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Soft gluon V. Ravindran

Recent theoretical advances in the computations of radiative corrections in perturbative Quan-
tum Chromodynamics (pQCD) have lead to very accurate predictions for several important observ-
ables for physics at the Tevatron collider in Fermilab as well as at the upcoming Large Hadron
Collider (LHC) in CERN [1]. The pQCD corrections to next-to-next-to leading order(NNLO) are
known for total and differential cross sections for vector boson(W

� � Z), Drell-Yan, Higgs produc-
tion (see [2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14]) which reduce theoretical uncertainties resulting
from unknown renormalisation and factorization scales. The three-loop results for beta functions,
anomalous dimensions and form factors [15, 16, 17, 18, 19, 20, 21] have lead to predictions for
the resummation up to N3LL [22, 23, 24, 25] as well as for the fixed order partial-soft-plus-virtual
N3LO corrections to DY and Higgs total cross sections. The fixed order partial-soft-plus-virtual
N3LO corrections [22, 25] to DY and Higgs production show the reliability of the perturbation
theory results and demonstrate stability against the variations of renormalization and mass fac-
torization scales. In this article we present threshold enhanced perturbative QCD corrections to
rapidity distributions of DY, Higgs, Z and W

�
bosons at hadron colliders using the Sudakov re-

summed cross sections at N3LO level. This is achieved using renormalisation group invariance and
the mass factorisation theorem that these hard scattering cross sections satisfy.

The differential cross section for producing a vector boson or DY pair or Higgs can be ex-
pressed as:

d2σ J

dq2dy
� σ J

Born
�
x0

1 � x0
2 � q2 � W I �

x0
1 � x0

2 � q2 � � (1)

where q is the four-momentum of the vector boson or DY pair or Higgs. In our case q2 � M2
J where

J � l � l � � H � Z � W �
but for convenience we use q2 in the rest of the paper. Our normalisation is that

W I
Born

�
x0

1
� x0

2
� q2 � � δ

�
1 � x0

1
� δ

�
1 � x0

2
� . The superscript I represents light-quarks (q), gluons (g) and

heavy quarks (b) but we only need I � q � g for the rest of the paper. The x0
i

�
i � 1 � 2 � are related to

q2, the scaling variable τ � q2 � S, and the rapidity y of J:

y � 1
2

log

	
p2 
 q
p1 
 q � � 1

2
log

	
x0

1

x0
2 � � τ � x0

1x0
2 � (2)

Here S � �
p1 
 p2

� 2 is the square of the hadronic center of mass energy and pi are the momenta of
incoming hadrons Pi

�
i � 1 � 2 � .

In the QCD improved parton model, the function W I �
x0

1 � x0
2 � q2 � can be written in terms of par-

ton distribution functions (PDFs) appropriately convoluted with perturbatively calculable partonic
differential cross sections (∆I

d � ab) as follows

W I �
x0

1 � x0
2 � q2 � � ∑

a � b � q � q � g � 1

0
dx1 � 1

0
dx2 � I

ab
�
x1 � x2 � µ2

F
�

� � 1

0
dz1 � 1

0
dz2 δ

�
x0

1 � x1z1
� δ

�
x0

2 � x2z2
� ∆I

d � ab
�
z1 � z2 � q2 � µ2

F � µ2
R

� � (3)

where the subscript d denotes the particular differential distribution (here, with respect to y, xF etc).
Here µR is the renormalisation scale and µF the factorisation scale. The function � I

ab

�
x1 � x2 � µ2

F
� is

the product of PDFs fa
�
x1 � µ2

F
� and fb

�
x2 � µ2

F
� renormalised at the factorisation scale µF . That is,� q

ab

�
x1 � x2 � µ2

F
� � f P1

a
�
x1 � µ2

F
� f P2

b

�
x2 � µ2

F
� � (4)
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with xi
�
i � 1 � 2 � the momentum fractions of the partons in the incoming hadrons.

We can express the partonic cross sections in terms of soft and hard parts. The soft parts come
from gluons that appear in real emission as well as in the virtual processes. The infra-red safe
contributions from the soft gluons can be obtained by adding the soft parts of the differential cross
sections with the ultraviolet renormalised virtual contributions and performing mass factorisation
using appropriate counter terms. These combinations are called the "soft-plus-virtual" (sv) parts of
the differential cross sections. Hence we write

∆I
d � ab

�
z1 � z2 � q2 � µ2

F � µ2
R

� � ∆hard
I � ab

�
z1 � z2 � q2 � µ2

F � µ2
R

� 
 δab∆sv
d � I �

z1 � z2 � q2 � µ2
F � µ2

R
� � I � q � (5)

The hard parts of the differential cross sections ∆hard
I � ab

�
z1 � z2 � q2 � µ2

F � µ2
R

� can be obtained by the
standard procedure(see [26, 27]). The sv parts of the differential cross sections are obtained using
the method discussed in the [25] so that

