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thereis afirst orderbulk transitionthatcleanlyseparatesthestrongandweakcoupling

regimesof SU(
�

) latticegaugetheorieswith theplaquetteaction. We find that in this casethe

calculatedstringtensioncanbereadilyfittedthroughouttheweakcouplingregionby astandard3-

loopperturbativeexpressionmodifiedby latticespacingcorrectionsof theexpectedform. While

ourfits demandthepresenceof thelatter, they arenotconstrainingenoughto tell uswhichof the

variousbarecouplingschemesis a ‘good’ one,in thesensethat termsin the � -functionbeyond

3-loopsareindeednegligible (in therelevantrangeof scales).To resolvethisambiguitywework

in SU(3),usingthe SchrodingerFunctionalcouplingschemeasa benchmark,andfind that the

Parisi mean-fieldimprovedcouplingschemematchesit very well. Using the latterscheme,we

have fittedthevaluesof thestringtension�	��
 thathave beencalculatedfor � ������
, to obtain� ������� 
������ � ������� ���"!	���	#$��� � �%�&�����&��� � � � for

�� � , wherethefirst error is statisticalandthe

secondis ourestimateof thesystematicerrorfrom all sources.
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The running of the bare coupling MichaelTeper

1. Introduction

ConsiderSU() ) latticegaugetheorieswith thestandardplaquetteaction:*,+,-/.�02143 0658749�:�;=<?>A@CBEDF; D)HG 5�IFJ 3 @LKNM
(1.1)

where
3 @

is the orderedproductof the SU() ) matricesaroundthe boundaryof the plaquetteO .
Theparameter

<
is theinversebarecoupling,andthisdefinesarunningcouplingon thescaleP in

whatonecancall the‘Lattice’ couplingscheme:< + Q%)RTSUWV PYXYZ (1.2)

It would be convenientto be able to determineP in units of a physicalquantity, say the string
tension[ , from thevalueof R SU V PYX usinga weakcouplingexpansionof theform:PY\ [ V P]X_^ \ [ Va` Xb U c Dedgf P S [ d2h V P%i�Xkj4lnmpo V R SU V P]XkX (1.3)

wherel_mpo V R SU V PYX�X is obtainedby integratingthecontinuum

<
-functionatsome(practical)orderin

perturbationtheory. Theadditionalfactorcontainingan

h V P S X correctionwith coefficient

fnqrh V D X
mustbethere[1] sinceif we wereto usesomeotherphysicalquantity spt in placeof s2u \ [ we
would in generalhave set V P]Xs V PYX + spt Va` Xs Vv` X c Dpdwf t P S s S dxh V P i X�jpy (1.4)

with

f t qzh V D X , not to mentionany

h V P S X correctionsfrom the

<
-functionon thelattice.

Therearetwo well-known problemswith implementingthis:{=R SU is a poorexpansionparameter, asindicatedbyb |~}b U +,�%� Z �%�%� 58749 B ; �%� SD%D ) S K y (1.5)

which implies that the � schemewill have large higherordertermsin the

<
-function (assuming

thatthe ��� schemeis a ‘good’ oneanddoesnot);{ it is notclearatwhat

<
weshouldexpectsuchaweakcouplingexpansionto begin to work well,

sinceSU(3)hasa smoothstrong-to-weakcouplingcrossoverwhere94�	�=5�J��p����< � 94�	�=5�J��n�"� D< y (1.6)

andthismakesit hardto evaluatetherelativemeritof an‘improvement’to thelattice-schemefrom
anapparentsuccessin fitting awider rangeof barecouplings.

