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Perturbative matching of heavy-light currents at one-loop Aida X. El-Khadra

1. Intr oduction

TheFermilabLatticeandMILC collaboration’sprogramincludescalculationsof thehadronic
matrix elementsfor weakD andB mesondecays,in particular, the decayconstantsfD, fDs

, fB,
and fBs

and the semileptonicform factorsfor B � π
�
ν , D � π � K � � ν , and B � D

���
ν . In this

work we presenta perturbative matchingcalculationof the relevant currentrenormalizationsto
one-looporder. The numericalsimulationsfor the above physicsanalysesuseMILC ensembles
with improvedglueand2 � 1 Asqtadstaggeredseaquarks[1]. The light valencequarksarealso
generatedfrom Asqtadstaggeredquarksandconvertedto naive quarks. The heavy (charmand
beauty)quarksaretreatedwith the Fermilabaction. SeeRef. [2] for moredetailson the actions
andparametersusedin thenumericalsimulations.

2. Definitions

In this work we follow theanalysisof Ref. [3], wheretheone-loopcorrectionsto heavy-light
and heavy-heavy currentrenormalizationswere calculatedfor Fermilabheavy and Clover light
quarkswith Wilsonglue.

Theheavy-light currentshave theform

Jhl lat
µ 	 ψhΓµψl 
 (2.1)

whereΓµ 	 γµ or γµγ5 andψl denotesanaiveAsqtadDiracspinor. TheFermilabDiracspinor, ψh,
is rotatedby

ψh 	 ψ � 1 � ad1γ � D 
 (2.2)

with thetree-level coefficient

d1 	
1

2 � m0a �
1

2� 1 � m0a ��� (2.3)

Theheavy-heavy currentshave theform

Jhh� lat
µ 	 ψhΓµψh� 
 (2.4)

wherenow bothspinorsarerotatedDirac spinors.Sincetheheavy quarksarerotated,the lattice
currentsof Eqns.(2.1) and(2.4) includetheleadingordertree-level discretizationcorrections.

Thecurrentrenormalizationis definedas

Zhl
JΓ 	

� Z � 1� 2�
2h

ΛJΓ
Z � 1� 2�

2l
� cont

� Z � 1� 2�
2h

ΛJΓ
Z � 1� 2�

2l
� lat 
 (2.5)

whereΛJΓ
arethevertex correctionsandZ2h (Z2l) aretheheavy (light) quarkwave functionrenor-

malizations.
Wefactorout thedominantmassdependencedueto thetree-level wave functionrenormaliza-

tion of theheavy Fermilabquarkby definingtheperturbativeexpansionas

e � m � 0�
1

a� 2Zhl
JΓ 	 1 � g2

0Zhl � 1�
JΓ

� ����� 
 (2.6)
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wheretheheavy quarkmassesaredefinedasusual,

m � 0�
1

a 	 log� 1 � m0a � 
 m0a 	 1��� 2κh � � 1��� 2κcrit � � (2.7)

SinceZV4
for degeneratemassesis easyto calculatenonperturbatively, it is usefulto define

ρhl
JΓ �

Zhl
JΓ

Zhh
V4

Zll
V4

	 1 � g2
0ρ � 1�

JΓ
� ������� (2.8)

In this case,thedominantmassdependencecancelsby construction.
Analogously, for heavy-heavy currentswehave:

Zhh�
JΓ 	

� Z � 1� 2�
2h

ΛJΓ
Z � 1� 2�

2h� � cont

� Z � 1� 2�
2h

ΛJΓ
Z � 1� 2�

2h� � lat � (2.9)

Takingtheleadingmassdependenceoutagain, theperturbativeexpansionis definedas

e � � m� 0�1h  m � 0�
1h� � a� 2Zhh�

JΓ 	 1 � g2
0Zhh�!� 1�

JΓ
� �����"� (2.10)

Finally, theρ factorsfor heavy-heavy currentsaredefinedas

ρhh�
JΓ �

Zhh�
JΓ

Zhh
V4

Zh� h�
V4

	 1 � g2
0ρhh�!� 1�

JΓ
� �����"� (2.11)

3. Procedure

In this work we usetheautomatedperturbationtheorytechniquesdevelopedby Lüscherand
Weisz[4] to generatetheFeynmanrulesfor thelatticeactions.Wethenintegratetheloopdiagrams
by “brute-force”usingVEGAS [5]. Theadvantageof usingautomatedperturbationtheoryis that
it is relatively easyto switchactions[6]. Indeed,we have resultsfor thecurrentrenormalizations
for two gluonactions,two light quarkactionsandtheheavy quarkaction.

