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1. Introduction

TheSwetitsky-Yaffe conjecturd1] establishethat(d + 1)-dimensionaSU(N) puregaugethe-
oriesatfinite temperaturewhich undego a confinement/deconfinemepibasdransitionassociated
with the breakingof the centerof thegaugegroupZ(N) [2, 3], arein the sameuniversality classof
d-dimensionakZ(N) spinmodelswhich undego anorder/disordetransition. Thisimpliesthatthe
gaugetheoryandthe spin modelpresenthe sameuniversalquantities(critical indices,amplitude
ratios,...) atcriticality. This hasbeenverifiedin the caseof a secondordertransitionby numerical
investigationin several paperssee,for instanceRefs.[4] and,for areview, Ref.[5]). Moreover
recentlyit hasbeenconjecturedhatalsothe ratiosof massie excitationsin the broken phaseare
universal[6] anda numericalevidenceof this conjecturehasbeengivenin the caseof 3d Ising
universalityclasg[7, 8, 9].

In thiswork we considetthe 3d 3-statePottsmodel,which hasaninterestingphasealiagramin
the inversetemperature-magneticeld plane(seeFig. 1) andprovidesa test-fieldfor universality
ideasin two differentregions: (a) nearthecritical endpointn the (8 — h) plane belongingto the3d
Ising universalityclass[10] and(b) neartheh = 0 weaklyfirst ordertransitionin thebrokenphase.
In both caseswe calculatethe ratio betweentwo massie excitationsto be comparedn the case
(a) with the correspondingnassratio of the 3d Ising class;in the case(b) with the corresponding
ratio of screeningmassesn the (3+1)d SU(3) pure gaugetheory at finite temperaturenearthe
deconfinementransitionin the broken phase,calculatedin Ref. [11]. The reasonof the latter
comparisornis to checkif andto whatextentSvetitsky-Yaffe conjecturenoldsin the caseof weakly
first ordertransition.

2. The 3d 3-state Potts model and massive excitations
The 3d 3-statesPottsmodel[12, 13] is a spintheoryin which the fundamentaldegree of
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Figure 1: Qualitatve phasediagramof the 3d 3-statesPottsmodelin the (3, h)-plane: the solid line in
bold s theline of first orderphaseransitions.3; is the order/disordemversetransitiontemperaturet zero
magnetidield; £ andt arethe symmetry-breakingndthetemperaturgparametersf thelsingtheory(2.5)
and(tc, &c) is theendpointin the3d Ising class.
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freedom s, definedin thesitei of a 3-dimensionalattice,is anelementf the Z(3) group,i.e.
§=63 g ={0,12} . (2.1)
The Hamiltonianof the modelis

2
H= —5[3% (s'sj+s]s) = —B%ém : (2.2)

up to anirrelevant constant. Here, 8 is the couplingin units of the temperatureandthe sumis
doneover all the nearest-neighbgrairsof a cubiclattice with linearsizeL. It is well knovn that
this systemundegoesa weaklyfirst orderphasetransition[14], associatedvith the spontaneous
breakingof the Z(3) symmetry The orderparametenf this transitionis the magnetization,

(S = <|_—13 >s)- (2.3)

In presencef an externalmagneticfield it is convenientto work with an Hamiltonianwritten in
termsof the g; degreesof freedom,insteadof the s ones.For a uniform magneticfield alongthe
directionay, with strengthh in unitsof thetemperaturethe Hamiltonianis

H=—BY 850 —NY 850 =—BE—hM, (2.4)
i !

wherekE is theinternalenegy andM is the magnetizationThemagnetidield breaksexplicitly the
Z(3) symmetry However, first ordertransitionsstill occurfor valuesof the magnetidield strength
h below a critical value h, the transitioncouplingdecreasingvith increasingh. Theline of first
orderphaseransitionsendsin asecondrdercritical point P, = (S, he) (seeFig. 1), belongingto
the 3d Ising clasg[10]. TheHamiltonianin the scalingregion of thecritical point P, canbewritten
as

H=—1E—&M, (2.5)
whereE andM arethelsing-like enegy andmagnetizatiomperatorsindt andé thecorresponding
temperature-lig and symmetry-breaking-likgparameters.This meansthat <|\7I> is the new order
parameterCloseenoughto P, thefollowing relationshold,

M=M+sE, E=E+rM, (2.6)

wherethe mixing parametersr, s) have beendeterminechumericallyfor severallattice sizesL in
Ref.[10]. The t-directionidentifiesthefirst orderline (seeFig. 1).

