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1. Introduction

TheSvetitsky-Yaffe conjecture[1] establishesthat
�
d � 1� -dimensionalSU(N)puregaugethe-

oriesatfinite temperature,whichundergoaconfinement/deconfinementphasetransitionassociated
with thebreakingof thecenterof thegaugegroupZ(N) [2, 3], arein thesameuniversalityclassof
d-dimensionalZ(N) spinmodels,whichundergo anorder/disordertransition.This impliesthatthe
gaugetheoryandthespinmodelpresentthesameuniversalquantities(critical indices,amplitude
ratios,...) at criticality. Thishasbeenverifiedin thecaseof asecondordertransitionby numerical
investigationin severalpapers(see,for instance,Refs.[4] and,for a review, Ref. [5]). Moreover
recentlyit hasbeenconjecturedthatalsotheratiosof massive excitationsin thebrokenphaseare
universal[6] anda numericalevidenceof this conjecturehasbeengiven in the caseof 3d Ising
universalityclass[7, 8, 9].

In thiswork weconsiderthe3d 3-statePottsmodel,whichhasaninterestingphasediagramin
the inversetemperature-magneticfield plane(seeFig. 1) andprovidesa test-fieldfor universality
ideasin two differentregions:(a)nearthecritical endpointin the

�
β � h� plane,belongingto the3d

Isinguniversalityclass[10] and(b) neartheh � 0 weaklyfirst ordertransitionin thebrokenphase.
In both caseswe calculatethe ratio betweentwo massive excitationsto be comparedin the case
(a) with thecorrespondingmassratio of the3d Ising class;in thecase(b) with thecorresponding
ratio of screeningmassesin the (3+1)d SU(3) pure gaugetheory at finite temperaturenearthe
deconfinementtransitionin the broken phase,calculatedin Ref. [11]. The reasonof the latter
comparisonis to checkif andto whatextentSvetitsky-Yaffe conjectureholdsin thecaseof weakly
first ordertransition.

2. The 3d 3-state Potts model and massive excitations

The 3d 3-statesPottsmodel [12, 13] is a spin theory in which the fundamentaldegreeof

β

h

βt

�
τc � ξc �

ξ

τ

Figure 1: Qualitative phasediagramof the 3d 3-statesPottsmodel in the 	 β 
 h � -plane: the solid line in
bold is theline of first orderphasetransitions.βt is theorder/disorderinversetransitiontemperatureat zero
magneticfield; ξ andτ arethesymmetry-breakingandthetemperatureparametersof theIsing theory(2.5)
and 	 τc 
 ξc � is theendpointin the3d Ising class.
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freedom,si , definedin thesite i of a3-dimensionallattice,is anelementof theZ(3) group,i.e.

si � ei 2
3πσi � σi �
� 0� 1� 2� � (2.1)

TheHamiltonianof themodelis

H �
� 2
3

β ∑�
i j �

s†
i sj � s†

j si �
� β ∑�
i j �

δσi � σ j � (2.2)

up to an irrelevant constant.Here,β is the coupling in units of the temperatureandthe sumis
doneover all thenearest-neighborpairsof a cubic latticewith linearsizeL. It is well known that
this systemundergoesa weaklyfirst orderphasetransition[14], associatedwith the spontaneous
breakingof theZ(3) symmetry. Theorderparameterof this transitionis themagnetization,

�
S��� � 1

L3 ∑
i

si ��� (2.3)

In presenceof anexternalmagneticfield it is convenientto work with an Hamiltonianwritten in
termsof theσi degreesof freedom,insteadof thesi ones.For a uniform magneticfield alongthe
directionσh with strengthh in unitsof thetemperature,theHamiltonianis

H ��� β ∑�
i j �

δσi � σ j � h∑
i

δσi � σh � � βE � hM � (2.4)

whereE is theinternalenergy andM is themagnetization.Themagneticfield breaksexplicitly the
Z(3) symmetry. However, first ordertransitionsstill occurfor valuesof themagneticfield strength
h below a critical valuehc, the transitioncouplingdecreasingwith increasingh. The line of first
orderphasetransitionsendsin asecondordercritical point Pc � �

βc � hc � (seeFig. 1), belongingto
the3d Isingclass[10]. TheHamiltonianin thescalingregionof thecritical pointPc canbewritten
as

H ��� τẼ � ξ M̃ � (2.5)

whereẼ andM̃ aretheIsing-likeenergy andmagnetizationoperatorsandτ andξ thecorresponding
temperature-like andsymmetry-breaking-likeparameters.This meansthat

�
M̃ � is the new order

parameter. Closeenoughto Pc, thefollowing relationshold,

M̃ � M � sE � Ẽ � E � rM � (2.6)

wherethemixing parameters
�
r� s� have beendeterminednumericallyfor several latticesizesL in