∆sv
d � I �

z1 � z2 � q2 � µ2
R � µ2

F
� ��� exp

�
ΨI

d
�
q2 � µ2

R � µ2
F � z1 � z2 � ε ��������� ε � 0

� (6)

where the ΨI
d

�
q2 � µ2

R � µ2
F � z1 � z2 � ε � are finite distributions computed in 4 
 ε dimensions and they

take the form

ΨI
d

�
q2 � µ2

R � µ2
F � z1 � z2 � ε � � �

ln � ZI �
âs � µ2

R � µ2 � ε �	� 2 
 ln �� F̂ I �
âs � Q2 � µ2 � ε � �� 2 � δ

�
1 � z1

� δ
�
1 � z2

�

 2 Φ I

d

�
âs � q2 � µ2 � z1 � z2 � ε � � � lnΓII

�
âs � µ2 � µ2

F � z1 � ε � δ
�
1 � z2

�
� � lnΓII

�
âs � µ2 � µ2

F � z2 � ε � δ
�
1 � z1

� � (7)

The symbol " � " means convolution. For example, � acting on the exponential of a function
f

�
z1 � z2

� means the following expansion:� e f
�
z1 � z2

� � δ
�
1 � z1

� δ
�
1 � z2

� 
 1
1!

f
�
z1 � z2

� 
 1
2!

f
�
z1 � z2

��
 f
�
z1 � z2

�

 1

3!
f

�
z1 � z2

��
 f
�
z1 � z2

��
 f
�
z1 � z2

� 
 
 
 
 � (8)

In the rest of the paper the function f
�
z1 � z2

� is a distribution of the kind δ
�
1 � z j

� or 
 i
�
z j

� , where


 i
�
z j

� ��� lni �
1 � z j

��
1 � z j

��� � i � 0 � 1 � 
 
 
 � and j � 1 � 2 � (9)

and the symbol 
 means the "double" Mellin convolution with respect to the variables z1 and z2.
We drop all the regular functions that result from these convolutions when defining the sv part of the
cross sections. The factors Z I �

âs � µ2
R � µ2 � ε � are the overall operator renormalisation constants. For

the vector current Zq �
âs � µ2

R � µ2 � ε � � 1, but the gluon operator [28] gets overall renormalisation.
The F̂ I �

âs � Q2 � µ2 � ε � are the standard form factors coming from the purely virtual parts of the cross
sections [29]. In the form factors, we have Q2 � � M2

J . The partonic cross sections depend on two
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scaling variables z1 and z2. The functions Φ I
d

�
âs � q2 � µ2 � z1 � z2 � ε � are called the soft distribution

functions. The collinear singularities that result from the massless partons are removed using the
mass factorisation kernels Γ

�
z j � µ2

F � ε � in the MS scheme (see eqn.(7)). The unrenormalised (bare)
strong coupling constant âs is defined as âs

� ĝ2
s

� 16π2, where ĝs is the strong coupling constant
which is dimensionless in n � 4 
 ε space time dimensions. The scale µ comes from dimensional
regularisation which makes the bare coupling constant ĝs dimensionless in n dimensions.
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Figure 1: Rapidity distributions for Z boson production at the LHC, and their µ � µR (left panel) and µ � µF

(right panel) scale dependence (with M2
Z

�
2 � µ2 � 2M2

Z). The abbreviation "pSV" means partial-soft-plus-
virtual.

The fact that the ∆sv
d � I are finite in the limit ε � 0 and that the form factors satisfy Sudakov

differential equations leads to

q2 d
dq2 Φ I

d
�
âs � q2 � µ2 � z1 � z2 � ε � � 1

2
� K I

d

	
âs � µ2

R

µ2
� z1 � z2 � ε � 
 G

I
d

	
âs � q2

µ2
R

� µ2
R

µ2
� z1 � z2 � ε � � � (10)

where now the constants K
I

d contain all the singular terms in ε and the G
I

d are finite functions of ε .
The functions Φ I

d

�
âs � q2 � µ2 � z1 � z2 � ε � also satisfy the renormalisation group equations:

µ2
R

d

dµ2
R

Φ I
d

�
âs � q2 � µ2 � z1 � z2 � ε � � 0 � (11)

The Φ I
d

�
âs � q2 � µ2 � z1 � z2 � ε � should contain the correct poles to cancel the poles coming from F̂ I ,ZI

and ΓII in order to make ∆sv
d � I finite. This requirement unambiguously determines all the poles of

this distribution. The solution to the Sudakov differential equation for the soft distribution functions
in eqn.(10) can be written as

ΦI
d

�
âs � q2 � µ2 � z1 � z2 � ε � � ∞

∑
i � 1

âi
sS

i
ε

	
q2 �

1 � z1
� �

1 � z2
�

µ2 � i ε2 	 �
i ε � 2

4
�
1 � z1

� �
1 � z2

� � φ̂ I ��� i �
d

�
ε � � (12)
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where

φ̂ I � � i �
d

�
ε � � 1

iε
� K I ��� i �

d

�
ε � 
 G

I ��� i �
d

�
ε � � � (13)

