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Lectures on String Inflation

The Hot Big Bang model of cosmology has recently been tested with unprecedented redun-

dancy and precision, and has emerged all the stronger for having doneso. The redundancy of these

tests gives confidence that the basic picture — the expansion of an initial hot primordial soup —

is basically right. Their precision allows a detailed inference of the model’s parameters, including

the first-ever survey of the energy content of the Universe as a whole.

Although the Big Bang works well, it does so only provided that the Universe is started off

in a particular way. The theory of Cosmic Inflation [1] was invented in orderto try to explain

these initial conditions, by postulating a much earlier epoch during which the Universe expanded

increasingly rapidly with time. Remarkably, this proposal turns out also to give a good explanation

for the properties of the temperature fluctuations that were later seen in the Cosmic Microwave

Background Radiation (CMBR) — the residual radiation left over from thefirst epoch when the

universe became transparent to photons, due to its cooling enough to allowordinary matter to

become dominated by neutral atoms.

Because inflation likely takes place at temperatures much higher than any ever seen in the

lab on Earth, its study necessarily involves making assumptions about what kinds of physics are

involved at such high energies. This, together with the observational successes, has stimulated a

variety of attempts to try to find inflationary configurations within string theory, which remains

our best candidate for the physics relevant to such high energies. These notes are meant as a brief

introduction to inflationary cosmology and its potential stringy realizations, aimedat an audience

of graduate students in particle physics.

1. Hot Big Bang Cosmology

We start with a description of the geometry of spacetime on which all of the subsequent sec-

tions rely, together with a telegraphic summary of the essentials of the Hot Big Bang model. (More

details can be found in one of the following excellent books [2, 3].) The key underlying assumption

in this section is that the universe is homogeneous and isotropic when seen on the largest distance

scales. Until relatively recently this assertion about the homogeneity and isotropy of the universe

was an assumption, often called theCosmological Principle. More recently it has become possible

to put this assertion on an observational footing, based on large-scale surveys of the distribution of

matter and radiation within the universe we see around us. Most notable among these is the incred-

ible uniformity of the observed temperature of the CMBR, for which temperaturefluctuations are

observed to be of orderδT/T ∼ 10−5.

1.1 Friedman-Robertson-Walker Cosmology

In General Relativity the geometry of spacetime is specified by its metric tensor,which defines

the differential distance, ds2 = gµν dxµ dxν , associated with infinitesimal coordinate displacements,

dxµ . The most general 4D geometry which is consistent with isotropy and homogeneity of its
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Lectures on String Inflation

spatial slices is described by the Robertson-Walker metric:

ds2 = −dt2 +a2(t)

[

dr2

1−κr2 + r2dθ 2 + r2sin2 θ dφ2
]

= −dt2 +a2(t)
[

dℓ2 + r2(ℓ)dθ 2 + r2(ℓ)sin2 θ dφ2] , (1.1)

where 0< θ < π and 0≤ φ < 2π are the usual angular coordinates on a two-sphere, and we choose

ourselves to lie at the origin,r = 0, of the radial coordinate.

Homogeneity and isotropy dictate that the 3-dimensional spatial slices throughthis geometry

at fixedt are maximally symmetric, and so are described by the three-valued quantity,κ = 0,1,−1.

If κ = 1 then the spatial slices are three-spheres and 0< r < 1; if κ = −1 they are hyperbolic

surfaces and 0< r < ∞; and if κ = 0 they are flat and againr ranges from zero to infinity. The

metric of eq. (1.1) follows the standard convention, wherein the freedom toredefiner → λ r has

been used to absorb the radius of curvature of the spatial metric into the overall scale factor,a(t).

The second form given for the metric in eq. (1.1) instead uses the properdistance,ℓ, (at fixed

t) as the radial coordinate, where dℓ = dr/(1−κr2)1/2, and so

r(ℓ) =











sinℓ if κ = +1

ℓ if κ = 0

sinhℓ if κ = −1

. (1.2)

Exercise 1: Find the rate of change,VH = dD/dt, of the proper distance,D = a∆ℓ,

from us to another co-moving observer located on a galaxy at fixed position (ℓ,θ ,φ).

Show that this is given by the Hubble Law:VH = H D, whereH = ȧ/a defines the

instantaneous Hubble parameter.

Detailed observations of many, many galaxies broadly confirm that galaxiesdo recede from

us in a way that is consistent with the Hubble law defined in Exercise 1, with a present-day Hub-

ble parameter ofH0 ∼ 75 km/sec/Mpc. Strictly speaking, however, the Hubble law only applies

once the peculiar motion due to the gravitational influence of local matter is removed. But since

the Hubble law implies that the apparent recession due to the universal expansion becomes more

important for more distant galaxies, in practice peculiar velocities are an important complication

only for the nearest galaxies.

Exercise 2: For the Robertson-Walker geometry show that if a photon having wave-

lengthλem is emitted at a timetem, whena(tem) = aem, and is received with a wave-

lengthλobs at a later timetobs for which a(tobs) = aobs, then it experiences a redshift

z= (aobs/aem)−1, where redshift is defined byz≡ (λobs−λem)/λem. Notice that this

implies that universal expansion (i.e. aobs> aem) impliesz> 0, making the observed

wavelength longer (more red) than the emitted one.

How the scale factor evolves with time depends on what kind of matter the universe contains,

in a way which is dictated by the field equations for gravity. Assuming these aregiven by Ein-

stein’s General Theory of Relativity implies that this connection between spacetime geometry and
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universal energy content is given by

Rµν −
1
2

Rgµν = 8πGTµν , (1.3)

whereG is Newton’s constant, andR= gµνRµν whereRµν denotes the Ricci tensor — a particular

measure of the curvature of spacetime.

The tensorTµν on the right-hand-side of eq. (1.3) is the energy-momentum stress tensor ofthe

universe’s matter content, which is locally conserved in the sense that∇µTµν = 0. The most general

form for Tµν consistent with the homogeneity and isotropy of spacetime has the perfect-fluid form:

Tµν =

(

ρ 0

0 pgi j

)

, (1.4)

whereρ is the local energy density andp the local pressure. The indicesi, j = 1,2,3 run over the

spatial coordinates (as opposed to the spacetime indicesµ,ν = 0,1,2,3).