Among the quantitiesrelevantin the descriptionof a phasetransitionthereis the correlation
function of local orderparameterin our caseof the 3d 3-statesPottsmodelthisis just thelocal
spins. Thepoint-pointcorrelationfunctionis definedas

Fio (1) = (8'S0) — (1) (S , (2.7)

wherei andig aretheindicesof sitesandr is the distancebetweenthem. Thelarge+ behaior of
the point-pointcorrelationfunctionis determinedy theconnectedorrelationiengthof thetheory
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o, or, equvalently by its inverse,the fundamentamass.lt is corvenientto studythe connected
wall-wall correlatorin the x-directiondefinedas

= Z (%0 + %) TW(x0)) — (W(x+X0) ) (W(x0)) ,  W(X) = é > Sy (28)
v,z

wherew(x) representshe spinaverageoverthe“wall” atthe coordinatex.
Thegenerabehaior for thefunctionG(x) is

= ae ™, (2.9)

wheremy is the fundamentaimass,while my, mp, ... are highermasseswith the sameangular
momentumand parity quantumnumbersof the fundamentamass. Massexcitationsin channels
differentfrom 0" canbedeterminedy asuitableredefinitionof thewall average Thefundamental
massn adefinitechannetanbeextractedfrom wall-wall correlatorsoy lookingfor aplateawf the

effective massmeg(X) = —InG(x)/G(x— 1), atlarge distancesIn the presentvork we consider
only the 0" andthe 2™ channels;the local variablesto be wall-averagedasin (2.8) have been
definedin thefollowing way:

S?;y,z} (n)= S{xy,z} (S{x,y+n7z} + S{x,y,z—;—n}) ) S%;,y,z} (n)= S{xy,z} (S{x,y+n7z} - S{x,y,z—i—n}) .

Accordingto the conjectureof universalspectrum ratios betweermassie excitationsin the
broken phasemustbe equalin theoriesbelongingto the sameuniversality class. The aim of this
work is, then,to comparem,- /my+ ratio in two cases:(a) nearthe 3d Ising critical endpointto
verify whetherthis is consistentwith the classprediction; (b) in the broken phasenearthe first
order transitionin absenceof the magneticfield. In the first case,the procedureto determine
the fundamentamassesn the two channelsof interestis the sameoutlinedabore, with the only
differencethat we needto usethe correctlocal order parametetto build correlators. We have
definedthis local variable, iy, in suchaway thatit reconstructshe globalmagnetizatioroperator
M aftersummatiorover thewholelattice:

o S
H

Indeed,it is easyto seethatM = yim. In thecase(b), resultsareto be comparedvith the would-
be universalpartnerof the Pottsmodel, which is the (3+1)d SU(3) pure gaugetheory at finite
temperatureto testif Svetitsky-Yaffe conjectureholds. Generallyuniversality appliesin caseof
critical transitionsj.e. wherecorrelationlengthdiverges.In the caseof h = 0 Pottsmodel,aswell
asfor SU(3) puregaugetheory transitionis weaklyfirst order(é keepindfinite); thismeanghaté
takesvaluesmuchlargerthanthelattice spacingalthoughfinite.

3. Numerical results

We have performednumericalMonte Carlo simulationsof the 3d 3-statesPottsmodelusing
a clusteralgorithm[15, 16] to reducethe autocorrelatioreffects. In orderto minimize the finite
volume effects, we have imposedperiodicboundaryconditions. Dataanalysishasbeendoneby
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Figure 2: Effective massin the 0™ and2* channelsasa function of the separatiorbetweenwalls on the
(y,z) planeat £ = & and1=0.37248 determinedrom the configurationsdelongingto the “right-peak” in
thethermalequilibriumensemble.

the jackknife methodappliedto bins of differentlengths. In both the regions studiedwe have
seentunnelingbetweerdegenerataninimanearthe transitionpoint. This finite volumeeffect can
spoil massmeasurement the scalingregion and mustbe treatedcarefully Dependingon the
order of the transition,tunnelingeffects shawv up differently and must be removed accordingly
In the region (a) we have performedsimulationson 70 latticesfor which the mixing parameters
appearingn (2.6)turnto bes(L = 70) = —0.6898) andr(L = 70) = 0.690(3) [10]. In this case
tunnelingoccursbetweertwo Z(2)-brokenminima;this effectis removedsimulatingthesystentfar
enough(é = &.,T = 0.37248)from the transition,in the scalingregion, wheretwo corresponding
Z(2)-peaks(“right” and“left”) arewell separated.As an example,in Fig. 2 it is displayedthe
behaior of the effective massin the0"™ and2™ channeldor the datain the “right” Z(2)-peak;the
fundamentamassesn eachchannelturn to be the plateauvaluesof the effective mass.We have
found
“right-peak” (stat.115K):  amy+ = 0.072563) , amp+ = 0.1981(87) , % =2.73(36) ;

