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1. Introduction

Determination of the leading-order parameters of chiral perturbation theory (ChTthe
chiral condensat& and the pion decay constdnt is the first goal for lattice QCD in establishing
the link between QCD and ChPT. This is not an easy task, because the large volume limit must be
taken before taking the chiral limit. Both limits require enormous computational cost.

Recently, another approach is getting popular, that is the lattice calculation érdggme.

Here, one reduces the quark mass very close to the chiral limit at a fixed vMu@éparticular
interest is the region where the pion correlation length, or the inverse pionlnftagsovershoots

the size of the box.. In this regime, the finite volume effect becomes prominent, but it can be
treated in a systematic way within ChPT as an expansion in a new paragrdie?, [3], which

has the scalen;/Acyt ~ p?/N2, ~ €2, wherep denotes the pion momentum ang is the cutoff

of ChPT. Zero-momentum mode of pion is treated non-perturbatively at the leading order of the
g-expansion. With this expansion, precise predictions for the volume and topological charge de-
pendences of the quark condensate, meson correlataraye obtained in terms of the low-energy
constants in the infinite volume.

Simulating lattice QCD in the-regime has potential advantages. Computational cost can be
kept manageable by staying in a small box, when reducing the quark mass until the chiral extrap-
olation becomes unnecessary. The remarkable topological charge and quark mass dependences-of
the meson correlation functions, for instance, inghegime are helpful to identify the correspon-
dence between QCD and ChPT. These nice properties have already been exploited in the quenched
QCD studies4]. In such works the overlap-Dirac operat®} [s used, since any tiny violation of
chiral symmetry may be amplified in tlgeregime.

A recent work of the JLQCD collaboratioi®][ extended the study in the-regime to un-
quenched QCD. (See alsg] for smaller scale works.) On B6° x 32 lattice at the lattice spacing
a~ 0.11fm (determined fromrg ~ 0.49fm) we have generated 460 configurations with two-flavor
dynamical overlap quarks and Iwasaki gauge action. We carried out a simulation at an extremely
light sea quark maga~ 3 MeV, which is within thes-regime. Comparing the Dirac spectrum with
the predictions of chiral Random Matrix Theory, we extracted the valleaifthe leading order
of the e-expansion ag¥S(2GeV) = [251(7)(11) MeV]3, where the second error is an estimate of
the systematic error due to the NLO effects of thexpansion.

In this work, we use the same configurations inghegime to calculate the meson correlators
in various channels. Analytic predictions of ChPT for various channels are known to the next-to-
leading order of the-expansion(9, [10]. Their extensions to the partially quenched ChPT have
also become available recentli/l]. We compare these ChPT predictions with the lattice data to
extractz andF to the NLO accuracy.

2. (Partially quenched) chiral perturbation theory in the &-regime at fixed topology

First, we briefly review the results for the meson correlators calculated within (partially quen
-ched) chiral perturbation theory. Se%;[1C, 11] for details. Here we considéd, valence quarks
with a massm, andN; = 2 sea quarks with a mass;, both in thes-regime.
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As a fundamental building block of this section, let us define the partially quenched zero-mode
partition function which consists of two physical quarks (of which massgjsand one valence
quark (withm,) and 1 bosonic quark (withn,), at a fixed topologw.

Kv(lJb) |V(I1v) |v(IJs) |v—1(IJs>/Ils
1 —HoKy1(tp) Mlvra(py) Hslyra(ps) — 1v(Hs)
Q’FPQ/J Uy, Us) = —5——— det
v Mol He) = i OO () 121y sa(e) Klysa(le) Helvsa(Hs)
— UKy 13(Hn) B3lvra(py) By ia(ts) 121y y2(ks)
2.1)

whereu, = my2V, ty, = m2V andus = mg2V. K, ’s andl,’s are the modified Bessel functions.
Note that in the limitu, — Ly, it reproduces thé&l; = 2 full theory partition function

PQ _ gl _ lv(ts)  lv-1(Hs)/Hs
2y (vl kv, ps) = 2,7 (ps) = det( Uslya(ts)  To(is) ) . (2.2)

The partially quenched chiral condensate at fiwitendv is defined by

SOy, ps) 4 PQ
S = HLELVWIHQF (Hp| pay, Us). (2.3)

Itis not difficult to see that in thg, — s limit, the partially quenched condensate becomes the one