Once eq. (1.3) is specialized to the Robertson-Walker metric, eq. (1.1), and to (1.4), it reduces

to two independent equations governing the time-evolution of the scale factor, a(t): the Friedmann

equation,
(

ȧ
a

)2

+
κ
a2 =

ρ
3M2

p
(Friedmann), (1.5)

whereM−2
p ≡ 8πG, and the Raychaudhuri equation,

ä
a

= − 1
6M2

p

(

ρ +3p
)

(Raychaudhuri). (1.6)

It is often useful to trade eq. (1.6) for the equivalent first-order equation which expresses conserva-

tion of energy:
d
dt

(

ρ a3
)

= −p
d
dt

(

a3
)

(energy conservation), (1.7)

since eqs. (1.5) and (1.7) together imply eq. (1.6).

1.2 Universal energy content

At present, the universe appears to be well-described by a fluid which contains four indepen-

dent contributions to its stress energy,

Tµν =
4

∑
i=1

T i
µν . (1.8)

Furthermore, each component of this fluid appears to exchange energyand momentum negligibly

with the others, so∇µT i
µν = 0, for eachi. In terms of the corresponding energy densities,ρi , and

pressures,pi , — defined forT i
µν as in eq. (1.4) — this implies that each component separately

satisfies eq. (1.7).

For the purposes of cosmology, several important things are known about the universal stress-

energy content.
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Total Energy Density:

The best current measurements of the present-day Hubble scale,H0 = (ȧ/a)0, together with the

measured overall curvature of space,κ/a2
0, taken with the Friedmann equation, eq. (1.5), tell us

the present value of the total energy density,ρtot = ∑i ρi , of the universe. The curvature of space,

κ/a2
0, can be inferred from the properties of the measured temperature fluctuations of the CMBR

together with the measured value ofH0, and implyκ/a2
0 is presently consistent with zero (i.e. a

spatially flat universe). Using this, and the measured value forH0, in eq. (1.5) then implies

ρtot ∼ ρc = 3M2
pH2

0 ∼ 10−29g/cm3 . (1.9)

The Friedmann equation, eq. (1.5), can then be rewritten as

∑
i

Ωi = 1, (1.10)

whereΩi = ρi/ρc denotes the present-day fraction of energy density contributed by eachfluid

component, and the sum runs over all components.

At present there is good evidence for there being the following four components to the cosmic

fluid:

Radiation:

We see the universe around us is filled with photons, whose energy density is dominated by the

photons of the CMBR. The pressure and energy density of a gas of photons are related by the

equation of state

prad =
1
3

ρrad. (1.11)

These photons are observed to have a thermal distribution, with temperature2.715 K.

On particle-physics grounds it is also believed that there are also an almostequally large num-

ber of Cosmic Relic Neutrinos (CRNs), whose masses are small enough to have been relativistic

at least up to very recent epochs of the universe. Furthermore, these neutrinos are calculated to be

thermally distributed, with temperatureTν ∼ 1.9 K. Since any gas of weakly-interacting relativistic

particles satisfies the equation of state, eq. (1.11), these neutrinos are normally lumped together

with the photons into the energy density and pressure of cosmic radiation.

The observed total energy density of radiation is a small fraction of the present total energy

density,

Ωrad =

(

ρrad

ρ

)

now
≈ 8×10−5 , (1.12)

of which roughly 3×10−5 comes from the neutrinos.

Baryons:

The universe also contains ordinary matter (electrons, nuclei, atoms) in large numbers, whose num-

ber density is normally counted as a contribution to the conserved density of baryon number (for

which neutrons and protons carry+1 unit while electrons carry none). (Although this technically
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Lectures on String Inflation

does not count the electrons, the overall electrical neutrality of the universe tells us that the number

of electrons is the same as the number of protons.)

Since this kind of matter is non-relativistic, its average kinetic energy —i.e. its pressure — is

smaller than the energy tied up in its rest mass by an amount of orderv2/c2, and so its equation of

state is

pB ≈ 0. (1.13)

Even though the number density of baryons is numerically much less numerousthan photons,

nB/nγ ≈ 5×10−10, their relatively large rest mass implies they make up a larger component of the

present day energy density than does the radiation:

ΩB =

(

ρB

ρ

)

now
≈ 4%. (1.14)

The number ofvisiblebaryons is much smaller than this, but the total amount of baryons present can

nonetheless be determined because of its influence both on the observed temperature fluctuations

of the CMBR and on the relative abundance of light nuclei which were formed in the very early

universe.

Dark Matter:

Observations of how stars move within galaxies, how galaxies move within clusters and of how the

gravity of matter as a whole influences galaxy formation and the temperature fluctuations in the

CMBR provide good, consistent evidence for the existence of a large amount of non-relativistic

matter which gravitates just like ordinary baryons do, also with an equation ofstate for non-

relativistic matter:

pDM ≈ 0. (1.15)

Agreement with observations requires the overall abundance of this Dark Matter to be

ΩDM =

(

ρDM

ρ

)

now
≈ 26%. (1.16)

Since both baryons and Dark Matter share the same equation of state, it is common to lump

them together into an overall energy density of non-relativistic matter,

Ωm = ΩB +ΩDM ≈ 30%. (1.17)

Dark Energy:

For the past decade evidence has been accumulating for the existence ofyet another kind of invisi-

ble matter, in addition to the Dark Matter just described. The existence of this matter is inferred in

two different ways.

First, it is clear that the sum of the energy density of the above-mentioned fluid components

does not yet add up to the observed total energy density,ρc. (Fig. 1 shows the accuracy of this
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Figure 1: Current constraints on the relative abundance of Dark Matter and Dark Energy, as inferred using
properties of the CMBR and measurements of large-scale structure. The diagonal line corresponds to a
universe having total density,ρ = ρc, as discussed in the text [4].

determination obtained using CMBR and large-scale structure measurements.)This indicates the

need for a missing component — called ‘Dark Energy’ — satisfying

ΩΛ =

(

ρDE

ρ

)

now
≈ 70%. (1.18)

Second, detailed tests of the Hubble expansion rate using supernovae show that the overall

expansion rate of the universe,H = ȧ/a, appears to beincreasingat present. As eq. (1.6) shows,

this can only happen for positive energy density,ρ > 0, if the total pressure is sufficiently negative,

p<−1
3ρ. Since this is not true for any of the fluid components entertained to this point, something

else must exist whose pressure is negative and at present dominates that of the other forms of

matter.