In this talk we describethe following strategy to resolve thesetwo obstacles.First we use
the fact that for SU()�� �

) thereis a first order‘bulk’ transition[2], thatseparatestheweakand
strongcouplingranges,thusremoving theambiguityof whereonemight expecta weakcoupling
expansionto be applicable. (Justlike the Gross-Witten transition[3] in � + Q .) While this en-
ablesus to quantifytheimportanceof retaining

h V P S X latticecorrections,it doesnot enableusto
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usefullydiscriminatebetweenvariousbarecouplingschemeswhich leadto quitedifferentvalues
for

b |~}]� \ [ . Presumablysomehave largehigherordercorrectionsin their

<
-functionandsoare

‘bad’. To determinewhich of the schemesare‘good’ oneswe returnto SU(3) andmakeuseof
theaccuratecalculationof therunningcouplingin the‘Schrodingerfunctional’ (SF)scheme,that
coversanenergy rangecomparableto thatof experiment,i.e. up to

q �z� , andwith appreciably
smallererrors[4]. We shallusethisschemeto obtain,from thevaluesof P �%��� calculatedin [5] the
continuumvalueof

� � b }	�
andhenceof

� � b |~}
. We comparethis to whatoneobtainswith var-

ious improvedbarecouplingextrapolations,andfind that theoriginal Parisi mean-fieldimproved
scheme[6] closelymatchesthe SFresult. We simultaneouslyperforma comparisonwith the SF
schemethatdoesnot involvethecalculationof aphysicalquantityandthereforecanbecarriedout
to muchweakercoupling.Thisalsopointsto the‘goodness’of themean-fieldscheme.Motivated
by thisweusethelatterschemefor )��+,�

to obtaincontinuumvaluesfor
b |~} � \ [ for all ) , and

in particularfor ) ���
.

In this talk wepresentabrief summaryof ourwork: details,includingestimatesof thevarious
systematicerrors,will bepublishedelsewhere[7].

2. Lessons from larger �
In Fig.1we seethebulk transition,andits largemetastabilityregion, for SU(8).

� � Q%)R S

¡E¢£
¤]¥¤ �¤�¤¤ �

D Z Q` Z �` Z ¤`
Figure 1: TheSU(8)stringtensionversustheinverselatticecoupling,includingtheregion of thefirst order
‘bulk’ transitionbetweenstrongandweakcoupling. Values ¦ areobtainedcomingfrom strongcoupling,
while thevalues§ areobtainedcomingfrom weakcoupling.

In Fig.2 we show a fit to theweakcouplingbranch,all theway to the extrememetastability
edge,using P]\ [ V P]X + \ [ Va` Xb©¨ c Dpdwf P S [nj4ªA« ¬6®°¯²± ³µ´ <n¶< S� d D< � R S¨4· ® ¬6® ¯ ª « ® ³6® ¯%¸ ³

(2.1)

wheretheschemebeingusedis theParisi MeanField Improvedcoupling[6]DR S¨ + DR SU?¹ D) IFJ 3 @»º
(2.2)

where
3 @

is theplaquettevariable.In eqn(2.1)thetermsthatinvolveonly

< �
and

<n¶
constitutethe

exact2-loopcontinuumresult. (That is to say, it is the exact resultwhen

<4¼¾½ S + ` .) We present
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¡E¢£

¿ QÀ=Á ¡ÃÂ%Ä
` Z �` Z ¤` Z �` Z Q` Z D`

¥�¤
Figure 2: The ’t Hooft coupling,definedfrom themean-fieldimprovedlatticebarecouplingasa function
of thescale� in SU(8).Shown is the3-loopperturbativerunningmodifiedby a Å����	�²� latticecorrection.

the3-loopcontributionasapowerseriesin R S . Wenotethatalthoughthecoefficient

f
is actuallya

powerseriesin R S¨ , within ouraccuracy it sufficesto treatit asaconstant.
The fit to SU(8)has

f + D Z D �ÇÆ ` Z ` ¤ confirmingtheneedfor

h V P S X correctionswith coeffi-
cientsof

h V D X . However if we vary the perturbative couplingschemewe find that the rangeand
accuracy of ourcalculationsdoesnotdiscriminateusefullybetweenthem.

Comparingthevaluesof R S¨ V P]X�) for various) atfixed P \ [ , showsgoodevidencefor alarge-) <
-functionwith very smallcorrectionsexceptatcoarselatticespacings.Thusit makessenseto

takewhatwelearnin SU(8)asabasisfor treatingother) , in particularSU(3).Performingfitswith
eqn(2.1)in SU(3)oneseesin Fig 3 that theseareonly acceptablefor

< � � ZÉÈ , i.e. P \ [gÊ ` Z Q � ,
in contrastto the range P \ [ËÊ ` Z ¤ Q for SU(8). For SU(2) the rangeis even more limited, i.e.P \ [2Ê ` Z D � . Thisshowsexplicitly how thesmootheningof thestrongto weakcouplingtransition
meansthatonehasto go to muchsmallervaluesof P to beableto useweakcouplingexpansions.

