+2) 0 —4S(j+1)

containing one universal functiggn; for the super-multiplet of twist-2 operators

j
) =48 -2). 8= 3 7 (3.17)

Note, that this function has the maximal possible trangtidigy, which is related to an integrabil-
ity of evolution equations for matrix elements of quasitpaic operators itN = 4 SUSY [T}].



Transcedentality Property of N 4 Supersymmetric Gauge Theories Lev Lipatov

4. Two- and three- loop universal anomalousdimensionin N =4

Using the fact that the eigenvalue of the BFKL equation isregged in terms of the most
complicated special functions and the hypothesis thatrajigarities of the anomalous dimension
can be obtained from this equatidn][13], we can argué [14},tthe perturbative expansion of the
universal anomalous dimension

Vori(§) = & () + &Yt (1) + & (1) + - (4.1)
should contain in each order of the perturbation theory balynonic sums with the highest possi-
ble transcedentality. Such assumption allows us to find tivetsal anomalous dimension in two
loops [I#] from the corresponding QCD expressions

SHH(+2 =2500) (S() +S2(1)) - 25 2a() + S() +S5(0), (42
where j j ' |
S)=3 78400 =3 5 Saa= 3 Lol sm) @3

This result was verified by direct calculations of the anamaldimension matri{]}6].

Further, recently the three-loop anomalous dimensionixiair QCD was calculated [17]. It
allowed us to extract the universal anomalous dimensiohraetloops foN = 4 SUSY using the
above hypothesis of the maximal transcedentdity [18]

1 .
ey Vlﬁ (J+2)=24S 2111—12(S311+S212+S221)

+6(S.41+S32+S23)—355-28S72,-$S
~28/(3S.3+S$-2S21) ~S(S3+S 25 21)
~51 (8544, +49S »+23)
-S (3% - 12S 37 —10S 55+ 1652,1,1) , (4.4)

where the generalized harmonic sums are the functiongivien below

Swe()= 3 28, San-()=F 25, (m. (4.5)
o m:lma o H m=1 m 7
S-abo- (i) = (~1)1S ap...(J) +S-ap... (=) (1~ (1)) (4.6)

5. Comparison with other approaches
The three-loop anomalous dimension ko= 4 SUSY atj =14+ w — 1
=4/ A 4 A2 23 l
Vi () =8 — 323"+ 328~ + .. (5.1)

is in an agreement with the predictions of the BFKL equatfbfi [
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Near the negative even points- 2r = w — 0 one can verify, that the anomalous dimension
satisfies the equation

a
j=4— 420 5.2
Voni =4+ %, (5.2)
corresponding to the resummation of the double logarittenins~ a /w?.
Further, one can calculate the universal anomalous dimesilargej
. aN "
Yini=az)Inj, z= nc =44 (5.3)
up to three loops
v 11
=2+ -1+ 5.4
A7) =2+ 37— g Tt 64)

On the other hand, using the AdS/CFT correspondepde [1@ideet the superstring model on the
anti-de-Sitter space and tiNe= 4 supersymmetric Yang-Mills theory, A. Polyakov with calta

rators predicte@(z) in the strong coupling limit[30]
3In2
i — A2 27°
lim a(2) zZV% 4 A T (5.5)

In Ref. [L$] the simple resummation of the perturbation tigéor a(z) was suggested in the form

™ 5
a=-z+ 138 (5.6)

This prediction fora up to three loops is in a rather good agreement with the eraattr

a=—z+ lfzzz—%n“z%r... (5.7)

and with its asymptotic behaviour at— .

6. Equationsfor theanomalousdimension at j — oo

Let us introduce the new parameterelated tazin eq. (5.B)

=—. 6.1
€ N (6.1)

It is obvious, that in the strong coupling regirae— 0. Eden and Staudacher (ES) expressed the
coefficienta(z) appearing in the asymptotic expressipn](5.3)ygrin terms of the new function

a(z) = —% f(0), (6.2)

satisfying the integral equatiop ]21]
£ f(X) _ ﬁ <J1_)((X) . Amdle(X) JO(y))(:jl(y) ‘]O(X) f(y))  t=¢€X, (63)

where J,(x) are the Bessel functions. The modified equation ffx) was derived recently by
Beisert, Eden and Staudacher (BHS) [22] with taking int@anta phase arising from the crossing
symmetry of the underlyin§matrix.
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Using the Laplace transformation