Indeed, present-day understanding of the microscopic laws of Nature do allow pressure to be

negative, and the simplest candidate is the vacuum itself for which Lorentz invariance implies its

stress energy must satisfy〈Tµν〉 ∝ gµν , and so is predicted to have the equation of state

pDE ≈−ρDE . (1.19)

This equation of state is assumed in what follows for Dark Energy, and agrees with the present

observational bounds, which implypDE/ρDE < −0.8. Crucially, the amount of matter having

this equation of state which reproduces the observed acceleration in the universal expansion is

consistent with the energy density required to ensure∑i Ωi = 1, as required by measurements ofH0

andκ/a2
0.
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1.3 Domination by radiation, matter and Dark Energy

The different equations of state satisfied by radiation, non-relativistic matter (i.e. baryons and

Dark Matter) and Dark Energy implies that their relative abundances differed in the past universe

because their energy densities vary differently as the universe expands.

Dependence ofρ on a

Notice that each of the above equations of state implies that the ratiowi = pi/ρi is time-

independent, with

wrad =
1
3

, wm = 0 and wDE = −1, (1.20)

and using this allows eq. (1.7) to be integrated to give

ρi = ρi0

(a0

a

)αi

, (1.21)

whereαi = 3(1+wi), and so

αrad = 4, αm = 3 and αDE = 0. (1.22)

Combining these results shows how the total energy density evolves with time given an initial

density,ρ0, which is divided into an initial fraction,fi = ρi0/ρ0, of radiation (rad), non-relativistic

matter (m) and Dark Energy(DE):

ρ(a) = ρ0

[

fDE + fm
(a0

a

)3
+ frad

(a0

a

)4
]

. (1.23)

Because each term in the sum varies so differently with time, the history of the universe breaks up

into epochs during each of which one term or another dominates, and so controls the overall change

of ρ(a), as shown in Fig. (2).

Exercise 3: Given the present-day abundances of radiation and matter, and using the

relation a0/a = 1+ z (see Problem 2) between redshift and scale factor, show that

the epoch where the energy density in radiation equals that of non-relativistic matter

occurs at redshiftzeq≈ 3600. Show that if Dark Matter did not exist (so baryons were

the only non-relativistic matter), then the epoch of radiation-matter equality would

have instead occurred much later, atzBeq≈ 480.

Notice in particular that the contribution to the Friedmann equation, eq. (1.5), of the ‘curvature

term’, κ/a2, falls more quickly than doesρDE (which does not fall at all), but more slowly thanρrad

andρm. Since present-day measurements are consistent withκ/a2 ≈ 0, it follows that curvature

becomes less and less important the further back into the past we look.
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Figure 2: The energy density of radiation, non-relativistic matter and Dark Energy as a function of the
universal scale factor, in units for whichρ = a = 1 at present.

Dependence ofa on t

The dependence ofa on t (and so also ofH on a), may be obtained from the Friedmann

equation, eq. (1.5), using the above expression forρ(a). Settingκ = 0, this implies

(t − t0) =
√

3Mp

∫ a

a0

dâ

â
√

ρ(â)
, (1.24)

In general the right-hand side involves elliptic integrals, however it takes asimple form whenever

ρ(a) is dominated by one component of the cosmic fluid (as it almost always is). In this instance

we haveρ(a) ≈ ρ0(a0/a)α , whereα = 3(1+w), and so eq. (1.24) is easily integrated, leading to

a(t) = a0

(

t
t0

)β
and so H−1(t) =

t
β

, (1.25)

whereβ = 2/α = 2
3(1+w)−1 for w 6= −1, and soβ = 2

3 whenw = 0 andβ = 1
2 whenw = 1

3. For

later purposes, two things are worth remarking here. First, notice thata(t) grows so quickly that it

could have grown from zero size over a finite time interval. Second,a(t) grows more slowly than

does the Hubble length,H−1(t), so long asβ < 1 (i.e. for w > −1
3). This is true in particular for

both radiation- and matter-dominated universes.
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For the exceptional casew=−1 we haveα = 0 and soρ = ρ⋆ is constant, so integration gives

instead

a(t) = a0exp
[

H⋆(t − t0)
]

with H−1(t) = H−1
⋆ =

(

3M2
p

ρ⋆

)1/2

. (1.26)

Herea(t) grows more quickly thanH−1(t) (which in this case does not grow at all).

1.4 Major Events

The Hot Big Bang model for cosmology assumes the universe was initially a hot soup of ele-

mentary particles, whose temperature was once at least 10 billion degrees.In broad brush strokes,

its later evolution describes the cooling of this hot soup as the universe expands, for which conser-

vation of entropy implies (for relativistic particles)

T(t) = T0

(

a0

a(t)

)

. (1.27)

For the purposes of later observations, there are two main consequences of such a cooling:

• Reduced Reaction Rates:Reaction rates in dilute systems are generically proportional to

the number of participants per unit volume, because the reactants must be able to find one

another before they are able to react. But since these particle densities fall as the universal

volume grows, reaction rates also fall. This implies that one of the main trends ofcosmology

is the falling out of equilibrium of various thermal and chemical reactions.

• Formation of Bound States: A corollary of the previous point is the appearance of bound

states of particles as the universe ages. Although the reactions forming bound states can al-

ways occur, at the earliest epochs temperatures are high enough to ensure that collisions very

efficiently destroy these bound states – leaving very few to survive in equilibrium conditions.

But inter-particle collisions become less violent as the temperature falls, so that eventually

the reactions of formation can dominate to leave a population of primordial relictbound

states.

At very early epochs phase transitions are also expected to play an important role in the cosmic

evolution, but as yet there is no direct evidence that such transitions tookplace.

Most of the observational consequences of the Hot Big Bang revolve about the detection of

such relics, together with the detailed measuring of their properties. A compressed history of the

Hot Big Bang era then becomes a summary of which relics have been observed, and when they

formed.