¡=¢Ì£

¿ QÀ=Á ¡ÃÂ%Ä
` Z �` Z ¤` Z �` Z Q` Z D`

¥ Z �¥� Z ��¤ Z �¤� Z �
Figure 3: The ’t Hooft coupling,definedfrom themean-fieldimprovedlatticebarecouplingasa function
of thescale� in SU(3).Shown is the3-loopperturbativerunningmodifiedby a Å����	�²� latticecorrection.

3. Choosing a good coupling scheme

To choosea good barecoupling schemeÍ , we calculate
b©Î � s and hence

b |~} � s , within
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varioussuchschemes(for somephysicalmasss ) andfind which schemeproducesvaluesthat
agreewith what we obtainusinga ‘reliable’ lattice couplingscheme.For the latter we takethe
Schrodingerfunctionalschemeof theAlpha Collaborationwhich for SU(3) [4] coversa rangeof
energy scalescomparableto thatcoveredby experimentalmeasurements,anddoessowith greater
precision.(CompareFig.4 of [4] with Fig.10of [8].) Thecoupling R S}	� hasbeencalculatedfor a
widevarietyof valuesof

<
onscalesÏaP V < X wheretypically Ï + ¥

to

D Q . Wethentakethecalculated
valuesof

� � � P in [5] andinterpolatetheseto thevaluesof

<
atwhich RLS}	� V ÏaP]X hasbeencalculated.

(Interpolating,unlikeextrapolating,is a well controlledprocess.)We thenfit usingÏaP� � V PYX + D� � b }	� ´ Dpdwf }	�Ð P S� S� d 1 }A�Ð DÏ @ ·Ñ ª « ¬6®6¯�±  Ò8ÓÕÔ×ÖÙØ°Ú=´ <n¶< S� d D< � R S}	� V ÏaP]X · ® ¬6® ¯ ª « ® Ò8Ó6® ¯ ¸  Ò8ÓÕÛ 0ÝÜ²Þ Z (3.1)

Heretherearetwo lattice spacingcorrections.The usual

h V P S X term arisesfrom correctionsto�8� V PYX etc.while the

h V D � Ï @ X termarisesfrom latticecorrectionsto R S}A� V ÏaPYX on thescaleÏ Ñ P . We
performfits with both O + D

andO + Q takingthedifferenceaspartof ourestimateof thesystematic
error. Weobtain

D� � b }	� +,� Z Q V D X ;L� ��� b |~} + ` Z ¥	¤ `LV Q ` X (3.2)

We now repeatthis calculationusingseveral latticebarecouplingschemesin fits of theform
in eqn(2.1)but with P \ [ V PYX replacedby P �%� � V P]X . For theParisi meanfield improvedcouplingwe
find

D�8� b ¨ + ¤ Z Q%Q V Q%X ;Õ� �8� b |ß} + ` Z ¥ Q � V � X (3.3)

which is consistentwith the valuein eqn(3.2),demonstratingthat this couplingschemeis a rea-
sonablygoodone.By contrastif we usea fit with theunadornedlatticebarecoupling, R SU V P]X , we
find

�8� b |~} + ` Z � ¤ D V � X which demonstratesthatthis is not a goodcouplingscheme.We canalso
modify the meanfield couplingschemeby replacingthe true valueof the plaquettein eqn(2.2)
with its perturbativeexpansionup to à -loops.We call thiscouplingschemeR S¨âá . These

À ¼
schemes

will all have thesame
b

parameter(sincethis dependsona 1-looprelation)howeverwe find they
work muchlesswell thanthe

À
scheme.For example,the1-loopimprovedcoupling,

À ¶
, givesafit

leadingto
�8� b |ß} + ` Z ¤%¤ � V Q%X – evenworsethanthebarelatticescheme!