“left-peak” (stat.85K):  amy+ = 0.071440), am,- =0.195980) , % =2.74(27) .

We canseethatthe masgatiosareconsistentasexpectedand,morewer, they arecompatiblewith
thevalueof the 3d Ising class[6], my- /mg+ = 2.59(4).

In the region (b) we have performedsimulationson 48° latticesfor several valuesof the cou-
pling B in thebroken phaseof the 3d 3-statePottsmodelat zeromagneticfield.

Closeenoughto (L = 48)=0.550538[14], the scatterplot of the complex orderparameter
(S shaws the coexistenceof the symmetricphase(pointsaround(0,0) in theIm(S) - Re(S) plane
in Fig. 3) andof the broken phasgpointsaroundthe threerootsof theidentity in Fig. 3).

To remove theformerkind of tunnelingwe just movedaway from theregion acrosgransition
wheresymmetricphaseappearsthis happensipto 8 = 0.5508. For the latterone,we appliedan
unambiguousotationof all configurationdelongingto the comple sectordo thatalongthereal
axis; this allows to improve statistics.We performedcalculationof fundamentamassesn 0™ and
2" channelsasdonein thecase(a), upto 8 = 0.6. In Fig. 3 we have plottedthe behaior of my:
andm,- versusB (for moredetailslook at[18]). We have determinedheratiom, /mg. for several
B valuesin theregion [f,0.56] which is plottedin Fig. 4. This ratio remainspracticallyconstant
in the consideredegion, this suggestindhatthe correlationlengthé, associatedo thechannel ™
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Figure 3. (Left) Scattemplot of the complex orderparametesS at the transitionpoint 3,=0.55053814] at
zeromagnetidield. Both the symmetricandthe brokenphasesrepresent(Right) Fundamentainassesn
the0" and2* channelsasfunctionsof B, in thebrokenphasenearf3; (verticalline).

(§2 = 1/my-) scalesin the sameway of the fundamentabne (§o = 1/my+). We cantake asour
estimationof the massratiothe value

Mo+

Mo+

=2.43(10) (3.1)

determinecby taking valueanderror of the point with the smallesterrorbelongingto the plateau.
In Fig. 4 we plottedthe correspondingatio in SU(3) puregaugetheory[11] in the broken phase
nearthe deconfinementransitionandcomparedhemwith the resultfor the Pottsmodel. As we
canseethe screeningatio turnsto belargerthanthe correspondingnein the spinmodel.
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Figure4: (Left) my+(B)/mg+(B) for B varyingin the scalingregion. (Right) Ratiomy+ /mg+ asafunction
of the coupling B in the (3+1)d SU(3) pure gaugetheory nearthe deconfinementransitionin the broken
phasg11]; theupperhorizontalline is thefit of masselosestto transitionandconsistentith a constant;
thelower oneis thefit of the correspondingnassratioin 3d 3-statePottsmodel.

4. Conclusions

In this work we have studiedmassve excitationsof the 3d 3-stated?ottsmodelnearthelsing
critical pointontheinversetemperature magnetidield phasediagramandnearthetransitionpoint
atzeromagneticfield.
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We have foundevidencethatthemassatio m,+ /my+ nearthelsingcritical pointis compatible
with the predictionfrom universality thussupportingthe conjectureof universalspectrum.

In the broken phaseof the scalingregion nearthe transitionin absencef the externalsource,
we have found my+ /mg+=2.43(10).This ratio turnsto be ~30% larger thantheratio of the lowest
massve excitationsin the samechannelsf the (3+1)d SU(3) puregaugetheoryat finite tempera-
turein the broken phase.This canbetakenasan estimateof the level of approximatiorby which
the Swetitsky-Yaffe conjectureyalid in strict senseonly for continuousphaseransitions canplay
somerole alsoin this caseof weaklyfirst ordertransition.
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