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We analyze measures of the azimuthal asymmetry, in paati¢he participantharmonic mo-
ments,e*, in a variety of Glauber-like models for the early stage dfisions at RHIC. Quantita-
tive comparisons indicate substantial model dependemc foeflecting different effective num-
ber of sources, while the dependence of the scaled standaiationo(£*)/e* on the particular
Glauber model is weak. For all the considered models theegadfio (¢*)/¢* range from~ 0.5
for the central collisions te- 0.3-0.4 for peripheral collisions. These values, domidatestatis-
tics, change only by 10-15% from model to model. For centodlisions and in the absence of
correlations between the location of sources we obtairutiinéhe use of the central limit theorem
the simple analytic formular(e*)/e*(b = 0) ~ \/4/m— 1 ~ 0.52, independent on the collision
energy, mass number, or the number of sources. In consegjueitic smooth hydrodynamics at
central collisionsr(v2) /vo(b = 0) ~ /4/m— 1. We show, that the same value is achieved also at
peripheralcollisions, as long as the particles come from a collectiondependenppcollisions.
We investigate the shape-fluctuation effects on jet querycdind find they are important only for
very central events. Finally, we list some remarks and ptextis from smooth hydrodynamics
on higher flow coefficients and their fluctuations, in pafgew (v4) /va = 20(v2) /2.
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Figure 1: A typical gold-gold collision in thex—y plane atb = 6 fm. Left: wounded nucleons. Red and
black circles indicate nucleons from the two colliding reicRight: the centers of mass of pairs of nucleons
undergoing binary collisions. The straight lines indidde twisted and shifted principal axes of the second
harmonic moment, while the blue dots show the center of miabesystem.

1. Introduction

This talk is based on Ref. [1], where more technical detady e found.

Event-by-event hydrodynamic studies [2, 3] of relatiddieavy-ion collisions have revealed
that fluctuations of the initial shapef the system formed in the early stage of the reaction lead
to quantitatively relevant effects for signatures of tharaghal asymmetry [4, 5, 6, 7, 8]. These
effects are also important for experimental measurementisecelliptic flow [9, 10, 11, 12]. In
this talk we report our investigation of this phenomenorhim framework of various Glauber-like
approaches describing the deposition of energy in the systdhe early stages of the collision.
Our study focuses on both understanding of the statistaiira of the results, as well as on com-
parisons of various models.

Figure 1 illustrates the two effects of the shape fluctuatidune to the finite number of sources:
the shift of the center-of-mass and the rotation of the fpalcaxes. Statistical analyses may be
performed in the reference frame fixed by the reaction pleveecgll itfixed-axesa.k.a. standard),
or for each event in the frame defined by the twisted and shifténcipal axes (we call it the
variable-axedrame, a.k.a. participant). In the fixed-axes frame the divoensional probability
distribution of sources can be Fourier-expanded as

f(p,®) = fo(p) + 2f2(p) cos(2¢) + 2f4(p) cog49) + ..., (1.1)

where the transverse radips= /X2 + Y2 is measured from the center of the geometric intersection
of the two nuclei. One also introduces

_ J2npfi(p)p*dp

g = . 1.2
'~ T2npfo(p)p?dp (1.2

On the other hand, in the variable-axes frame we have thebdisbn
*(p, @) = fo(p) + 213 (p) cod 29 — 2¢") + 2, (p) cog4p — 49" ) + ..., (1.3)
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whereg* denotes the rotation angle of the principal axes in eachte@mrespondingly,

o _ /2ot (p)p?dp
' T J2npfo(p)p2dp

(1.4)

(fo = f3). The deformation parameters are denoted without the Bpbase = &, ande* = &5.

