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We consider the spectrum of the staggered Dirac operatborSti{2) gauge fields. Our study is
motivated by the fact that the antiunitary symmetries of thperator are different from those of
the SU(2) continuum Dirac operator. In this contributiom Mvestigate in some detail staggered
eigenvalue spectra close to the free limit. Numerical expents in the quenched approxima-
tion and at very largg8-values show that the eigenvalues occur in clusters camgisf eight
eigenvalues each. We can predict the locations of theseecufer a given configuration very ac-
curately by an analytical formula involving Polyakov logped boundary conditions. The spacing
distribution of the eigenvalues within the clusters agreitk the chiral symplectic ensemble of
random matrix theory, in agreement with theoretical exgismhs, whereas the spacing distribu-
tion between the clusters tends towards Poisson behavior.
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1. Introduction

Random matrix theory (RMT) [1] accurately describes eigdéuw correlations in complex
systems. More precisely, if we consider a quantum systersrged by a Hamiltoniail whose
classical counterpart is chaotic, then the statisticgbgrites of the eigenvalue spectruntbtan be
modeled by an ensemble of matrices with random entriegifistd according to some statistical
weight) and with the same global symmetriedHasThis description is insensitive to the details of
the interaction and predicts universal features that aveiled when different spectra are rescaled
(unfolded) to the same mean density.

Among the many applications of RMT in mathematics and in isysa particularly interest-
ing one is relevant for the description of the spectrum ofdrac operator in quantum chromody-
namics. QCD in the-regime can be described by a chiral RMT with the same chirelfeavor
symmetries as QCD [2]. This approach can also be extendeohteanishing temperature and/or
chemical potential and has been confirmed in many numeradies. In this formulation, the
anti-Hermitian massless Dirac opera®r= y, (d, +iA) is described in terms of a matrix with

an off-diagonal block structure,
0 w
D 1.1

whereW is a complexn+ v) x n matrix andv plays the role of the topological charge.

Depending on the color gauge gro@and on the fermion field representation, the Dirac
operator may also be invariant under some discrete araiyrsymmetries, leading to the following
symmetry classes [3]:

1. ForG = SU(2) and fermions in the fundamental representation, the psezalmature of
the group generators allows us to recast the Dirac operatofdrm with real matrix entries.
The corresponding matrix ensemble is the chiral orthogenaemble (chOE) with Dyson
indexfp = 1.

2. ForG = SU(N¢) with Nc > 3 and fermions in the fundamental representation, the Dirac
operator generically has complex entries. The appropriz&ix ensemble is the chiral
unitary ensemble (chUE) with Dyson indgg = 2.

3. For gauge grou = SU(N:) and fermions in the adjoint representation, the generat@rs
antisymmetric matrices with imaginary entries, and theaDioperator can be written as a
matrix of real quaternions. The associated matrix enseraltfe chiral symplectic ensemble
(chSE) with Dyson indep = 4.

The behavior of the universal quantities depends on the ®tmolasses listed above. In partic-
ular, the probability density(s) for the spacings of adjacent unfolded levels can be computed
exactly and is well approximated by the Wigner surmise,
- rPtt(Bp/2+1) r*(Bo/2+1)
P(s) =adPe P with a=2 . b= 1.2
“ B2 (por /2 O (Bt D) P

For quantum systems whose classical analog is integratdijs given by the result for a Poisson
processP(s) = e .
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Figure 1: The distribution of the unfolded level spaciisgobtained for different lattice sizes from the
SU(2) staggered Dirac operator with fundamental fermiams gauge action parametgr= 4/g?> = 3.0
(histograms) is consistent with the chSE, which is not thregtry of the continuum Dirac operator.

The massless staggered Dirac operator on a lattidedimensions with lattice spaciray

d %,
(Oshey= 55 3. (U5 [BensVi00 -~ 8yt )], (13)
(=
which is widely used in numerical simulations, exhibits ayd&r feature: For gauge group SU(2)
and fundamental fermions, its antiunitary symmetry is thfathe chSE [4] instead of the chOE
symmetry of the continuum operatb his discrepancy is due to the replacement ofj#meatrices
by the staggered phasesDis. Fig. 1 confirms the expectation usiRgs) as an example.