Big Bang Nucleosynthesisis the earliest cosmic event – occurring at a redshiftzBBN ∼ 1010 – for

which we have direct observational evidence. At this time the temperature first cooled below about

1 MeV, at which point light nuclei (isotopes of Hydrogen, Helium, Lithium and Beryllium) first

began to accumulate from their constituent protons and neutrons. Observational evidence for this

epoch comes from measuring the relative abundance of these primordial elements, and comparing
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the results with the predictions of nuclear physics. The success of these comparisons also provides

a direct measure of the total baryon number density at this epoch, because this density strongly

affects the various nuclear reaction rates.

Radiation - Matter Crossover is defined as the epoch when relativistic particles (radiation) stop

being the dominant contribution to the cosmic energy density, passing this batonto non-relativistic

Dark Matter (and baryons). As seen in Problem 3, this occurs at redshift zeq∼ 3600. An important

consequence of this crossover is in the speed with which gravity can enhance the growth of any

initial density inhomogeneities. These can grow proportional toa during matter domination, while

they only grow logarithmically witha during radiation domination.

Recombination is the epoch where free nuclei and electrons first combine into neutral atoms, at

which point the universe first becomes transparent to photons having visible and near-UV wave-

lengths. For Hydrogen, which dominates the cosmic baryon abundance, this occurs over a com-

paratively short epoch (spread over a redshift interval of a few hundred) aroundzrec∼ 1100. The

CMBR has its origin as the light which is liberated by the universe’s newfound transparency at this

epoch, and so measurements of its temperature fluctuations,δT/T ∼ 10−5, provide direct infor-

mation about the size of primordial density fluctuations in the cosmic environmentat this time.

Galaxy Formation occurs once primordial density fluctuations have been amplified to the point

that their evolution is no longer well-described as linear perturbations. Thispicture describes well

the observed distribution of galaxies in the universe, but only given the presence of non-relativistic

Dark Matter. Dark Matter is required since the amplitude of density fluctuationsis known to be

very small at the epoch of recombination, and does not grow strongly untilafter radiation-matter

crossover (which occurs much later in the absence of Dark Matter).

1.5 Special Initial Conditions

In a nutshell, the previous section describes a simple and consistent pictureof the relatively

recent universe, described by Hot Big Bang cosmology, which is able toaccount for the many

observations of the overall structure and evolution of the universe which are now being made.

This success comes with some cost, however. Besides having to postulate theexistence of two

new forms of matter – Dark Matter and Dark Energy — for which we have no other evidence

outside of cosmology — it is also necessary to start the universe off with a special kind of initial

conditions. This section describes these initial conditions, together with a theoretical framework

for their explanation in terms of the still-earlier history of the nascent universe.

It is common to couch the discussion of the special initial conditions required by the Big Bang

model in terms of initial-condition ‘problems’, of which there are at least threetypes.

The Flatness Problem

The first problem concerns the spatial flatness of the present-day universe, which is suggested by

observations of the temperature fluctuations in the CMBR. These observations indicate that the

quantityκ/a2 of the Friedmann equation, eq. (1.5), is at present consistent with zero.In order to
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see why this constitutes a problematic initial condition it is useful to divide this equation byH(t)

to give

1+
κ

(aH)2 =
8πGρ
3H2 ≡ Ω(a) . (1.28)

Since the productaH decreases with time (during both matter and radiation domination), this shows

that the curvature term becomes more and more important as time passes.

The problem arises because observations indicate that at presentΩ = Ω0 is unity to within

about 10%. But during the matter-dominated era which is just ending the product (aH)2 ∝ a−1 so,

using the result of Problem 3, at the point of radiation-matter equality we musthave had

Ω(zeq)−1 =
(

Ω0−1
)

(1+zeq)
−1 =

0.1
3600

≈ 2.8×10−5 . (1.29)

So if Ω0 is now within 10% of unity, then it was within a few tens of a millionth at the time of

radiation-matter equality.

Earlier than this the universe was radiation-dominated, and so(aH)2 ∝ a−2. SincezBBN ∼ 1010

at the epoch of Big Bang Nucleosynthesis we have

Ω(zBBN)−1 =
[

Ω(zeq)−1
]

(

1+zeq

1+zBBN

)2

=
0.1

3600

(

3600
1010

)2

≈ 3.6×10−18, (1.30)

requiringΩ to be unity with an accuracy of roughly a part in 1018. The further back one goes, the

more fantastic the accuracy with which we must startΩ near 1 in order to properly describe the

universe as we now see it. One’s discomfort of having the success of atheory hinge so sensitively

on the precise value of an initial condition in this way is known as the Big Bang’sFlatness Problem.

The Horizon Problem

The Big Bang’sHorizon Problemasks why the initial universe is so very homogeneous. In par-

ticular, the temperature fluctuations of the CMBR only arise at the level of 1 part in 105, and

the question is why this temperature should be so incredibly uniform across thesky. Why is this

regarded as a problem? After all, gasses on earth often have a uniform temperature, and this is

usually understood as a consequence of thermal equilibrium because aninitially inhomogeneous

temperature distribution equilibrates by having heat flow between the hot andcold areas, until the

gas is eventually all at the same temperature.

What makes it odd to see the same temperature in all directions of the sky in the Hot Big

Bang model is that the universe generically expands so quickly –c.f. eq. (1.25) – that there has not

been enough time for light to travel across the entire sky to bring the news asto what the common

temperature is supposed to be. For instance, in a radiation-dominated universea(t) = a0(t/t0)1/2

andH(t) = 1/(2t) so the maximum proper distance that a light signal can travel by the time of

recombination,trec, is

Lrec = arec

∫ trec

0

dt̂
a(t̂)

= 2trec =
1

Hrec
=

1
H0

(

arec

a0

)3/2

≃ 1
H0

(

1
1100

)3/2

, (1.31)

which usesH ∝ a−3/2 during matter domination (as is appropriate between recombination and

now), anda0/arec = 1+zrec≃ 1100.
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Evaluating this usingH0 = 75 km/sec/Mpc — or (keeping in mind our units for whichc = 1),

H−1
0 ≃ 13 Gyr≃ 4 Gpc — givesLrec≃ 0.2 Mpc. Now the surface of last scattering for the CMBR

at present is at a distance of order

D0 = a0

∫ t0

trec

dt̂
a(t̂)

= 3t0−3t2/3
0 t1/3

rec =
2

H0

[

1−
(

a0

arec

)

H0

Hrec

]

=
2

H0

[

1−
(

arec

a0

)1/2
]

, (1.32)

(usinga ∝ t2/3 andH ∝ a−3/2) and soD0 ≃ 2/H0 ≃ 8 Gpc. But due to the intervening expansion of

the universe, the angle subtended byLrecplaced at this distance away (in a spatially-flat geometry) is

reallyθ ≃ Lrec/Drec whereDrec= (arec/a0)D0 ≃ 7 Mpc is its distanceat the time of last scattering,

leading toθ ≃ 1o. Any two directions separated by more than this angle (about twice the angular

size of the Moon, seen from Earth) are so far apart that light had not yet had time to reach one from

the other since the universe’s beginning. How could all the directions we see then have known they

were all to equilibrate to the same temperature? It is very much as if we were to find a very uniform

temperature distribution,immediatelyafter the explosion of a very powerful bomb.