2. The toy problem

Consider the one-dimensional problem where uncorrelaseticfes are randomly generated
from a distribution in the azimuthal angiecontaining the zeroth and second harmonic moments,

11

f(@) = 1+ 2ecoq29), 56[_575]' (2.1)

Obviously, the distribution has only two non-zero fixed-@reoments,
f 1 2nd f 1, f 1 2nd 20)f 2.2
0—51/0 oi(@) =1 fo=-_ | decod2p)f(g)=¢. (2.2)

We generaten particles according to the distribution (2.1) in each evend subsequently carry
out the averaging over the events, denotea$. For instancef- is estimated as

DIH

Z cos2qx))) (2.3)

wherek labels the particles the event. The equality becomes sisiche number of events ap-
proaches infinity, which is assumed implicitly. In the vlleraxes case we rotate the particles by
the anglep* in each event. Thus

DIH

ﬁ cos2(@— o)) 2.4)

The rotation angle* depends itself on the distribution of particles in the giegant. By definition,
it is chosen in such a way that the quant%[zﬂzlcos{Z(qq( — ¢")] assumes maximum, which gives
the conditions

coS29") =Yo/\ /Y2 + X2, sin(2¢*) = Xo/\/ Y7 + X2, (2.5)

12 12
=—) coq2q), Xo==") sin(2¢).
n kzl n kzl

Using the above formulas in Eq. (2.4) yields

2

n 2 n
f5 = (/Y7 +X3)) = <<J (%kzlcos(zw)> + (%kzlsin(%&)) ). (2.6)

We see that the variable-axes moment corresponds to argavefgéhe square root of sums (2.5),
thus is a highly “non-local” object, involving upon expamsiinfinitely many fixed-axes moments.
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For sufficiently largen one may evaluate Eq. (2.6) with the help of ttemtral limit theorem
Consider the variables = cog2¢) andsc = sin(2¢). Their averages and variances are
_ 1 _ 1
c=c¢, aczzé—sz, =0, 052:5. (2.7)
Importantly, there is no correlation betwe¥n and X;, as %Tfozq’dcpcos(Z(p)sin(Z(p)f(cp) =0.
Thus, according to the central limit theorem, the distitiubf Y, andX; is Gaussian. Introducing

1 1 1

Yo =qcosa, Xo=gsina, F=YZ+X2 Od=-—"- =" _
2= qC0S, R =ASING, 4= Ty 07 952 7 202 T 1- 262

1 (2.8)
we may write this distribution in the form

. (2.9)

B B n [ 9*+€&”—2qecosa ) .
f(Xz,Yz)_f(q,a)_in 1_2526Xp[ n( e >+n5q sifa

We need below the integral of this distribution owerwhich can be expanded as [13, 11]

2n e\ & iT(i+3), ( 2neq
e ()| 3, T () e

wherelj(x) are the modified Bessel functions. We may now express EQ.48 #he series involving
the confluent hypergeometric function,

2
daf(qa)
0

. 1222 L qT(+3r(i+3) 1. . ne
fZ_/qdquqf(qva)_ \/WT JZO(ZE ) JIZ 1F1<_§>J+11_m>7 (211)

which converges fast and can be used for practical calonktin a truncated form. At =0
(azimuthally symmetric distribution) we have the very sienesult

VT
= 2un
which shows the expected {/n behavior for a statistical fluctuation. The numerical resob-
tained with the series (2.11) are presented in Fig. 2, lé&.9iVe note that the effect of the departure
of f5 from ¢ is strongest at lovg and lown.

The evaluation of the second moment in theariable yields

1+ (n—1)¢?

[ adadaci(qa) = =125 (2.13)

£3(e = 0) (2.12)

From Egs. (2.11,2.13) we can now obtain the variance of thilolition of the variable-axes mo-
ment. Again, a simple formula follows for the case- 0, where vaff;) = (1— 7)/n. The scaled
variance and scaled standard deviation are

2 _Jm

var(fy)  Tm~ 2 a(f;) /4 3 - 4
f5 yn o’ f5 m (e=0) (2.14)

Note that in this case there is no dependence of the scaledasthdeviation om. The case of
generale obtained numerically for various valuesmfs shown in Fig. 2, right side. According to

Eq. (2.14), all curves approach the Iir’rqi'f,ﬂT —1ase — 0. Atthe other end, in the limit afg? — o
we have the expansiorfg = €+ 1/(4en)+... ando(f;)/f; =[1/(2¢8) —€]/n+....
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fs n-10, 20, 50, 100, 400 o(f3)/f5  n-10, 20, 50, 100, 400
0.5 0.5
0.4 0.4
0.3 0.3
0.2 0.2
0.1 0.1
0.1 0.2 0.3 0.4 0.5 € 0.1 0.2 0.3 0.4 0.5 €

Figure 2: Toy model. Left: Dependence of the variable-axes morfigon the fixed-axes harmonic moment
¢ for several values of the number of particies As n increases, we pass from top to bottom with the
presented curves. The straight line is the> o limit, i.e. f; = £. Right: the same for the scaled standard
deviation.