A transition of the symmetry properties of the staggereda®iwvperator from chSE to chOE
is expected in the continuum limit. A first indication of suahransition has been reported in
Ref. [5]. We plan to study this transition in more detail, bere we first consider a numerically
cheaper case, namely the free limit. This limit is approddbe increasing3 at fixed (or mildly
varying) lattice size, i.e., the physical volume is shmtkio zero. From the RMT point of view,
this limit is interesting since it might result in a transiti to Poisson behavior in, e.d(s). We
shall see that the situation is actually a bit more compidat

2. The Dirac spectrum of vacuum configurations and the influene of Polyakov loops

In this section we present a short theoretical interludeé@paration for our numerical results.
Let us consider a particular gauge configuration. For reasloat will become clear below, we
now construct a corresponding vacuum configuration (i.eondiguration with all plaguettes equal
to unity) that is built from uniform links in an Abelian sulmmp of SU(2) which reproduce the
average traced Polyakov loopg (for all directionsy) of the configuration under consideration.
The eigenvalue spectrum of the staggered Dirac operat8)y ¢an be computed analytically for
such a vacuum configuration. If the lattice extent in thdirection isL,, we obtain

A = =i %sinz

p=1

(2.1)

21T arccod?, . L
0, (ku+cu+T”>] with k, € N, 0< ky, < 7“,

1A similar situation occurs for adjoint fermions: The stagggkDirac operator has chOE symmetry in this case, as
opposed to the chSE symmetry of the continuum operator.
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Figure 2: Separation of scales in the level spacings close to theifméte The eigenvalues obtained for each
configuration (black dots) arrange themselves in clusteegght. These clusters are spread about the well-
separated plateaux corresponding to the free case (daktedihles). Eqg. (2.1) yields an accurate prediction
for the location of each cluster (solid red lines). The d#fe plateau structures are due to the different signs
of P, = £1 in each configuration. The last plot confirms that the agergrnetween the data and Eq. (2.1)
persists on larger lattices, for which the theoretical folapredicts more clusters.

wherec, = 0 (c, = %) for (anti-) periodic boundary conditions (b.c.s) of the diroperator in
direction u. In the free limit, i.e., for3 — o, the Polyakov loops take values in the ceriferof
SU(2), i.e.,P, = £1. Inthis case it is clear from Eq. (2.1) that changifgfrom +1to —1, or vice
versa, is equivalent to switching between periodic andpantidic b.c.s in that direction. In the
following we always use (anti-) periodic b.c.s for= 1, 2, 3 (u = 4). Close to the free limit, i.e.,
for large values of3, the distribution o, is peaked at-1. The eigenvalues predicted by Eq. (2.1)
are degenerate, see below.

3. Numerical results for the eigenvalue spectrum close to thfree limit

When 8 is increased to very large values, we observe that the eafj@nspectrum oDks
arranges itself as shown in Fig. 2. Only the eigenvalues patitive imaginary part are plotted, and
an overall double (Kramers) degeneracy [6] has been divadéttom all of our results. The dashed
blue lines, which will be calleglateauxin the following, correspond to the highly degenerate
eigenvalues predicted by Eq. (2.1) in the free limit, i.er,, = £1. The numerically obtained
eigenvalues fornelustersconsisting of eight eigenvalues each, and these clusteils@ated close
to the plateaux of the free limit. We observe a clear segaraif three energy scales (from largest
to smallest),

1. the spacings between the plateaux of the free limit,



Polyakov loops and SU(2) staggered Dirac spectra Marco Panero

2. the spacings between adjacent clusters (which, by definido not overlap), and
3. the spacings between adjacent eigenvalues within aeclust

The question now arises to what extent the locations of tgt@ls for a particular configura-
tion can be described by the levels obtained from Eq. (2rihfmvacuum configuration constructed
as described in Sec. 2. The answer is given by the solid red,limhich correspond to the predic-
tions of Eq. (2.1) using th&, computed from the configuration under consideration. Tliass
are essentially hidden by the data points and thus give veog g@pproximations to the cluster
locations. This statement holds for all configurations, saiwhich are shown in Fig. 2.

We can understand the observation that the clusters coeigim nearly degenerate eigen-
values. A careful analysis shows that the eigenvalues gestiby Eq. (2.1) have a multiplicity
of 29, Ford = 4, this predicts an eightfold degeneracy in addition to Keeshdegeneracy. A
small perturbation of the vacuum configuration lifts thigrgfold degeneracy but not the Kramers
degeneracy, which is exact fDiks.

We also remark that in the continuum limit, in which the legtispacing goes to zero at fixed
physical volume, the eigenvalues@fs should arrange themselves in multiplets corresponding to
the taste degeneracy of staggered fermions. This effecobserved for SU(3) [7] (quadruplets)
and SU(2) [5] (doublets) for improved versionsifs, but it should not be confused with the effect
we are studying here.