A Defect Problem?

A third problem called theDefect Problem1 can arise if one extrapolates the Big Bang back to

times much earlier than the epoch of Big Bang Nucleosynthesis. Unlike the previous two problems,

whether this problem really arises or not depends on the kind of physics describing these very short

distances and high energies.

The potential problem arises if the physics of these scales implies the universe passed through

the kind of phase transition during an earlier epoch, which produces topological defects. These

defects can take the form of very massive particles (possibly carrying magnetic charges, and so

calledmagnetic monopoles); long thin cosmic strings, which could now be stretched across the

visible universe; or two-dimensionaldomain wallsor sheets which cross the universe.

These kinds of objects can be fatal to successful late-time cosmology, depending on how many

of them survive down to the present epoch. For instance if the defects are monopoles, then they

typically are extremely massive and so behave like non-relativistic matter. Butthese can cause

problems, depending on how abundantly they are produced – typically as much one per Hubble

volume: n ∼ H3. For instance, since the energy density of such particles falls more slowly than

does radiation as the universe expands, it can easily come to dominate the universe well before the

nucleosynthesis epoch. This could cause the universe to expand (andso cool) too quickly as nuclei

were forming, and so give the wrong abundances of light nuclei. Even ifnot sufficiently abundant

during BBN, the energy density in relict defects can be inconsistent with measures of the current

energy density.

This is clearly a much more hypothetical problem than are the other two, unlessyou are com-

mitted to a particular theory for the high-energy physics of the very early universe which produces

these types of defects.

1Sometimes also known as theMonopole Problem.
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2. Cosmic Inflation

Cosmic Inflation was initially motivated as a way to understand how these specialinitial con-

ditions of the Hot Big Bang model might be understood as naturally arising from the dynamics of

a much earlier epoch. Quite compellingly, it has been found more recently alsoto provide a simple

explanation for the origin of the primordial density fluctuations whose presence seeds both the ob-

served temperature fluctuations of the CMBR and the formation of galaxies through gravitational

collapse. (For textbook treatments of inflation, see ref. [6, 7, 3], and for recent reviews see ref. [8].)

2.1 The Inflationary Paradigm

The idea ofCosmic Inflationis that all three of the above problems can be solved if the history

of the universe were to have undergone a period of accelerated expansion at some point in its very

distant past. For example, suppose the universe were to temporarily passthrough an epoch during

which the dominant component of the cosmic fluid were to have an approximatelyconstant energy

density,ρ = M4
I , which would require the equation of statep = −ρ. This is the equation of state

used above for the vacuum, but now the value of the energy density is to bechosen to be much

larger, such asMI ∼ 1015 GeV.

During any such an epoch we have seen that the Hubble scale remains constant,HI ∼ M2
I /Mp,

and the scale factor grows exponentially, or inflates, according to eq. (1.26): a(t) = a0 exp[HI (t −
t0)]. This expansion law implies that the combinationaH now grows exponentially with time,

rather than falling as it did for matter- or radiation-domination. This last observation shows why

this kind of expansion can solve the flatness, horizon and defect problems, as we now see.

Flatness Problem: SinceaH grows exponentially it does not take long for any initial curvature,

κ/(aH), to be diluted to extremely small values. Precisely how much dilution is required? For

example, suppose the universe were radiation dominated all the way back toan extremely high

temperature likeTM ∼ MI ∼ 1015 GeV. SinceT ∝ 1/a — and since light nuclei form at roughly

TBBN∼ 1 MeV — the universe expands by a factoraBBN/aM = TM/TBBN∼ 1018 while cooling from

TM to nucleosynthesis. SinceaH ∝ 1/a (radiation domination) during this time it also follows that

(aH)M/(aH)BBN ∼ 1018. Comparing with eq. (1.30) shows that the universe must have been very

flat indeed at this early epoch:

Ω(zM)−1 ∼ (Ω0(zBBN)−1)

[

(aH)BBN

(aH)M

]2

∼ 3.6×10−54
(

1015 GeV
TM

)2

. (2.1)

Since(aH)t/(aH)0 = a(t)/a0 = exp[HI (t − t0)] during exponential expansion, even such a

small initial condition would very easily be explained if the radiation-dominated epoch were pre-

ceded by exponential expansion for a period of time,∆t, satisfying

Ne ≡ HI ∆t >∼
1
2

ln
(

3×1053)≃ 62. (2.2)
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That is, under these circumstances generic initial conditions get sucked towards very flat geometries

by inflation, with sufficient flatness arising even in extreme circumstances given about 60e-foldings

of inflation.

Horizon Problem: This type of accelerated expansion can also solve the horizon problem because

onceaH is increasing physical distance scales,L(t) = a(t)ℓ, grow more quickly than does the

Hubble length,H−1(t). Modes which were initially shorter than the Hubble length eventually can

be stretched to be larger than the Hubble scale. The larger the co-moving scale,ℓ, that is involved,

the earlier it grows larger than the Hubble length during inflation. This makes itpossible to have

ordinary causal processes be stretched during inflationary times to appear at late times as if they

were too far apart to be causally related.

