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We present results for the couplings of light vector mesons to vector and tensor currents and on the

low moments of the light-cone distribution amplitudes of the pion and kaon. The calculations are

performed on the RBC and UKQCD collaborations’ ensembles generated with the Iwasaki gauge

action and with 2+1 flavours of domain wall fermions. The (preliminary) results for the ratios of

the couplings of the vector meson to the vector and tensor currents (fV and f T
V respectively) in the

MS scheme at 2 GeV are:f T
ρ / fρ = 0.681(20); f T

K∗/ fK∗ = 0.712(11) and f T
φ / fφ = 0.751(9). For

the first moment of the kaon’s distribution amplitude we find (in the same scheme and at the same

scale)〈ξ 〉K = 0.029(2) and for the second moment〈ξ 2 〉π = 0.28(3) and〈ξ 2 〉K = 0.27(2) .
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1. Introduction

In this talk I briefly review the status of calculations by the RBC and UKQCD collaborations
of the couplings of light vector mesons to vector and tensor currents and of thelow moments of the
light-cone distribution amplitudes of the pion and kaon. (A detailed description will be presented in
forthcoming publications.) We use the collaborations’ two principal ensembles, generated with the
Iwasaki gauge action and domain wall fermions with an inverse lattice spacing of about 1.73 GeV.
The two lattices have 243 × 64× 16 points (corresponding to a physical volume ofL ' 2.7fm)
and 163×32×16 points (physical volume,L ' 1.8fm). The properties of the 163 (spatial) lattice
have been presented in detail in ref. [1] and those of the 243 one have been summarised in the
plenary talk by Peter Boyle at this conference [2] and the corresponding paper is being prepared
for publication.

On the 243 lattice, measurements have been made using 4 values of the light-quark mass whose
bare values (and the corresponding pion masses) are as follows:

ma= 0.03 (mπ ' 670MeV); ma= 0.02 (mπ ' 555MeV);

ma= 0.01 (mπ ' 415MeV); ma= 0.005(mπ ' 330MeV),

wherea is the lattice spacing. On the 163 lattice results were obtained withma= 0.03, 0.02 and
0.01. For the strange quark we takemsa = 0.04 and the residual mass ismresa = 0.00325(2) .

On the 163 lattice it was found thata−1 = 1.62(4)GeV andmsa= 0.04 [1]. With the new data
on the 243 lattice it is possible to reach lower masses and perform a more detailed investigation of
the chiral behaviour [2, 3]. The conclusion is thata−1 = 1.73(3)GeV andmsa' 0.0344(16) and
below I will discuss the corresponding corrections to the results obtained directly withmsa= 0.04.

2. Couplings of Vector Mesons to Vector and Tensor Currents

The couplings of the vector meson to the vector and tensor currents (fV and f T
V respectively)

are defined through the matrix elements:

〈0| q̄2(0)γµq1(0)|V(p;λ )〉 = fV mV εµ
λ (2.1)

〈0| q̄2(0)σ µνq1(0)|V(p;λ )〉 = i f T
V (µ)

(

εµ
λ pν − εν

λ pµ)

, (2.2)

wherep andλ are the momentum and polarization state of the vector mesonV(p;λ ) andελ is
the corresponding polarization vector. The tensor bilinear operator ¯q2σ µνq1 (and hencef T

V (µ))
depends on the renormalization scheme and scaleµ. The final results will be quoted in theMS
scheme atµ = 2 GeV.