. PQ full .
in the full theory, = Kebe) — 2 (ls) — 332 In 2 (). In the following, we also use the double

derivative of the condensate, defined by

AZEQ(P‘v, Hs) _ Ilmub—>llv Ou,Ou, Zv (ubwv:l«ls 2.4)
s - fffull (IJ ) )

First, we present the correlation functions of the flavored pseudo-scalar and scalar operators,
P3(x) = q(x)t?ysq(x) and $(x) = q(x)12q(x), wheret? denotes the generator 8U(N,) group
which the valence quark fielg{x) belongs to. For these correlators, the partially quenched expres-
sion at fixed topology is known t&'(£2) (no sum ovem) [11]:

2| F2 s

/d3 Pa Pa > L3Z(2§ff ZPQ(H\?ﬁ7”§ﬁ) 1 IZZZAZCQ(HW IJS)
2 peft 2z 2

32 (7“\/25(?([.1\,, Hs) 32 4 IJVZEQ(Uv, Us) USZEJ” (Us)
+ﬁ 3 _ﬁu\?—us 3 - 5 hl(t/T)v (25)
1352 9 ZPQ([JEff ue ) 252 )2
= 3 _ eff Y=V v oHs ) 4
= [dxEHS) = = e [FZ 2
L= 321 ZPQ(IJWIJS) 52 4 HVZEQ(HW Us) _ IJSZLUH (Hs) hu(t/T), (2.6)
F2 Hy 2 F2 IJ\? —Hs 2 2 ' T

whereuiefr = mZeV, and thet dependence of correlators is represented by a funbtiifT) =
T [(t/T —1/2)% - 1/12} /2. % receives one-loop correction Ags = = (1+ 31 /2F2V1/2) , where
B is the so-called shape coefficient. In our numerical stigy: 0.0836



Meson correlators in the-regime H. Fukaya

Next, consider the flavored axial-vector and vector opera#§(g) = q(X)T*yw)sq(x) and
V&(x) = q(X)T®yq(X). Their correlators at’(£2) in theN¢ = 2 ChPT are (se€l(] for details)

= [exiagmag0) =~ { r0+ (Vl/z/a koo )

4“5 qull (US)
+F2 3 —h (t/T)} (2.7

= [agoongo) = - {0+ 2 (B - T )} 29

wherekgp is another numerical factor depending on the shape of the box (in our ksgse,
0.08331). _#? are defined by

0u TV (") o (TN, 1 e, v
T () e o) 09

70 = % <3$1i2

Note thatCp(t) andCs(t) are sensitive t& andF enters only at(£2). ForCa(t) andCy (t),
on the other hand; appears in the leading term and thus can be extracted efficiently.

3. Lattice simulations

Here we summarize our numerical set up for the simulations. For other detail§].s€aif
lattice size is16® x 32 and the lattice spacing is determinedaas 0.1111(24) fm from the heavy
quark potential assuming = 0.49 fm. We use the overlap fermids] [ of which the Dirac operator
with a quark masmis given by

D(m) = (mo+3) + (mo— ) yesgriHu(—mo)]. CED

whereHy (—mg) = ysDw (—mp) denotes the standard Hermitian Wilson-Dirac operator. We choose
mp = 1.6 throughout this work. (Here and in the following the mass parameters are given in the
lattice unit, unless otherwise stated.) For the gauge action, we use the Iwasaki atier?35
together with an additional determinant factor corresponding to Wilson fermions and associated
twisted-mass ghost8], which forbids the topology changes along the Monte Carlo updates. In
this work, topological charge is fixed to= 0. We use the hybrid Monte Carlo (HMC) algorithm.
The sign function in3.1) is approximated by a rational function with Zolotarev’s coefficients after
projecting out a few lowest-lying eigenmodes.

In this work, we focus on the run at the lightest sea quark mmes€.002, which corresponds
to ~ 3 MeV in the physical unit and the system is well within theegime. We accumulated
4,600 trajectories after discarding 400 trajectories for thermalization. At every 10 trajectories, we
calculated the meson correlators in various channels. We take four values of valence quark mass,
m = 0.0005, 0.001, 0.002, and 0.003 (1-4 MeV). The inversion of the Dirac operator is performed
simultaneously for all the valence quark masses using the multimass solver.