How much inflation is required to make this work? The largest proper scales presently visible

to us are of orderH−1
0 ∼ 4 Gpc, and so we focus our attention to scales that are presently this size,

L(t0) = a0ℓ∼H−1
0 , or ℓ∼ 1/(aH)0. BecauseaH decreases during radiation- and matter-dominated

epochs, such scales satisfiedL(t) > H−1(t) at earlier times, with for example

L(tBBN)

H−1
BBN

= ℓ(aH)BBN =

[

(aH)BBN

(aH)eq

][

(aH)eq

(aH)0

]

=

(

aeq

aBBN

)(

a0

aeq

)1/2

≃ 2×108 , (2.3)

at the epoch of nucleosynthesis.

During exponential expansion, however,L/H−1 grows and so we ask how much exponential

expansion is required in order to ensure that this scale also satisfiesL < H−1 at some earlier time,

the, called the time ofhorizon exit. For times earlier than this (during or before inflation) causal

processes can be at work to explain things like the present-day uniformity of the CMB temperature

over these scales. (See Figure 5 for a sketch of the relative sizes ofL andH−1, during and after

inflation.)

For simplicity we assume that inflation ends whent = tend and the universe then makes an

immediate transition from an inflationary epoch, whereρ = ρI = M4
I is approximately constant, to a

radiation-dominated epoch whose initialreheat temperatureis alsoT ∼MI (i.e. reheats with perfect

efficiency). In this case at the epoch of horizon exit we have (by assumption)L(the) = ℓahe = H−1
he

and soℓ = (aH)−1
0 = (aH)−1

he . Consequently,

1 =
a0H0

aheHhe
=

(

aendHend

aheHhe

)(

aeqHeq

aendHend

)(

a0H0

aeqHeq

)

, (2.4)

which we solve foraend/ahe = eNe = eHI (tend−the), assuming a constant energy density during infla-

tion, and soHhe≈Hend. Using, as above,(aeqHeq)/(a0H0)= (a0/aeq)
1/2≃60, and(aeqHeq)/(aendHend)=

aend/aeq = Teq/TM with Teq∼ 3 eV leads to

Ne ∼ ln
[

(3×1023)×60
]

+ ln

(

TM

1015 GeV

)

≈ 58+ ln

(

TM

1015 GeV

)

. (2.5)

Again we see that roughly 60e-foldings of exponential expansion can provide a framework

for explaining how causal physics might provide the observed correlations that are observed in the

CMBR over the largest scales. We shall see below that life is even better than this, because in
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addition to providing aframeworkin which a causal understanding of correlations could be solved,

inflation itself can provide themechanismfor explaining these correlations (given an inflationary

scale of the right size).

Defect Problem: Inflation can also solve the defect problem — within theories for which this needs

solving — for similar reasons. Consider for example monopoles, which are typically predicted to

be produced one per Hubble volume,H−3
f , at the epoch where they are formed. Consequently

their number density at that time would benf ∼ H3
f . The number density at later times is therefore

n = H3
f (af /a)3 and so the number of defects per Hubble volume at later times isNdef = nH−3 =

[(aH) f /(aH)]3. As such it is clear that this number gets enormously dilutedif the monopoles are

produced before inflation, because of the enormous exponential suppression which is then possible

for (aH) f /(aH).

2.2 Single-Field Models

So far so good, but the devil is in the details. Obtaining the benefits of such an exponential

expansion requires two things:(i) some sort of physics which can hang the universe up for a rela-

tively long period with a vacuum-dominated equation of state,p≈ −ρ; and(ii ) some mechanism

for ending this epoch to allow the later appearance of the radiation-dominatedepoch within which

the usual Big Bang cosmology starts. Although a number of models exist for the kinds of physics

which might do this, none of these models yet seems completely compelling. This section describes

some of the very simplest such models, in order to see some of their successes and limitations, and

to see what their implications can be for the large-scale structure seen in the later universe.

No way is known to obtain inflation simply using the known particles and interactions, and

so inflationary models are characterized by what kind of new physics is invented to describe the

inflationary dynamics. For the vast majority of models this new physics comes from the dynamics

of a scalar field,ϕ(x), (called theinflaton) which can be thought to be an order parameter character-

izing the nature of the vacuum in the theory which describes the very high energy physics relevant

to inflationary cosmology. Although the fieldϕ can in principle depend on both position and time,

inflation turns out rapidly to smooth out spatial variations, and so it sufficesto studyϕ = ϕ(t).

The simplest such a relativistic order parameter has a dynamics which is determined by a

potential energy,V(ϕ), and satisfies the following field equation,

ϕ̈ +3Hϕ̇ +V ′ = 0, (2.6)

whereV ′ = dV/dϕ . Its gravitational influence is described by the usual Friedmann and acceleration

equations, but including also aϕ-dependent contribution to the energy and pressure:ρ = ρrad+

ρm + ρϕ and p = 1
3 ρrad+ pϕ , whereρrad andρm describe the energy density of relativistic and

non-relativistic matter, and

ρϕ =
1
2

ϕ̇2 +V(ϕ) and pϕ =
1
2

ϕ̇2−V(ϕ) . (2.7)

We imagine the Dark Energy of the modern epoch to correspond to there being a very small constant

term inV, which is assumed to presently dominate.
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As is easy to check, with these choices energy conservation for theϕ field — ρ̇ϕ +3(ȧ/a)(ρϕ +

pϕ) = 0 follows from the field equation, eq. (2.6), and soϕ exchanges energy with the rest of

the cosmic ingredients purely through their mutual gravitational interactions. The ϕ field is not

imagined to be in thermal equilibrium with itself or with the other kinds of matter, and thisis self-

consistent because it couples to the other matter only gravitationally (which is too weak to establish

equilibrium).

Slow-Roll Inflation

We seek a solution to these equations forϕ(t) for which the Hubble parameter,H, is approx-

imately constant. This is ensured if the total energy density is dominated byρϕ , with ρϕ also

approximately constant. Energy conservation then requires the pressure to satisfypϕ ≈ −ρϕ . It

does not matter here thatϕ is not in equilibrium, since forϕ we ask that this relation betweenρϕ

andpϕ to follow as a consequence of the field equations and not as an equation ofstate. Inspection

of eqs. (2.7) shows that the regime of interest is when theϕ kinetic energy is negligible compared

with its kinetic energy:1
2ϕ̇2 ≪ V(ϕ) since thenpϕ ≈ −V(ϕ) ≈ −ρϕ . So long asV(ϕ) is also

much larger than any other energy densities, it would dominate andH2 ≈V/(3M2
p) would then be

approximately constant.