2.1 Experimental Determination of fV

The decay constantsfV can be determined experimentally. For the chargedρ andK∗ mesons,
one can useτ decays to deducefρ and fK∗ as illustrated by the following diagram:

ρ, K∗

νττ

2
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From the measured branching ratios one obtains the following values for the decay constants [4]:

Br(τ− → ρ−ντ) = (25.0±0.3)% ⇒ fρ− ' 208MeV (2.3)

Br(τ− → K∗−ντ) = (1.29±0.03)% ⇒ fK∗−' 217MeV (2.4)

One can also determinefρ0 from the width of the decay of theρ0 into e+e− which gives fρ0 =

216(5) MeV. Similarly from the width of the decayφ → e+e− one deducesfφ ' 233 MeV .
The couplingsf T

V are not known from experiment but are used as inputs in sum-rule calcu-
lations and other phenomenological applications. I will present our results forf T

V / fV , which can
then be combined with the experimental values offV to obtain f T

V . For theφ we neglect the Zweig
suppressed disconnected contribution.

2.2 Lattice Calculation of f T
V / fV

In order to determinef T
V / fV it is sufficient to calculate the following zero-momentum correla-

tion functions:

CVs1Vs2(t) ≡ ∑
~x,i

〈0|Vs1
i (t,~x)Vs2

i (0)|0〉 = 3 f s1
V f s2

V mVe−mVT/2cosh(mV (T/2− t)) (2.5)

CVs1Ts2(t) ≡ ∑
~x,i

〈0|Vs1
i (t,~x)Ts2

4i (0)|0〉 = 3 f s1
V f Ts2

V mVe−mVT/2sinh(mV (T/2− t)) , (2.6)

whereVµ andTµν represent the vector and tensor current ands1 ands2 label the smearing at the
sink and source respectively.i is a spatial index (i = 1,2,3). From the ratio

R(t) =
CVs1TL

CVs1VL
=

f T
V

fV
tanh(mV(T/2− t)) (2.7)

we readily obtain the ratio of (bare) couplings. In practice we also calculate the correlationfunc-
tionsCTs1Vs2(t) and include them in the analysis. For the smearing we use a gauge invariant Gaus-
sian and hydrogen-like gauge-fixed wave function.

2.3 Results

In table 1 we present the bare values off T
V / fV corresponding to both the lattice volumes. It

can be seen that the measured results are obtained with excellent precision. For the two heaviest
quark masses the results from the two volumes are fully compatible; forma= 0.01 perhaps there
is a hint of a small finite volume effect and we do not include the results from the 163 lattice at this
mass in the final analysis.

From fig. 1 it can be seen that the dependence of the baref T
V / fV on the masses of the light

quarks is very mild. For the ratio of bare couplings in the chiral limit we obtain:

f T
ρ

fρ
= 0.624(13)(+0)

(−21);
f T
K∗

fK∗

= 0.6505(56)(+0)
(−115);

f T
φ

fφ
= 0.6824(31)(+35)

(−0) , (2.8)

where the central value corresponds to the linear extrapolation and the second erroris the difference
between the results from the linear and quadratic extrapolations.

The bare results in eq. (2.8) were obtained with the “notional" strange quark mass ofmsa =

0.04 rather than the updated value of 0.0344 . The values of the ratios in eq. (2.8)are very similar

3
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Volume ma= 0.03 ma= 0.02 ma= 0.01 ma= 0.005

f T
ρ / fρ 243 0.6813(47) 0.6699(76) 0.648(12) 0.624(23)

f T
ρ / fρ 163 0.6885(63) 0.6660(69) 0.6236(80) -

f T
K∗/ fK∗ 243 0.6872(70) 0.6826(61) 0.6673(43) 0.6556(60)

f T
K∗/ fK∗ 163 0.6879(48) 0.6774(45) 0.6516(46) -

f T
φ / fφ 243 0.6929(49) 0.6942(40) 0.6876(24) 0.6868(28)

f T
φ / fφ 163 0.7023(47) 0.6907(31) 0.6822(33) -

Table 1: Results for the bare ratios of couplingsf T
V / fV obtained on both the lattice volumes.
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Figure 1: Chiral extrapolations forf T

ρ / fρ , f T
K∗/ fK∗ and f T

φ / fφ respectively. The broken red lines represent
a linear fit to the mass behaviour and the solid grey lines a quadratic fit.