3. The general case

In the general case the analysis can be carried out in fulogpdo the toy model [1]. For
simplicity, in our analytic study we neglect correlatioreteen locations of sources. If such corre-
lations are strong, their analytic inclusion is difficulttamne has to resort to numerical simulations
such as those presented below. Compared to the toy modéllitheo-dimensional case involves
the fixed-axes momentg; = [y 2rpdp i (p)p¥/n, wheren is the number of sources. We have
chosen the normalizatiofy’ 2rpdp fo(p) = n. Generally, in analogy to Eq. (2.11)

r(me 3 (me$) 1R (~3ime 1% )

20-2 0 202
oo Y20 (260%™ ; 2L (3.1)
|k’0\/ﬁ0x2 =0 m!
where
— 1 1 1 1
Yz =i, 0% = %(lzkp— 2025+ 1xa), OF, = %(lzkp— loxa), &= 267 207" (3.2)
Yo X2

For the special case of central collisions we have the venplsi results

gr— Yo 0(E) /%_ 1~0523 (b=0). (3.3)

- 2|k’0\/ﬁ’ &e*

Since correlations between the location of sources effggtreduce the number of sourceshey
lead to an increase @af, but keep its-independent scaled variance practically constant, asrsho
by the simulations of the next Section. Ref. [1] contains ergiscussion.

4. Numerical simulations in various Glauber models

We have studied a few variants of Glauber-like models. Instamdard wounded-nucleon
model [15] the weightv = 1/2 is attributed to the point in the transverse plane at theippof the
wounded nucleon. The wounding cross section is 42 mb. Farpicollisions the weightv= 1 is
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Figure 3: Left: The moment and its scaled standard deviation for the analyzed modetteglas functions
of the impact parameter. Gold-gold collisions. Right: tlaene fore*. The results for the color-glass
condensate come from Ref. [14] (dot-dashed line in top Igfirg) and Ref. [20] (circles in lower right
figure).

attributed to each collision point. We remark that only tigamagnitude of weights is important in
studies of fluctuations. A successful description of the & Hlultiplicities has been achieved with
a mixedmodel, amending wounded nucleons with some admixture @rpinollisions [16, 17].
Then the wounded nucleon obtains the weighkt (1— a)/2, and the binary collision the weight
w = a. The total weight averaged over events is tlignr- a)Ny/2+ aNpin. The fits to particle
multiplicities of Ref. [17] givea = 0.145 at,/Syn = 200 GeV. We also consider a model with
hot spotsin the spirit of Ref. [18], assuming that the cross sectionafeemi-hard binary colli-
sions producing a hot-spot is tinghotspot = 0.5 mb, however when such a rare collision occurs
it produces on the average a very large amount of the treses\arergy equal ta 0y /Ohot—spot
Each source from the previously described models depdmtsransverse energy with a certain
probability distribution. To incorporate this effect, wapgrimpose th& distribution, multiplying
the weights of the considered model with the randomly disteéd number from the gamma distri-
bution g(w, k) = WK~k ¥ exp(—kw) /T (k). Here we do this superposition on the hot-spot model,
labeledhot-spot#. Thus, we take the weightd — a)g(w,k)/2 for the wounded nucleons and
ag(W, K )Ow/ Ohot—spot fOr the binary collisions. We set = 0.5, which gives vajw) = 5. The four
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considered models (wounded-nucleon, mixed, hot-spothatidpot+) differ substantially by the
number of sources and the amount of the built-in fluctuations

We observe that in all four modetsis practically independent of the model (top left panel
of Fig. 3). On the other hand, the scaled standard devialiove( left panel of Fig. 3) displays
a strong dependence on the model at low valuds, @fith the hot-spotF model yielding about
twice as much as the mixed model. We also notice a very strepgrdlence oh. At b =0 the
curves diverge due to dividing by the vanishing value ofThe fluctuations are larger in models
effectively having the lower number of sources, which isiobs from the statistical point of view.