Theone-loopdiagramsfor thevertex corrections(includingtherotations)aregivenin Ref.[3].
Wehaveperformedthefollowing testsof ourcalculation:

# For theautomatedperturbationtheorycode,wehavecomparedourverticesandpropagators
againstknown results.

# We have written two independentprogramsfor calculatingthe current renormalizations
basedon theautomatedperturbationtheorycode.

# We have a third independentcalculationof the currentrenormalizationsusing traditional
semi-analyticmethods.

# Our resultsfor theheavy-heavy currentsagreewith thoseof Ref. [3] whenwe switch from
theimprovedgluonpropagatorto theWilsongluonpropagator. Wealsoreproducetheresults
of Ref. [3] for heavy-light currentswith Clover light quarksandWilsonglue.

# Our resultfor theAsqtadnaive wave functionrenormalizationagreeswith Ref. [7], andour
resultfor thenaive-naivevertex correctionwith Wilsonglueagreeswith Ref. [8].
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4. Results
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Figure 1: Zhh $ 1%
V4

for equalmassesasa functionof m $ 0%
1

.

Figures1–4 illustrateour resultsfor the Z’s, ρ ’s, and q
�
’s as functionsof the heavy-quark

mass,m � 0�
1

a. Theq
�
’s arecalculatedfrom thelog momentsusingEqn.(13)of Ref. [9].

Our resultsfor theheavy-heavy currentsarevery similar to thoseof Ref. [3], sincethey differ
only in thegluonpropagator. Themainfeaturesof themassdependencearethesame.Figures1–2
show resultsfor thedegeneratemassV4 current.Wealsohave resultsfor theothercurrents(Vi, A4,
Ai) aswell asresultsfor currentswith unequalmasses.In themasslesslimit wefind

Zhh � 1�
V4

� m � 0�
1 	 0� 	 � 0� 10056� 3� 
 (4.1)

in goodagreementwith Ref. [10]. This is anothertestof ourcalculation.
Figure3 showsacomparisonof thecurrentrenormalizationof theheavy-naiveA4 currentwith

thecorrespondingρ factor, andFigure4 shows ρhl � 1�
V4

andρhl � 1�
Vi

. First, thegeneralfeaturesof the

heavy-quarkmassdependencearesimilar to theresultsof Ref. [3]. Second,ρhl � 1�
A4

is significantly

smallerthanZhl � 1�
A4

over the relevant massrange. Hence,the cancellationbetweenthe numerator

anddenominatorof Eq.(2.8) alreadyobservedin Ref.[3] alsotakesplacefor heavy-naivecurrents.
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Figure 2: q & a for Zhh $ 1%
V4

for equalmassesasa functionof m $ 0%
1

.

In themasslesslimit wefind:

ρhl � 1�
V4

� m � 0�
1 	 0� 	 � 3� 038� 2�'� 10� 3 (4.2)

ρhl � 1�
Vi

� m � 0�
1 	 0� 	 � 3� 05 � 5�(� 10� 3

Wealsohave resultsfor thenaiveV4 currentrenormalization.In themasslesslimit wefind

Zll � 1�
V4

� m0 	 0� 	 � 0� 10457� 4� � (4.3)

We have studiedthemassdependenceof Zll � 1�
V4

by varyingm0 betweenzeroandthestrangequark

mass.Wefind thatZll � 1�
V4

is essentiallyindependentof m0.

In summary, wehavecalculatedthecurrentrenormalizationsrelevantfor thenumericalanaly-
sesof heavy-light decayconstantsandsemileptonicform factorsperformedby theFermilabLattice
andMILC collaborations.Wecalculatethefull massdependenceof theZ’sandρ ’s. Theone-loop
correctionsto the ρ factorsaresmall. They vary roughly between0� 4% and4%, dependingon
latticespacing.
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Figure3: Comparisonof Zhl $ 1%
A4

with ρhl
A4
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