for the ρ , K∗ andφ mesons and we correct for the change inmsa by linear extrapolation in the
valence quark mass (amsea

s is fixed at 0.04). Thus, for example, for theK∗ meson we write:

f T
K∗

fK∗

(msa = 0.0344) =
f T
K∗

fK∗

(msa = 0.04)+
∆

(0.04+amres)
(0.0344−0.04) , (2.9)

where∆ = f T
K∗/ fK∗(msa = 0.04)− f T

ρ / fρ . The corrected bare values are then

f T
ρ

fρ
= 0.624(13)(+0)

(−21);
f T
K∗

fK∗

= 0.6470(56)(+0)
(−115);

f T
φ

fφ
= 0.6748(31)(+35)

(−0) (30) , (2.10)

where we have added the third error onf T
φ / fφ to reflect the uncertainty on the strange quark mass

and to allow for non-linearities in the behaviour (for theK∗ the corresponding error is negligible).
We determine the renormalization constants non-perturbatively using the Rome-Southampton

method and run the results to 2 GeV [5]:

f T
V (2GeV)

fV
=

ZT(2GeVa)

ZV

f T bare
V (a)

f bare
V

= 1.11(1)
f T bare
V (a)

f bare
V

. (2.11)

In theMS scheme withµ = 2 GeV we finally obtain:

f T
ρ

fρ
= 0.681(20);

f T
K∗

fK∗

= 0.712(11);
f T
φ

fφ
= 0.751(9). (2.12)

These results can be compared with previous quenched lattice results:
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Reference
f T
ρ (2GeV)

fρ

f T
K∗ (2GeV)

fK∗

f T
φ (2GeV)

fφ

Becirevic et al. [4] 0.720±0.024+0.016
−0.000 0.739±0.017+0.003

−0.000 0.759±0.009±0.000
Braun et al. [6] 0.742±0.014 − 0.780±0.008

The QCDSF/UKQCD also presented the resultf T
ρ = 168(3)MeV at Lattice 2005, using an

Nf = 2 O(a) improved clover action with a range of lattice spacings (0.07 < a < 0.11 fm) [7].
Combining our result for the ratio from eq. (2.12) together with the experimental valuefor fρ we
obtain a smaller valuef T

ρ = 140(5) MeV .

3. Pion and Kaon Distribution Amplitudes

The leading-twist distribution amplitude of the pion,φπ , is defined by:

〈π+(q) | ūα(z)P(z,−z)dβ (−z) |0〉
∣

∣

z2=0 ≡
i fπ

4
(6qγ5)βα

∫ 1

0
duei(2u−1)q·zφπ(u,µ) , (3.1)

whereP is the path-ordered exponential. For the kaon there is a similar definition with the obvious
change of quark flavours. The (universal) distribution amplitudes contain the non-perturbative
QCD effects in hard exclusive processes.

Performing a series expansion to first order inz:

〈π+(q) | ū(0)γ5γ{ρ
↔
Dµ}d(0) |0〉 = fπ (iqµ)(iqρ)

∫ 1

0
du(2u−1)φπ(u,µ) ≡ fπ (iqµ)(iqρ)〈ξ 〉π .

(3.2)
〈ξ 〉π = 0 by isospin symmetry; we calculate〈ξ 〉K .

Performing the series expansion to next order we have:

〈π+(q) | ūγ5γ{ρ
↔
Dµ

↔
Dν}d |0〉 = fπ (iqρ)(iqµ)(iqν)

∫ 1

0
du(2u−1)2 φπ(u,µ) . (3.3)

We define〈ξ 2〉π ≡
∫ 1

0 du(2u−1)2 φπ(u,µ) and similarly for the kaon.
The lattice determination of〈ξ 〉bare

K is very straightforward. We compute the ratio of two point
correlation functions:

∑
~x

ei~p·~x〈0|O{ρµ}(t,~x)P†(0)|0〉

∑
~x

ei~p·~x〈0|Aν(t,~x)P†(0)|0〉
−−−→
t large

i
pρ pµ

pν
〈ξ 〉bare

K , (3.4)

whereP and Aν are the pseudoscalar and axial bilinears andO{ρµ} = ūγ5γ{ρ
↔
Dµ} s. The most

appropriate choice of indices isO{4i} andν = 4. The second moment is evaluated from a similar

ratio with O{4i j} = ūγ5γ{4

↔
Di

↔
D j}s andi 6= j . The transformation properties of the operators under

the lattice symmetries have been studied in detail [8, 9] .