What properties mustV(ϕ) satisfy in order to allow such an extended period of slow rolling?

Clearly the field equation (2.6) only permits precisely time-independent solutions,ϕ = ϕ0, at points

where the potential is stationary,V ′(ϕ0) = 0. As we now quantify, a sufficient condition for having

a long period of time withϕ very slowly moving requiresboth ϕ̇ and ϕ̈ to remain small for the

entire inflationary period, and so requires bothV ′ andV ′′ to be close to zero for a sufficiently broad

range ofϕ .

More specifically, in order to have a prolonged slow roll we must demandϕ̈ ≪ Hϕ̇, which

allows eq. (2.6) to be approximately written in the followingslow-roll approximation

ϕ̇ ≈−
(

V ′

3H

)

. (2.8)

Using this in the condition12ϕ̇2 ≪V showsV must satisfy(V ′)2/(9H2V) ≪ 1, or

ε ≡ 1
2

(

MpV ′

V

)2

≪ 1. (2.9)

A self-consistency condition for using eq. (2.8) throughout inflation is therequirement thaẗϕ re-

mains small. Differentiating eq. (2.8) with respect tot, and using the approximate constancy of

H givesϕ̈ ≈−V ′′ϕ̇/(3H). Demanding this remain small (in absolute value) compared with 3Hϕ̇ ,

then gives|V ′′/(3H)2| ≪ 1, or |η | ≪ 1 where

η ≡
M2

pV ′′

V
. (2.10)

As we shall see, all of the important predictions of single-field slow-roll inflation for density fluc-

tuations can be expressed in terms of these two small parameters,ε andη , together with the value

of the Hubble parameter,H, during inflation.
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We have seen that the success of inflation relies on obtaining sufficient expansion, and so it is

convenient to relate the amount of expansion directly to the distanceϕ traverses in field space. To

this end, rewriting eq. (2.8) in terms ofϕ ′ ≡ dϕ/da, leads to

dϕ
da

=
ϕ̇
ȧ

= − V ′

3aH2 = −
M2

pV ′

aV
, (2.11)

which when integrated between the initial value,ϕi , and final value,ϕend, implies the universal

expansion during inflation is given byaend/ai ≡ exp(NI ), with

NI (ϕi) =
∫ aend

ai

da
a

=
∫ ϕi

ϕend

dϕ

(

V
M2

pV ′

)

=
1

Mp

∫ ϕi

ϕend

dϕ√
2ε

. (2.12)

Sinceϕend can be defined by the point where the slow-roll parameters are no longersmall, this last

equation can be read as definingϕi(NI ), as a function of the desired number ofe-foldings. This

is most usefully applied to finding the number ofe-foldings,Ne, between the the epoch of horizon

exit – as defined below eq. (2.4) – and the end of inflation:Ne ≡ NI (ϕhe), since it is this quantity

which is constrained to be large by the horizon and flatness problems. Noticealso that ifε were

approximately constant during inflation, then eq. (2.12) implies thatNI ≈ (ϕi −ϕend)/(
√

2ε Mp).

In such a caseϕ must traverse a range larger thanO(Mp) betweenϕi andϕend in order to obtain 60

or moree-foldings, unlessε <∼ 10−4.

Large- and Small-Field Examples

Consider, for example, the special case where

V = A+
1
2

Bϕ2 +
1
4

λ 2 ϕ4 , (2.13)

and so for which

V ′ = Bϕ +λ 2 ϕ3 and V ′′ = B+3λ 2 ϕ2 . (2.14)

There are two examples of slow rolls which arise in this case and which (for observational purposes)

are representative of two of the main classes of inflationary models.

Large-Field Inflation:

For very largeϕ we haveV ≈ 1
4 λ 2 ϕ4, V ′ ≈ λ 2 ϕ3 andV ′′ ≈ 3λ 2 ϕ2 and so

ε ≈ 1
2

(

4Mp

ϕ

)2

and η ≈
12M2

p

ϕ2 . (2.15)

while the scale for inflation isM4
I ≡ V ≈ 1

4 λ 2 ϕ4 and soHI ≈ λ ϕ2/(2
√

3Mp). [More generally,

for M4
I = V ≈ 1

n λ 2 ϕn, V ′ ≈ λ 2 ϕn−1 andV ′′ ≈ (n−1)λ 2 ϕn−2 and soε ≈ 1
2 (nMp/ϕ)2 andη ≈

n(n−1)M2
p/ϕ2, and the Hubble scale for inflation isHI ≈ λ ϕ2/(

√
3nMp).]

In this caseη ≈ 3
2 ε > 0 and both are small providedϕ ≫ Mp (which is consistent with the

large-ϕ approximation being used). In this regimeϕ (and so alsoV andH) remains approximately

constant despite there being no stationary point forV at largeϕ because Hubble friction keepsϕ
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from sliding down the potential very quickly. Sinceϕ evolves towards smaller values, eventually

slow roll ends onceη andε becomeO(1). Sinceη > ε, it is convenient to defineϕend by η = 3
4,

which impliesϕend= 4Mp.

The number ofe-foldings between horizon exit andϕend= 4Mp is given by eq. (2.12), which

becomes

Ne ≡ NI (ϕhe) =
∫ ϕhe

ϕend

dϕ

(

ϕ
4M2

p

)

=
ϕ2

he

8M2
p
−2. (2.16)

This shows that obtainingNe > 60e-foldings requires choosingϕhe >∼ 22Mp.

Small-Field Inflation:

Alternatively, imagine again using the potential of eq. (2.13), but instead assumingB = −µ2 < 0

and soV has a local maximum atϕ = 0. Sufficiently near this maximum,

ϕ2 ≪ min

(

2A
µ2 ,

2µ2

λ 2

)

, (2.17)

we haveV ≈ A≡ M4
I , V ′ ≈−µ2 ϕ andV ′′ ≈−µ2. If so, the slow-roll parameters become

ε ≈ 1
2

(

µ2Mp ϕ
A

)2

and η ≈−
(

µ2M2
p

A

)

. (2.18)

In this caseη < 0 andε = 1
2(ηϕ/Mp)

2. |η | is small providedµ2M2
p ≪ A and since we have

assumedϕ to be small we see that generically in this caseε ≪ |η |. Again the slow-roll regime is

consistent with the small-ϕ approximation with which we start. The inflationary scale isV ≈ A =

M4
I , and soH = M2

I /(
√

3Mp).