The constants K
I ��� i �

d

�
ε � and G

I ��� i �
d

�
ε � can be determined from the form factors, mass factorisation

kernels, partonic cross sections and renormalisation constants.
Using this approach we have obtained the exact ∆sv ��� i �

d � I (I � q � g)up to N2LO (i � 0 � 1 � 2) [11].
The coefficient of the δ

�
1 � z1

� δ
�
1 � z2

� part depends on the constants that are still unknown for
N3LO, so we can only obtain a partial result for ∆sv � � 3 �

d � I , i.e., a result without the δ
�
1 � z1

� δ
�
1 � z2

�
part can be computed from our formula given in eqn.(6). We can also obtain a result to N4LO
order where we can predict partial sv contributions containing everything except the terms in
 0

�
zi

� δ
�
1 � z j

� � 
 0
�
zi

� 
 0
�
z j

� � 
 1
�
zi

� δ
�
1 � z j

� and δ
�
1 � z1

� δ
�
1 � z2

� for the coefficient ∆sv ��� 4 �
d � I .

The convolutions of distributions of the form 
 l
�
z j

� 
 
 m
�
z j

� for any arbitrary l � m can be done

using the general formulae given in [25] so we obtain ∆sv � � i �
d � I for i � 1 � � � � � 4.

Y
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Figure 2: Rapidity distributions for Higgs boson production at the LHC with µ � µR � µF (left panel) and
scale dependence (right panel)

We present here the numerical impact of our results on the rapidity distributions of Z and
Higgs production at LHC energies. Similar analysis can be done using our numerical code for DY
pair,W

�
production for both LHC and Tevatron. We now give results for Z production by choosing

q2 � M2
Z . The electro-weak constants relevant for our analysis can be found in [27, 9]. We present

our results as differential cross sections in rapidity for fixed q2 values.
We choose � S � 14 TeV for the LHC, Z boson mass MZ

� 91 � 19 GeV and its width 2 � 50 GeV.
We choose αLO

s
�
MZ

� � 0 � 130, αNLO
s

�
MZ

� � 0 � 119, αN2LO
s

�
MZ

� � 0 � 115 and αNiLO
s

�
MZ

� � 0 � 113
for i � 2. The set MRST 2001 LO is used for leading order, MRST2001 NLO for NLO and MRST
2002 NNLO for NiLO with i � 1 [30, 31]. We use α � 1 � 128 for the electromagnetic fine structure
constant, sin2 θW

� 0 � 2314 for the weak mixing angle and cos2 θC
� 0 � 975 for the Cabibbo angle.
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In fig. 1, we plot the rapidity distributions for the Z-boson at the LHC in LO (dotted lines),
NLO (solid lines), N2LO(SV only, dot-dashed lines) and N3LO (pSV only, small-dashed lines).
There are two panels in this plot and two curves in each panel since we show the scale variations
by varying the mass factorization scale µF in the parton densities and the mass renormalization
scale µR in the coefficient functions. Therefore we plot the curves at fixed µ 2

F
� M2

Z but with
µ2

R
� M2

Z
� 2 and µ2

R
� 2M2

Z in the left panel and fixed µ 2
R

� M2
Z but with µ2

F
� M2

Z
� 2 and µ2

F
� 2M2

Z

in the right panel. From the left panel we find that there is only a tiny dependence on the µR for
fixed µF (here the LO result has no variation). In the right panel we find that µF dependence for
fixed µR decreases as we go from LO to NLO, N2LO and N3LO respectively. The N3LO band lies
within the N2LO band and both are within the bands for the NLO results. Notice that the lower
curves for the N2LO and N3LO results fall on top of each other because the actual numbers are
different but so close that one cannot see this from the plot. In fig.2 we plot the rapidity distribution
of Higgs boson at the LHC. The left panel is the distribution with µR

� µF
� MH and the right

panel describes the sensitivity of the distribution with respect to the scale µR
� µF . These results

demonstrate that the perturbation series for the rapidity distribution converge very nicely at the
LHC energy and the higher order results become less sensitive to renormalisation and factorisation
scales.

To summarise, we have studied higher order sv corrections to rapidity distributions for DY,
Higgs, Z and W

�
boson production. We have used Sudakov resummation of soft gluons supple-

mented by renormalisation group invariance and the factorisation property of the observable. Using
the available information on the form factors, the DGLAP kernels and lower order results we have
obtained compact expressions for the resummation of soft gluons for the rapidity distributions of
DY, Higgs, Z, W

�
boson. These allow us to compute sv rapidity distributions exactly at N2LO and

partially at N3LO. We have also presented the numerical impact of these results for Z and Higgs
bosons.

Acknowledgments: VR would like to thank Prof. Catani for the invitation and support to
participate RADCOR’07, GGI at Florence and hospitality.
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