3.1 Results for 〈ξ 〉K

In fig. 2 we plot our bare results as a function of the mass of the light quark withmsa = 0.04.
The three points without a black border were obtained on the 163 lattice and the results were

5
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Figure 2: Bare values of〈ξ 〉K vs the quark mass. The physical regionmsa−mqa= 0.0375(16) is marked.
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Figure 3: Bare values of〈ξ 2 〉π and〈ξ 2 〉K as a function of the quark mass.

presented in ref. [10]. The remaining four points (including the point atma= 0.005) were obtained
from the 243 lattice and there is no evidence of significant finite volume effects.〈ξ 〉K is clearly
non-zero away from theSU(3) limit and the results are compatible with the prediction from lowest
order chiral perturbation theory that〈ξ 〉K is proportional toms−mq without logarithms [11] . The
linearly extrapolated value in the flavour symmetry limit (ma= msa = 0.04) is approximately 0.
The bare result in the physical limit ((ms−mq)a = 0.0375(16), see fig. 2) obtained with a linear
fit is 〈ξ 〉bare

K = 0.0234(12). Multiplying this result by the renormalization factor (which, so far we
have only calculated perturbatively) we finally obtain:

〈ξ 〉MS
K (2GeV) = 0.029(2) . (3.5)

3.2 Results for 〈ξ 2〉

Figure 3 contains our results for〈ξ 2〉bare
π and〈ξ 2〉bare

K from which we deduce the values in the
chiral limit: 〈ξ 2〉bare

π = 0.171(15) and〈ξ 2〉bare
K = 0.163(8) . In order to obtain the results in theMS

scheme, we need to perform the renormalization, which up to now we have done perturbatively. The

operatorODD = ψ̄γ{µγ5
↔
Dν

↔
Dκ}ψ (with µ,ν andκ all distinct) mixes withO∂∂ = ∂{ν∂κ ψ̄γµ}γ5ψ .

Dividing by the matrix element of the axial current we find

〈ξ 2〉MS(a) = 1.52(7)〈ξ 2〉bare+0.022(7). (3.6)

Inserting the measured values of〈ξ 2〉bareand (two-loop) running the result to 2 GeV we obtain

〈ξ 2〉MS
π (2GeV) = 0.278±0.026 and 〈ξ 2〉MS

K (2GeV) = 0.267±0.018. (3.7)

6
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Since〈ξ 2〉π = 〈ξ 2〉K to excellent precision, we do not make any interpolation tomsa = 0.0344.

3.3 Final Comments

We have shown that lattice calculations of〈ξ 〉K , and〈ξ 2〉π,K can be performed with an ex-
cellent precision. Our (preliminary) results are:

〈ξ 〉MS
K (2GeV) = 0.029(2) , 〈ξ 2〉MS

π (2GeV) = 0.28(3), 〈ξ 2〉MS
K (2GeV) = 0.27(2). (3.8)

Important improvements will be to perform the non-perturbative renormalization and to repeat the
calculation at a finer lattice spacing (we estimate a further 5% error due to discretization effects).
Our results are in agreement with those of anNf = 2 study using Improved Wilson fermions [12]

〈ξ 〉MS
K (2GeV) = 0.0272(5) , 〈ξ 2〉MS

π (2GeV) = 0.269(39) , 〈ξ 2〉MS
K (2GeV) = 0.260(6).

(3.9)
The analysis of moments of the distribution amplitudes of vector mesons is in progress.
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