Our observations may be related to other recent work [8Judsiog the connection between
the spectrum of the Dirac operator (which is relevant foratsymmetry breaking) and the Polya-
kov loop (which is an order parameter for confinement in thenghed theory).

4. Spectral fluctuations on different scales

We now turn to a study of spectral correlations close to tbe fimit, using again the nearest-
neighbor spacing distributioR(s) as an example. To construets), the average spectral density
must be separated from the spectral fluctuations by an unéplatocedure. Because of the sepa-
ration of scales observed above, a uniform unfolding of thi@e spectral density is not sensible
close to the free limit. Rather, we should consider the spkfitictuations separately on the three
scales we identified.

First, we construcP(s) for the level spacings within the clusters by unfolding tipecral
density only within a given cluster and then averagit(g) over all clusters. Fig. 3 (left) shows
thatP(s) within the clusters continues to agree with the chSE evendoy large values o8. This
is consistent with the theoretical expectation, since gréupbation that lifts the degeneracy of the
eigenvalues in each cluster has the same symmetries adltiiifuoperator, which are those of
the chSE.

Second, to constru@(s) for the spacings between clusters, we define a cluster bydrage
of its eight members and unfold the density of the clusterg. F(right) shows that the resulting
P(s) differs from the chSE. It also differs from the Poisson disttion, but we believe that this
is due to the small lattice size and to the fact that on ‘@laflice the free staggered operator has
many “accidental” degeneracies. These degeneracies caantoved by choosing a lattice with
Ly = 2/, where the/,, are four different prime numbers. As an example, we genggienched
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Figure 3: P(s) for the eigenvalue spacings within the clusters (left) amdtlie spacings between clusters
(right), both forL* = 10* and8 = 10000.
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Figure 4: P(s) for the “cluster spectrum” predicted by Eg. (2.1) for a sengbnfiguration on a 34 38 x
46 x 58 lattice a3 = 10000 (left) andP(s) for the free Dirac eigenvalues (or plateaux) on the samiedatt
(right). Both agree with the Poisson distribution.

configurations close to the free limif (= 10000) for a 34x 38 x 46 x 58 lattice, computed the
averaged traced Polyakov looBg and used these to calculate the “cluster spectrum” acaptdin
Eq. (2.1). The resulting(s) is shown in Fig. 4 (left) and now agrees with the Poisson itigtion.

Third, we consideP(s) for the spacings between the free eigenvalues (or plateatnigh are
known analytically (Eq. (2.1) witR, = +1). Again itis sensible to remove accidental degeneracies
by choosing a “prime lattice”. The result for a 3438 x 46 x 58 lattice, obtained after unfolding
the free eigenvalues, is shown in Fig. 4 (right) and agre#is Raisson as expected [9].

Although the two plots in Fig. 4 look very similar, it shoulé boted that they come from data
at very different scales. The average spacing betweenthkslef the free spectrum is more than
ten times larger than the average spacing between the [meslicted by Eq. (2.1).

5. Summary and outlook

We have investigated the spectrum of the staggered Diraatgpenith SU(2) gauge fields
close to the free limit. Three different energy scales emterg

1. Overall plateau structure: The spectrum arranges itselfisters of eight eigenvalues each,
lying close to the plateaux predicted for the free Dirac apmr The plateau structure only
depends on the lattice geometry (i.e., on theand on the b.c.s) and on the signs of the
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average traced Polyakov loops in the different directididote that the distribution of the
traced Polyakov loops is peaked-at, corresponding to the center elements of SU(2).)

2. Plateau-breaking and cluster separation at an inteateedcale: At a finer scale, the spread
of the clusters about the plateaux of the free limit is duééodeviations of th€, from 1
and can be accurately modeled by Eq. (2.1).

3. Eigenvalue splitting within the clusters: The systematiyits removes the degeneracy of the
eight eigenvalues belonging to the same cluster.

In the regime we have studied, these three scales are weliaded and can be unambiguously
disentangled from each other.

The nearest-neighbor spacing distributfs) computed within the clusters shows a behavior
compatible with the chSE, consistent with the symmetrige@Etaggered Dirac operator. For large
enough “prime lattices”, the spacing distributions betwée clusters and between the plateaux
tends to the Poisson distribution. In the near future, wéalslo present a study of the spectrum
of the Dirac operator for adjoint fermions close to the friegtl Ultimately, of course, we would
like to obtain a more detailed understanding of the contimlitnit, in which a chSE to chOE (for
SU(2) with fundamental fermions) or chOE to chSE (for adjdéémmions) transition is expected.
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