Thereis alsoa way to compareschemesdirectly, without needinganextra physicalquantity
like P �%�8� V PYX . Thishastheadvantagethatonecanperformcomparisonsdeeperinto weakcoupling.
For a schemeÍ definethe3-loopperturbative factorl Îãnä R SÎæå + ª « ¬6® ¯ ±  ç ´ < ¶< S� d D< � R SÎ · ® ¬6® ¯ ª « ® ç6® ¯%¸  ç Z (3.4)

Now weexpectfor theSFschemeÏaP b }	� +�è Dpd f ¶Ï @êé l }A�ã ä R S}	� V P]ÏaX å (3.5)

andfor a latticeimprovedschemeP b ¨ +ìë Dedgf t P S	í l ¨ã ä R S¨ V PYX å (3.6)
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up to thevarioushigherordercorrections.If wenow replacethe P S on theRHSof eqn(3.6)by the
expressionfor P in eqn(3.5),andif we thentaketheratioof thetwo equations,weobtainb }A�b ¨ + f � + D Ï l }A�ã ä RTS}	� V P]ÏaX ål ¨ã ä RTS¨ V P]X å ë Dedïî ¬0 ð íè Dpdwf S ¶0  ë Dpd î ¬0 ð í SÕñ l }	�ã ä R S}	� V PYÏaX å6ò S é Z (3.7)

Wecannow performafit for theconstants

f �
,

f ¶
and

f S over

<
rangesfurtherandfurtherinto weak

coupling,andseehow rapidly

f �
approachesthe known valueof

b }	� � b ¨
. In Fig. 4 we show a

comparisonfor threeschemes.Againwe seethat theParisi schemeworkswell – andmuchbetter
thantheotherschemesshown.

�

ó

D QD�DD `È�ô¥

D Z ¤D Z �D Z QD Z DD
` ZÉÈ

Figure 4: Calculatedvaluesof
� ��õ �8�Çö

for the ÷ø�Ëù , § , ÷F�Ëù�ú , ¦ , andthe ÷ø�Ëû , ü , latticebarecoupling
schemes,all normalisedto the known theoreticalvalues. Horizontalerrorsindicatethe rangeof � values
usedin eachfit.

4. Conclusions

Taking advantageof the fact that large ) lattice gaugetheorieshave a well-definedweak
couplingbranch,wesaw quiteexplicitly that

h V P S X latticespacingcorrectionsareindeedimportant
for transmutingthevalueof thebarelatticecouplinginto avalueof thelatticespacingin ‘physical’
units[1].

WehavealsolearnedthattheParisi mean-fieldimprovementscheme[6] for thebarecoupling
is in factareasonablygoodone.Thiswedid by comparingit to theSchrodingerFunctionalscheme
which we usedasour benchmark.Obviously it will not beuniquein this respect,andonecould
pursuethis programmefurther. Onecautionaryremark:ourbenchmark�Ãl couplingis definedin
a finite volume,andoneneedsto understandthe implicationsfor this of the finite volumephase
transitionsat ) + �

[9] thatwill leadto cross-oversatfinite ) .
We canusefits of the form eqn(2.1)to extractvaluesof

b ¨ � \ [ andhence
b |~} � \ [ for all) . Doingso,in Fig. 5, wefind thatthesevaluescanbefittedwith amodest

h V D � ) S X correctionb |~}\ [ + ` Z � ` � V Q%X V ¤ ` X d ` Z �%� V � X V � X) S ý )C� �
(4.1)
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þpÿ Ä Q

b |ß}\ [

` Z �` Z Q` Z D`

` Z �` Z ¥` Z ¤` Z Q`
Figure 5: Calculatedvaluesof

� ���%� � 
 versus�
� � � with a linearextrapolationto

� ��� shown.

(We chooseto excludeSU(2) from thefit, becauseof thedifficulty in identifying a region where
a weakcouplingexpansionis valid, but our fit doesagree,whenextrapolatedto ) + Q , with the
valuenaively obtainedthere.)Herethefirst error is statisticalandthesecondmuchlargererror is
expectedto provideaboundon thesystematicerrorfrom all sources.
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