As already noted in Refs. [14, 19], the valuegbbtained with the color glass condensate
(CGCQC) is substantially higher than in all Glauber-like misdeported here (upper curve in the left
top panel of Fig. 3).

The harmonic momergt* and its scaled standard deviation are show on the right §ielig 03
We observe a strong model dependence*oéit low values ofb, with models having effectively
lower number of sources yielding higher values.bAt 0 the hot-spotF model yields three times
more than the wounded-nucleon model. For all models thedcgthndard deviation is close to
the value 0.5 for central collisions (in agreement with thsufts (3.3)) and drops to about 0.3
atb =14 fm. At intermediate values df the relative difference ir(e*)/e* between various
considered models is at the level of 10-15%, which is not § s8ong effect. The CGC result of
Ref. [20] is lower than in the Glauber models (circles in tight bottom panel of Fig. 3).

The harmonic profiled; (p) and f*(p) are displayed in Ref. [1]

5. Jet quenching

We have used the model of Refs. [21, 22] of the jet energy logsder to explore the role
of the event-by-event rotated absorbing medium. In orddake into account the variable-axes
geometry, we usé*(p, ) as the density of the scattering centers for the propagatngpn. The

absor bent

Figure 4: Left: the variable axes geometry of the absorbent vs. thd{faes geometry of the jet production
point. Right: v, at highpr as a function of the number of wounded nucleons, obtainell thi variable-
axes densityf*(p) for the hot-spot scenario (dashed line), and with the fixegsalensity of the wounded
nucleonsf (p) (solid line). The dotted line represents the result for theable-axes density but without the
shift and rotation of the opaque medium.
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rare jet production event is distributed according to thediaxes profile, see Fig. (4), left side. The
resulting increase of the eccentricity of the absorbenkpeeted to increase the asymmetry of the
jet absorption. A very similar effect has been discussegfofiles calculated in the CGC model
[23], where an increase i by about 10- 15% has been found. The absorbing medium formed in
each event is rotated and also shifted. The elliptic flow &ge4, right side) at centralities larger
than 20% calculated with the wounded-nucleon model in tredfixxes frame (solid line), which
serves as a reference, comes out similar to the result ofdtspot model in the variable-axes
frame (dashed line). Only if the shift and rotation of the qya medium were neglected (dotted
line) the modification of the shape leads to an increase diidgtepr elliptic flow coefficientv, by
about 10- 15%. The cancellation of the effects of the increased edcépntof the medium and
of the shift and rotation happens also for the other constienodels (at larger centralities). The
rotation of the absorbing medium yields about 2/3, and tlifé aout 1/3 of the total cancellation
effect.

6. Fluctuations of the elliptic flow

The fluctuations of the elliptic flow, which are an importanblpe of the nature of the early-
stage dynamics of the system [24], have recently been mehstirRHIC [10, 11, 12]. The ex-
perimental procedure used in these analyses identifiedlihticdlow coefficient with the variable
axesvo, here denoted ag. The relevance of studies of fluctuations of the initial shapmes from
the well-known fact that for small elliptic asymmetry onepegts on hydrodynamic grounds the
relation

o) _ ole").

v &

(6.1)

As argued in Ref. [25], the result (6.1) indicates that thamfzee path in the matter created in
the initial stages of the heavy-ion collisions is very smalthough turbulence does not develop.

*
N -
=
-k>N 0'5??{:
< |
0.4
0.3—
0.2l = PHOBOS
- —=— STAR
0.1 | —— wounded Ae*/e*
r —— hot spot + I" Ag*/e*
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0 50 100 150 200 250 300 350 N,

Figure 5: Fluctuations o#; from the Glauber approach. Data from Refs. [10, 11, 12].
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Comparison of the data to our Glauber calculations is madé&gn5. For central collisions we

expect
M) o~ ) o a [P 1a
v (b=0)~—F(b=0)~y/~ ~1~052 (6.2)

which is compatible to the data, although the error barsaage!

