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1. Introduction

Integrable Quantum Field Theories in 2 dimensions are sgfady studied by using the S—
matrix approach both for massive [1] and massless thed?ie8]] On the other hand the study
of non—integrable models is complicated because theitesta amplitudes are generally non—
elastic. These models are in fact characterized by papicduction, resonances, decay events,
etc. along with the simple pole structure that featuregyatiele theories.

The O(3) non-lineaw model in 2 dimensions with & term is a well-known example of
non-integrable theory. It is defined by the action [4]

S— Z—Z/dZX (aua;(x))z—ie/dsz(x) , (1.1)

whereg is the coupling constantf)(x) is a 3—component unit vector ay(x) is the topological
charge density operator [5,(b, c are group indices that run from 1 to 3 apdv are 2—-dimensional
spacetime indices)

Q(x) = %T €MV Eanc®(X) 0 @° (X) 3y 9°(x) . (1.2)

The integration of)(x) throughout the whole 2—dimensional spacetime yields tta topological
chargeQ which takes on integer numbers that reveal the winding ofigorations over the sphere
S?. Topological chargé—)1 configurations are called (anti)instantons.

When8 = 0 or rthe model is integrable and its spectrum is as follows.der0 it contains a
triplet of massive scalars whose mass has been analyt@atylated [6] and numerically verified
within a 2%—-3% error [7]. AB = rmtit has been conjectured that the theory becomes masslés [3,
(for a numerical analysis of the corresponding univerngalidss see [9]).

The study of the evolution of the spectrumé@moves fromrr towards lower values is worth-
while. The model contains a triplet and a singlet states whoassesntr and ms respectively)
are proportional tg¢rr— 8)%/3 for 0 < (m— 6) < 1 [10]. By using Form Factor Perturbation The-
ory [11] it has been shown that the singlet is heavier thartripket [12] (see also Ref. [13]). In
particular atd ~ rrthe ratio of singlet to triplet massesris/mr ~ /3.

On the other hand it is known that @t= 0 there is no lingering trace of the singlet state. This
fact suggests that the singlet mass may divergé approaches zero, thus decoupling from the
whole theory. Consequently, by continuity arguments, énse plausible that there exist a critical
6. where the singlet mass becomes exactly twice the triplesimesuch a way that for aB < 6.
the singlet decays into states belonging to the triplet.

In Fig. 1 a sketch representing the qualitative behaviopeeted for theéd dependence of the
spectrum of the theory is shown. We are currently making at®@arlo study of the model to
examine some of the salient features shown in this Figuréhdrpresent progress report we give
clear numerical indications thatr (6) vanishes at the endpoifit,g = 77 (for an extensive account
see [14]).

To this end we have prepared a code that simulates the 2-siiomah O(3) sigma model
with animaginary 8 term. After extracting the triplet mass with this code, oa@ analytically
continuate the results te@al values off thus obtaining a numerical estimate of the lower curve
in Fig. 1. We focus our attention on the location of the endp6inq on this curve. In section 2
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Figure1: Sketch of the hypothesizétdependence for the singlet (dashed line) and triplet (naptis line)
masses in the O(3) non-linear sigma model in 2 dimensig@yis.the value where the singlet mass becomes
larger than twice the triplet massyun = My (6 = 0) is the mass calculated in Ref. [@engis the endpoint
where the theory becomes massless. It has been conjedtatéd ;= 1.

we shall shortly describe the updating algorithm used aginaay 6. In section 3 the analytic
continuation is performed and the main results are exhibite

2. The Lattice implementation

We have regularized the model in Eqg.(1.1) by using the standéice action

S=A-IBQ,  A=-BY00-eox+[H), Q=YAX, (2.1)
X,H X

wheref3 is the inverse bare lattice coupling constant for this stathdegularization an€, is the
bare theta parameter. The corresponding endpoint andatritoint will be calledd_engand 6, c.
The lattice operator for the density of topological chargdefined as in [15],