Ref. [10]. Theτ-directionidentifiesthefirst orderline (seeFig. 1).
Among thequantitiesrelevant in thedescriptionof a phasetransitionthereis thecorrelation

functionof local orderparameter:in our caseof the3d 3-statesPottsmodelthis is just the local
spinsi . Thepoint-pointcorrelationfunctionis definedas

Γi0

�
r ��� �

s†
i si0 ��� �

s†
i �
�
si0 � � (2.7)

wherei andi0 aretheindicesof sitesandr is thedistancebetweenthem. Thelarge-r behavior of
thepoint-pointcorrelationfunctionis determinedby theconnectedcorrelationlengthof thetheory,
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ξ0, or, equivalently, by its inverse,the fundamentalmass.It is convenientto studytheconnected
wall-wall correlatorin thex-directiondefinedas

G
�
x��� 1

L ∑
x0

�
w
�
x0 � x� †w

�
x0 ����� �

w
�
x � x0 � † � � w� x0 ��� � w

�
x��� 1

L2 ∑
y� z

s� x� y� z� (2.8)

wherew
�
x� representsthespinaverageover the“wall” at thecoordinatex.

Thegeneralbehavior for thefunctionG
�
x� is

G
�
x��� ∑

n
ane� mnx � (2.9)

wherem0 is the fundamentalmass,while m1, m2, ... arehigher masseswith the sameangular
momentumandparity quantumnumbersof the fundamentalmass.Massexcitationsin channels
differentfrom 0� canbedeterminedby asuitableredefinitionof thewall average.Thefundamental
massin adefinitechannelcanbeextractedfromwall-wall correlatorsby lookingfor aplateauof the
effective mass,meff

�
x� �!� lnG

�
x��" G� x � 1� , at large distances.In thepresentwork we consider

only the 0� and the 2� channels;the local variablesto be wall-averagedas in (2.8) have been
definedin thefollowing way:

s0#� x � y� z�
�
n��� s� x � y� z�

�
s� x � y� n � z� � s� x � y� z� n � � � s2#� x � y� z�

�
n��� s� x � y� z�

�
s� x � y� n � z� � s� x � y� z� n � �$�

Accordingto theconjectureof universalspectrum,ratiosbetweenmassive excitationsin the
broken phasemustbeequalin theoriesbelongingto thesameuniversalityclass.Theaim of this
work is, then,to comparem2# " m0# ratio in two cases:(a) nearthe 3d Ising critical endpointto
verify whetherthis is consistentwith the classprediction; (b) in the broken phasenearthe first
order transition in absenceof the magneticfield. In the first case,the procedureto determine
the fundamentalmassesin the two channelsof interestis thesameoutlinedabove, with theonly
differencethat we needto usethe correct local order parameterto build correlators. We have
definedthis local variable,m̃i, in sucha way thatit reconstructstheglobalmagnetizationoperator
M̃ aftersummationover thewholelattice:

m̃i � δσiσh � s
2 ∑̂

µ
δσiσi # µ̂ � (2.10)

Indeed,it is easyto seethatM̃ � ∑i m̃i . In thecase(b), resultsareto becomparedwith thewould-
be universalpartnerof the Pottsmodel, which is the (3+1)d SU(3) pure gaugetheory at finite
temperature,to test if Svetitsky-Yaffe conjectureholds. Generallyuniversalityappliesin caseof
critical transitions,i.e. wherecorrelationlengthdiverges.In thecaseof h � 0 Pottsmodel,aswell
asfor SU(3)puregaugetheory, transitionis weaklyfirst order(ξ keepingfinite); thismeansthatξ
takesvaluesmuchlargerthanthelatticespacing,althoughfinite.

3. Numerical results

We have performednumericalMonteCarlosimulationsof the3d 3-statesPottsmodelusing
a clusteralgorithm[15, 16] to reducethe autocorrelationeffects. In orderto minimize the finite
volumeeffects,we have imposedperiodicboundaryconditions.Dataanalysishasbeendoneby
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Figure 2: Effective massin the 0% and2% channelsasa function of the separationbetweenwalls on the
	 y
 z� planeat ξ & ξc andτ=0.37248,determinedfrom theconfigurationsbelongingto the “right-peak” in
thethermalequilibriumensemble.

the jackknife methodappliedto bins of different lengths. In both the regions studiedwe have
seentunnelingbetweendegenerateminimanearthetransitionpoint. This finite volumeeffect can
spoil massmeasurementsin the scalingregion andmustbe treatedcarefully. Dependingon the
order of the transition,tunnelingeffects show up differently andmust be removed accordingly.
In the region (a) we have performedsimulationson 703 latticesfor which themixing parameters
appearingin (2.6) turn to bes