For the meson correlators, the purely low-mode contribution (both quark and anti-quark propa-
gators are represented by the low-lying eigenmodes) is replaced by the low-mode averaged (LMA)
one,i.e. the source point is averaged over all lattice sites. We find that LMA with 100 eigenmodes
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improves the statistical signal substantially for the pseudo-scalar and scalar correlators while the
improvement is marginal for the axial-vector and vector correlators.
The jackknife bin-size is chosen as 20, with which the statistical error saturates.

4. Numerical results

Now we present the numerical results.

For the axial current we use the local opera#d(x), which receives finite renormalization.
We calculated the renormalization factor using the RI/MOM scheme and obf@iredl.3513(13).

In the following, we neglect this tiny statistical error f6x.

Fig. 1 (left panel) shows the data for the axial-vector correlatomgi= ms = 0.002 A
two-parameter fit tol2.7) works well (x2/d.o.f~ 0.01) for the low-mode averaged data (filled
squares) as shown by a blue curve. The fitting ranged912,20]. From this fit we obtain
> ~ [260(32) MeV]3 andF ~ 90(6) MeV. The statistical error iiX is large ¢ 30%) becaus&
appears only at’(£2), while F is determined to a good precision.

Next, let us look at the pseudo-scalar channeinat= ms = 0.002 Using F obtained via
the axial-vector correlator as an input, we fit the pseudo-scalar channel2:)ha6d obtainz
with much better precision. Fidl (right panel) shows the fit curve with a fit range [12,20]
(x?/d.0.f=0.07). A two-parameter fit withF as another free parameter does not work because the
sensitivity toF is too weak.

To obtain the best result we perform a simultaneous fit to B8RT andAJAS correlators and
obtainz = [227.6(3.7) MeV]® andF = 87.3(5.6) MeV (orv2F = 123.5(7.9) MeV), where the
statistical error irais also taken into account. Here the fit rangeds12, 20] andx?/d.o.f= 0.02.
Multiplying the renormalization factor calculated non-perturbatively through the RI/MOM scheme,
we obtained the renormalized condens&¥&(2 GeV) = [239.8(4.0) MeV]3. This value is consis-
tent with our previous result obtained through the Dirac specEBfA® = [251(7)(11) MeV]°.

Once the parametels andF are determined, there is no additional free parameters at the
given order of the-expansion, and therefore the comparison provides a stringent test of the lattice
data and/or the-expansion. For instance, the lattice data for the scalar channel is shown th Fig.
(left panel). The curve in the plot i®ota fit to the data but a ChPT predictia2€). The agreement
is remarkable. Furthermore, we also test the consistency with the partially quenched data sets
(my, # mg) for the pseudo-scalar channel (FRj(right panel)). The curves showing the ChPT
prediction without free parameters are perfectly consistent with the lattice data.

5. Discussions

We have compared the different channels (pseudo-scalar, scalar, axial-vector and vector), par-
tially quenched correlators with four different valence quark masses, and Dirac spectrum, and they
are all consistent with each other. For the change of the fitting range withig [10,15), both
> andF are quite stable (within 1%) with similar error-bars. For the finite volume correction, the
NLO in the e-expansioni.e. '(g2) ~ p? ~ 1/L2, is taken into account within ChPT.

Still, we find some discrepancy in the pion decay constant with the preliminary résglt (
78(3)(1) MeV) obtained in the-regime using the NNLO formula for the chiral extrapolatidg]f
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Figure 1: Upper figure: the axial vector correlator in thgegime. Filled square symbols denote the low-
mode averaged correlator while the crosses are not averaged. The solid curve shows the best fit yielding
T ~ [260MeV]® andF ~ 90 MeV). Lower figure: the pseudo-scalar correlator. The solid curve shows the
best fit yieldingZ ~ [227MeV]® (F = 89.5 MeV is given as an input).

(The p-regime simulation has been done at a slightly coarser lattice spacin@.12 fm, but we
do not expect substantial discretization effect by this small changg @his may signal some un-
known source of systematic error, possibly the higher order contributions in eithesettgansion
or the p-expansion.

HF thanks P. H. Damgaard, T. DeGrand and P. Hasenfratz for fruitful discussions. Numeri-
cal simulations are performed on Hitachi SR11000 and IBM System Blue Gene Solution at High
Energy Accelerator Research Organization (KEK) under a support of its Large Scale Simulation
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Figure 2: The scalar (left) and the partially quenched pseudoscalar (right) correlatorséfrégame. The
solid curves represent the ChPT prediction viith- [227.6MeV]3 andF = 87.3MeV (No free parameter
left).
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