Q) = o=t Eanct? () (Px+) —~ Px— ) (PO 9) — ¢ x-9)) . (22)
The coordinate sites are labelled by= (X1, X2). The total topological charg®,_ obtained from
the sum over the whole lattice volume of the above expres$i@s not yield integer numbers on
singleconfigurations. This is not an inconvenience inasmuch antQoaField Theory deals with
guantum averages of renormalized operators ovamyconfigurations. Thus the above definition
for the density of topological charge (2.2) must be renoized| the renormalized charge beiQ@g

Qu=2%9Q, (2.3)

andZq being the corresponding renormalization constant. It @nabculated either by perturba-
tion theory [16] or by a non—perturbative numerical methdd]] The meaning of this constant



Mass spectrum in the 2D O(3) non-linear sigma model with tatte¥m B. Allés

is simple: it accounts for the average over quantum fluauoatin such a way thap yields an
integer value. Actually this last observation is the basigdlie above—mentioned non—perturbative
numerical method (see below).

The reason to choose the expression (2.2) to be used intice kattion is that, as we shall see
later, it allows the introduction of a variant of the clustdgorithm in the presence of theterm.
There exist other lattice regularizations of the oper&of) that do not require the computation of
Zqg (since it is exactly 1 for alB); however it is not easy to introduce a fast cluster algaorifor
them.

Our interest concerns the spectrum of the theory for varginghis parameter is related to the
corresponding baré_ by the expressiof = Zq 6. Therefore the value of the bare theta parameter
6L ena Where the mass vanishes is conjectured t6hgq= 11/Zq. This expression is a function of
B sinceZq in general depends on the coupling constant.

We have run our Monte Carlo simulations at imaginary valueth® theta parametef, =
+idL (JL € R) in order to avoid the sign problem. Let us briefly introddbe new cluster algorithm
for imaginary®, .

The first part of an updating step with the Wolff algorithm J18r the standard O(3) sigma
model without afB term consists in choosing a random unit vedtdan such a way that every
dynamical field can be split in a component parallet and the restg(x) = ((Z)(x) -F’) P+ (X),

where @, (x) denotes the part a(x) orthogonal tor. Then the signs o((f)(x) -T’) for all x are
updated a la Swendsen-Wang as in the Ising model.
By introducing the above separation ﬁ@x) in the expression (2.2) we can rewrite it as

QLX) = %T{ (@(X) 'f’) (dig+d_g 2+dy_1+d 21)+

o~

(#0x+1)-7) (do.2—do) + (@(x—1)-T) (doz — do2) +
(#0x+2)T) (dox—do-1)+ (#(x~2)T) (do-1-don) |, (24)

wherex+ 1 means the site at the position one step forward (backwattieidirection “1” starting
from sitex and the notatiom; ; stands for the % 3 determinant (the three components for each
vector are unfold along the rows)

dij=det| o(x+i) | . (2.5)
P(x+] )
In this fashion the theory at each updating step looks likésarg model in the presence of an

external local magnetic fielti(x) because thé@ term in Eq.(2.4) is linear |r(q7)f') One can
readily derive that the magnetic field at sites

dL

h(x) = — E‘[' P(x) Tl (dl,z +dog o+dp1+do1+d 11 2+d 1421+

digio+di 21+ 022 1+0a12+d 2 201+ d—2—1,—2> . (2.6)

diikj (and analogous terms in (2.6)) are the straightforward rgdimation of the above defini-
tion (2.5) when the site is obtained by shifting two steﬁplusk) from the original positiorx.
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Figure2: Behaviour of the triplet mass (in units of the lattice spagias a function 082. Circles 8 = 1.5)

and triangles 8 = 1.6) are the data from the simulation at imagin&ry62 < 0). Each continuous line is
the result of the analytic continuation described in the texd the dashed lines enclose the boundary of its
error.

We have converted the original theory in an Ising model inghesence of a local external
magnetic field (which changes at each updating step andfdhermust be recalculated at each
step). In the literature there are two algorithms expresdgipduced to update Ising models in the
bosom of magnetic fields: the Lauwers—Rittenberg [19] amdilang [20] methods. We tested
the performances of both algorithms, compared their detadion times and decided for the latter.
The cluster construction was tackled by the Hoshen—Kopelkahgorithm [21].