Amusingly, the limiting value of Eq. (6.2) is also obtaineat peripheral collisions, if these
form a collection of several independemp collisions (of course, no hydro here). In each such
collision particles are emitted with a certain momentunirittistion, which is cylindrically sym-
metric. Thus, the same effect as discussed for the shapedtigts occurs for the momentum
fluctuations. In other words, we replace the coordinated wibmenta in our analysis, and get
o(Vv;)/Vs(periphera) ~ 0.52. This value is represented by a blob in Fig. 5. Some tiansitom
hydro to independemp collisions must occur, which is indicated by the interpolgidashed lines
in the figure.

We end this talk with some comments on the derivation of Ed.)(s well as on higher-
harmonic probes. Perturbation theory applied to smoioth jnearization is sensible) hydrody-
namics together with hierarchy of relaxation times for ggent harmonics.g. 12 > 14, leads
to further results [1]. In particular,

vV~ 72~ V2, (6.3)

In Ref. [27] the variable/4/v§ has been suggested as a sensitive probe of the hydrodynamic e
lution. The simulations of Refs. [26, 27] show that with ieasing time the value af saturates,
while v4 quickly assumes the value proportionalvﬁ; supporting the assumptian > 174 used in
the above argumentation. For the fluctuations one gets inatedygdfrom Eq. (6.3) the prediction

o(vy) _ o)

" (6.4)
Va 2

Relation (6.4), if verified experimentally, would suppdmetscenario of smooth hydro evolution
with the mentioned hierarchy of scales. On similar grourfidisthe azimuthal Hanbury-Brown—
Twiss (HBT) correlation radius"®T(¢), one expects

RyBT ~ (RYBT)2, (6.5)

whereR"BT (@) = RHBT + 2RHBT cog 2¢) + 2R{BT cog4¢) + .. ..

7. Conclusions
Here are our main points:

¢ We have analyzed four Glauber-like models, with differeegree of fluctuation: the wounded-
nucleon model, the mixed model, the hot-spot model, anddhsiot model with the super-
imposed distribution.
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e We have obtained numerically the fixed-axes and variabds-dsarmonic profiles [1] and
analyzed their moments. The variable-axes momentand the fixed-axes scaled standard
deviationo(¢g)/¢€ are sensitive to the choice of the model, walée*) /e* is not, changing
at most by 10-15% from model to model at intermediate valdids o

¢ Analytic formulas explain certain features of the simwas, in particular, they show that at
b = 0 the multiple-axes scaled variances are close to the vahijéndensitive of the model
used, the collision energy, the mass number of the collidungei, or the number of particle
sources. The behavior of(e*)/e* at lowb is thus largelygoverned by the statistics

e Fixed-reaction-plane experimental analyses would remeake information on the system
and would allow to discriminate the theoretical predictipas fluctuations of are sensitive
to the chosen model.

e For the jetv, we find that the effect of the increased variable-axes edciwtis largely
canceled by the shift of the center of mass and the rotatiohefprincipal axes of the
absorbing medium. This leads to practically no change ofigh@mission asymmetry at
intermediate and large impact parameters. Only at stk increase of the deformation
takes over the relatively less important shift and rotation

e On hydrodynamic grounds, the analysis of the variable-en@®ents in the coordinate space
carries over to the collective flow and analysisvef In particular, Eq. (6.2) holds for the
variable-axes elliptic flow coefficient at central collisg

e The same value is also obtained for peripheral collisioimgesthese consist of of several
independenpp collisions. In each such collision particles are emitteahrfra cylindrically
symmetric momentum distribution. Replacing coordinatéth vmomenta in our analysis
yields to o(v;)/vs(periphera) ~ 0.52. Thus, statistics fixes the two end-point values in
Fig. 6.2.

e Under assumptions of smoothness, perturbation theory wratap of azimuthally symmet-
ric hydro leads to sensitivity of higher-harmonic late¢irmeasuresy;, RyET, etc, to the
initial quadrupoledeformatione*(tp) only. Higher harmonics of the initial shape deforma-
tion are irrelevant, as they presumably are damped fast. mbeu of relations follows for
various measures and their event-by-event fluctuatenskEq. (6.4).

e It would be a challenge to measure tjefluctuations and test the smooth hydro assumption
by verifying relation (6.4).

One of us (WB) thanks Paul Sorensen, Constantin Loizides\WihBusza for useful discus-
sions concerning the experimental determinatiomand its fluctuations.
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