�
L � 70�'�(� 0� 689

�
8� andr

�
L � 70�'� 0� 690

�
3� [10]. In this case

tunnelingoccursbetweentwo Z(2)-brokenminima;thiseffect is removedsimulatingthesystemfar
enough(ξ � ξc,τ � 0� 37248)from thetransition,in thescalingregion, wheretwo corresponding
Z(2)-peaks(“right” and “left”) arewell separated.As an example,in Fig. 2 it is displayedthe
behavior of theeffective massin the0� and2� channelsfor thedatain the“right” Z(2)-peak;the
fundamentalmassesin eachchannelturn to be theplateauvaluesof theeffective mass.We have
found

“right-peak” (stat.115K): am0# � 0� 0725
�
63� � am2# � 0� 1981

�
87� � m2#

m0# � 2� 73
�
36� ;

“left-peak” (stat.85K): am0# � 0� 0714
�
40� � am2# � 0� 1959

�
80� � m2#

m0# � 2� 74
�
27�)�

Wecanseethatthemassratiosareconsistent,asexpectedand,moreover, they arecompatiblewith
thevalueof the3d Ising class[6], m2# " m0# � 2� 59

�
4� .

In theregion (b) we have performedsimulationson 483 latticesfor severalvaluesof thecou-
pling β in thebrokenphaseof the3d 3-statePottsmodelat zeromagneticfield.

Closeenoughto βt
�
L � 48� =0.550538[14], thescatterplot of thecomplex orderparameter�

S� shows thecoexistenceof thesymmetricphase(pointsaround(0,0) in theIm
�
S� - Re

�
S� plane

in Fig. 3) andof thebrokenphase(pointsaroundthethreerootsof theidentity in Fig. 3).
To remove theformerkind of tunnelingwe justmovedaway from theregion acrosstransition

wheresymmetricphaseappears;this happensup to β � 0� 5508.For thelatterone,we appliedan
unambiguousrotationof all configurationsbelongingto thecomplex sectorsto thatalongthereal
axis; this allows to improve statistics.We performedcalculationof fundamentalmassesin 0� and
2� channels,asdonein thecase(a), up to β � 0� 6. In Fig. 3 we have plottedthebehavior of m0#
andm2# versusβ (for moredetailslook at[18]). Wehavedeterminedtheratiom2# " m0# for several
β valuesin theregion * βt � 0� 56+ which is plottedin Fig. 4. This ratio remainspracticallyconstant
in theconsideredregion, this suggestingthatthecorrelationlengthξ2 associatedto thechannel2�

5
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Figure 3: (Left) Scatterplot of the complex orderparameterS at the transitionpoint βt=0.550538[14] at
zeromagneticfield. Both thesymmetricandthebrokenphasesarepresent.(Right) Fundamentalmassesin
the0% and2% channelsasfunctionsof β , in thebrokenphasenearβt (verticalline).

(ξ2 � 1" m2# ) scalesin the sameway of the fundamentalone(ξ0 � 1" m0# ). We cantake asour
estimationof themassratio thevalue

m2#
m0# � 2� 43

�
10� � (3.1)

determinedby takingvalueanderrorof thepoint with thesmallesterrorbelongingto theplateau.
In Fig. 4 we plottedthecorrespondingratio in SU(3)puregaugetheory[11] in thebroken phase
nearthedeconfinementtransitionandcomparedthemwith the resultfor thePottsmodel. As we
canseethescreeningratio turnsto belargerthanthecorrespondingonein thespinmodel.
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Figure 4: (Left) m2# 	 β �-, m0# 	 β � for β varyingin thescalingregion. (Right) Ratiom2# , m0# asa function
of the couplingβ in the (3+1)d SU(3) puregaugetheorynearthe deconfinementtransitionin the broken
phase[11]; theupperhorizontalline is thefit of massesclosestto transitionandconsistentwith a constant;
theloweroneis thefit of thecorrespondingmassratio in 3d 3-statePottsmodel.

4. Conclusions

In thiswork we have studiedmassive excitationsof the3d 3-statesPottsmodelneartheIsing
critical pointontheinversetemperature- magneticfield phasediagramandnearthetransitionpoint
at zeromagneticfield.
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Wehave foundevidencethatthemassratiom2# " m0# neartheIsingcritical point is compatible
with thepredictionfrom universality, thussupportingtheconjectureof universalspectrum.

In thebrokenphaseof thescalingregion nearthetransitionin absenceof theexternalsource,
we have foundm2# " m0# =2.43(10).This ratio turnsto be . 30%larger thantheratio of thelowest
massive excitationsin thesamechannelsof the(3+1)d SU(3)puregaugetheoryat finite tempera-
ture in thebrokenphase.This canbetakenasanestimateof thelevel of approximationby which
theSvetitsky-Yaffe conjecture,valid in strict senseonly for continuousphasetransitions,canplay
somerolealsoin thiscaseof weaklyfirst ordertransition.
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