3. Analytic continuation and determination of Ggnqg

Operators which couple the vacuum with the singlet or ttiptates can contain an arbitrary
number of fundamental fields since the model is not paritgriiant for@ £ 0. We only present the
results for the triplet particle. The following operatorsne used

710 = 4(x), G2(x) = —i9(0) x G(x+1). (3.2)

Then we calculated the related wall operators by averagiegtbex; coordinate (as usudlis the
lattice size),V_/i(xz) = %le 0 (x) fori =1,2.

To single out the correct parity mixture for the physicaltjgée and to clean the signal from
possible excited states, we extracted the triplet nmadsy using the variational method of Ref. [22]
where the mass is obtained from the largest eigenvalue aittrelation matri><<77i(x2)“/7j (0)) —
<77i><77j>. In Fig. 2 the results for the triplet mass are shown for twines of 3. The analytic
continuations in this figure were done by using a ratio of ded polynomials; analogous results
are obtained from other functional forms (we checked ttateshent by using degree 4 and 6 poly-
nomials). The endpoint (where the mass vanishes) eqegge,d)z = (Bend/Zo(B))? WhereBengis

conjectured to be equal . On the other hand the renormalization constsmtan be evaluated
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Figure 3: Data for(Q.) start at+1 at the 0O—th Heat-Bath step and then they go down until regchi
plateau. The horizontal line and grey band are the value andrespectively oZq( = 1.5).

with the non—perturbative numerical method of Ref. [17]. é&@ample of such an evaluation is
shown in Fig. 3. Summed up briefly: a classical instantonh(Mopological charge-1) is put by
hand on the lattice and then it is heated by applying 100 upglateps (we used Heat—Bath steps
on the conventional O(3) non-linear sigma model withot #®rm sinceZg cannot depend on
0). The value ofQ_ is measured while the continuum topological cha@es continuously moni-
tored (by 6 cooling steps after every Heat—Bath updatingpeteure that the background charge is
not changed. This procedure was repeatedtibdes for both values oB. The average of, on
configurations that lie in the topological sectpt yieldsZq.

Table 1
B L (BL.end)2 ZQ eend
1.5 120 111(5) 0.299(18) 3.15(20)
1.6 180 94(5) 0.313(12) 3.03(14)

Then, once we knowg and(9|_,end)2 the value of6:nq can be extracted. The results are shown
in Table 1. The lattice sizes were chosen large enough tagtes the absence of relevant finite
size effects (we imposed/é = L-amy > 10). 2. 10° propagators were measured on as many
independent configurations for all values®fand 6.. The results of the last column are in fair
agreement with the conjecture that preditgq = 1. By averaging over the results for bofh
(assuming gaussian errors) we obtain that the endpoinhéatriplet mass i$eng= 3.07(11).

4. Conclusions and outlook

We are studying the spectrum of the 2D O(3) non-linear sigrodeinwith af term as a
function of this parameter. The model contains a triplet arginglet states whose mass depend
on 0 as shown in the sketch of Fig. 1. In the present progresstremohave given clear evidence
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that the triplet mass indeed vanishes wiebecomest. To do so, we have simulated the model
at imaginary@ and then extrapolated the results to r@alThe extrapolation always indicate that
the mass tends to vanish at an endpoint. Our calculatiodsfghg= 3.07(11) in good agreement
with the conjectured predictiofng = T1.

A new fast cluster algorithm was purposely introduced touate the theory at imagina.

We are planning to improve the statistics by studying the ehad other values of8 and
other lattice regularizations of the topological chargeva#i as by increasing the precision in the
evaluation ofZg which is the largest source of error in the calculatiorfgk (see Ref. [14]). We
will also extend the analysis to the singlet mass and thematation of6.

We emphasize the good performance of the analytic contoruat our study. It is important
for that to have got Monte Carlo data within a wide range ofigaloff,, (3. = —i6_ € [0,10]).
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