(= sleig) 64

one can write the following anzatz for the solution of the E8ation

—-n
- x < (j+ss)2+1+j+ss) 65
o) = 1—an, , : 6.5
nZl ) s; (j+s€)2+1
The coefficients, ¢ satisfy the set of algebraic equations
ane = Z K (€) (5n’,l—an’,£) ) (6.6)
n=1
where the integral kernel is calculated explicifly][23]
® 2~ R-n-—nf (2R4+-n+n —1)! (2R+n+n)!
_ _1\R /

Knw (€) = 2n;0( D e ((R4N+1) o REmIRT W) (Rt (6.7)

One can verify from this expression, that in all orders ofgieeturbation theory foa(z) the maxi-
mal transcedentality is valid and the coefficients in froithe products of -functions are integer
numbers. Note, that for the BES equatipr] [22] the kelgl (¢) should be multiplied by the factor
i = /—1 for odd values of the sum+rY.

Using the new variable= j ++/j2+ 1 one can write the dispersion representat[oh [23]

_ [ 47 &(Z)-¢(=1/2)

‘@)= L 27Ti z—7 (6.8)
for the function 2
£2)=" (oli—e)—a(i)). (69)

In the above dispersion representation §@r) the integration is performed along the unit circle
in the anti-clock-wise direction and the points situated outside the circle. The corresponding
discontinuity satisfies the linearized "unitarity" comstt [23]

{@-4(-Y7 _, < E(j+35+ (j+ss)2+1).

. . (6.10)
2 j2+1 & (j+s€)2+1

For the case of the strong coupling regime-~ 0 one can solve the integral equations. In
particular, for the BES cas¢ [22] the anomalous dimensiartieaform [2B]

_ 113(2/¢)
g = el 2 (6.11)

lim
£—0

in an agreement with the string side predictiprj [20].
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7. BFKL Pomeron and graviton in N=4 SUSY

It is possible to calculate the Pomeron intercept inNhe 4 supersymmetric gauge theory at
large coupling constant§ [18] (see al§o][24]). To begin wdiie can simplify the eigenvalue for
the BFKL kernel in the diffusion approximation as followe¢s[1P])

]
2
assuming, that the parameters small at large ~ a. Due to the energy-momentum conservation
we havey|;—» = 0 and thereforg/ can be expressed only in terms of the paramiter

j=2—A—DV?, y=2+iv, (7.1)

. 1 1/A
y=(i-2(3- 2 . (7.2
2 1+./1+(j—2)/A

On the other hand, with the use of the AdS/CFT correspond@ii¢he above eigenvalue equation

can be written as the graviton Regge trajectory
. a’
= 2 _—
The behaviour off atg — « andj —  is known from the paper of Polyakov with collabora-

tors [20]

R2
t,t=E?/R%, a’:?A. (7.3)

Voo = —V/1— 2875 = /mj 2" (7.4)
Therefore one can obtain the Pomeron intercept at largdiogsdI8] (see also Ref[[4])
j:2—A,A:7—sz*1/2. (7.5)

To verify this result independently one can calculate thpelof the anomalous dimensionjat 2

1 1 mw

Similar to the casg — o we use the following resummation procedyrd [16]
gz:_m%@, b=y(2). (7.7)

The weak and strong coupling asymptotics of the solutiomisféquation is given below

- m® ~ V3,
= —_—— — B — i = — _/2
b A 7222 43223+..., limA= 2"z

which is in a good agreement with the above resultg\fandb.

, (7.8)

8. Discussion

It is important, that in QCD the gluons and quarks are reggkiFor solving the unitarization
problem for the BFKL Pomeron one should use the effectivebadbr interactions of Reggeons
and particles in the quasi-multi-Regge kinematics. Theg®eg calculus in the form of a 2+1
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field theory can be derived from QCD. In the framework of thppmach thd¢ -channel unitarity

is automatically fulfilled. Thes-channel unitarity is incorporated in the Reggeon theorgubh
the bootstrap equations (se§| [1]) and various relationsngntize effective vertices. The next-
to-leading correction to the eigenvalue of the BFKL kermeNi= 4 SUSY does not contain the
non-analytic terms. Itis a sum of the most complicated fianstwhich could appear in this order.
Using the hypothesis of the maximal transcedentality feruhiversal anomalous dimension of the
twist-2 operators this quantity was calculated up to thedtbrder. We suggested a resummation
procedure and verified the strong coupling predictionsinbthfrom the AdS/CFT correspondence.
In particular, the analytic properties of the ES equatianyfq) at j — c were investigated. It was
shown, that the solution of the BES equation reproducestthmg gredictions for the anomalous
dimension at large coupling constants. We calculated aksantercept of the BFKL Pomeron in
N =4 SUSY in the same limit.
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