Physically, the scalar potential in this case can dominate the energy density because there is

always an unstable solution to the equations of motion corresponding to sitting with ϕ precisely at

rest at the local maximum, whereV ′ = 0. Solutions near this static solution can therefore be very

slow if they start sufficiently close to the maximum, or if the maximum is sufficiently shallow. As

we see below, only the second of these two options provides a bona fide inflationary model.

Sinceη is constant, the end of inflation occurs once eitherε becomesO(1) or once the small-

ϕ conditions, eq. (2.17), break down. Sinceε = O(1) requiresϕ = O(Mp/|η |), it is well outside

of the assumed small-field regime and so it is the failure of eq. (2.17) which kicks in first: ϕ2
end∼

min(2A/µ2,2µ2/λ 2). The total number ofe-foldings afterϕ = ϕhe, becomes in this case

Ne ≡ NI (ϕhe) =
∫ ϕhe

ϕend

dϕ

(

A
M2

p Bϕ

)

=
A

M2
pµ2 ln

(

ϕend

ϕhe

)

=
1
|η | ln

(

ϕend

ϕhe

)

. (2.19)

Since this only depends logarithmically onϕend/ϕhe, obtainingNe >∼ 60 generically requires|η | <∼
1/60= 0.017. Taking, for instance,A= M4

I with MI = 1014 GeV, then impliesµ <∼ M2
I /Mp = 1010

GeV.

Another way to makeNe large would be to takeϕhe → 0, since in this limitNe → ∞ cor-

responding to the solution which sits at the top of the maximum for an indefinitely long period.
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At first sight this choice seems attractive because it appears always to be possible, regardless of

how steeply the potential falls away from this maximum. However, in reality the inflaton field is

subject to fluctuations, such as due to quantum vacuum fluctuations which arise because the scalar-

field Hamiltonian — for which the vacuum is an eigenstate – does not commute with thefield,

φ , itself. ϕ is only a classical approximation to〈φ〉, but in an exponentially-expanding universe

the fluctuations about this value turn out to be of orderδϕ ∼ HI . Generically, then, we can only

chooseϕhe = 0 to within an accuracyδϕ ∼ HI , and so should restrictϕhe >∼ HI . For the potential

of current interest this impliesϕhe >∼ HI ∼ M2
I /Mp and so sinceϕend∼ min(M2

I /µ,µ/λ ), we have

ϕend/ϕhe <∼ Mp/µ or ϕend/ϕhe <∼ µMp/(λM2
I ) ∼

√

|η |/λ , showing that large values forNe really

do require|η | to be small.

Consistency of the Approximations

It is important for any inflationary model to ask whether the choices made forinflation are

consistent with approximations which are made when writing down a scalar potential. There are

three important criteria which must be satisfied.

1. Perturbation theory: Analyzing the dynamics ofϕ as a classical field (rather than a quan-

tum one) assumes the semi-classical approximation. For instance, the validity of this is

justified in the case studied above whenλ ≪ 1 andϕ2 <∼ |B|/λ 2.

2. Quantum Gravity: Neglect of the complications of quantum gravity require that no energy

densities should ever be allowed to be greater than Planck density. That is,1
2 ϕ̇2 ≪ M4

p

andV ≪ M4
p. In the example above this implies choosingA ≪ M4

p, ϕ/Mp ≪ Mp/µ and

ϕ/Mp ≪ λ−1/2. Note this can permit the large-ϕ regime,ϕ ≫ Mp, providedλ andµ/Mp

are sufficiently small.

3. High-Energy Corrections toV: Typically the integrating out of higher-energy physics gen-

erates corrections to the shape ofV, with the contributions due to physics at mass scaleM

generically contributing terms of orderδV ∼ ϕk/Mk−4 for all possible choices fork. If the

success of the inflationary model depends on the particular form forV it is therefore nec-

essary to understand why these corrections are not present or important in the example of

interest. For small-field inflation it is the absence of terms withk ≤ 4 which require expla-

nation, since these are not automatically suppressed by powers ofϕ/M. SinceM is typically

smaller thanMp, large-field inflation is sensitive to a potentially enormous range ofk’s, which

is to say that it must be understood why these corrections do not change the large-field form

of the potential.

2.3 Primordial Density Fluctuations

One of the successes of the Hot Big Bang is its description of the origins of galaxies, which

are understood as the final result of the gravitational amplification of whatwere initially very

small density inhomogeneities. This picture of structure formation very successfully describes the

observed distribution of galaxies, as well as how this distribution correlateswith the observed small
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temperature fluctuations of the CMBR. The structure-formation picture assumes the existence of

initially small primordial fluctuations about the homogeneous universe, and itssuccess depends on

assumptions made about their detailed properties. These are simply taken as an initial condition of

the Big Bang Model, with no attempt made to understand their origin.

Although originally motivated as a solution to the horizon and flatness problems, abonus

for inflationary models is their subsequent success in predicting the properties of the primordial

fluctuations which the Hot Big Bang requires. This prediction describes thefluctuations as being

due to ordinary microscopic quantum fluctuations of the inflaton field,δϕ , and the metric,δgµν ,

which become stretched up to cosmologically interesting scales by the inflationary expansion of

the universe. This section provides a heuristic description of these fluctuations before quoting the

final results which follow from more sophisticated calculations.

Fluctuation Phenomenology

Before describing what inflation can say about the properties of primordial fluctuations, first

recall how these fluctuations are characterized. Since the universe seems to be spatially flat, it is

convenient for these purposes to useκ = 0 for the background geometry, and to Fourier transform

fluctuating quantities. For instance, writing the fluctuating energy density in non-relativistic matter

asρ(r , t) = ρm(t)[1+δ (r , t)], we have

δ (r , t) =
∫

d3k
(2π)3 δk(t) exp[ik ·x] =

∫

d3k
(2π)3 δk(t) exp[i(k/a) · r ] , (2.20)

where homogeneity and isotropy of the background cosmology impliesδk(t) depends only on

k = |k| andt. x here denotes the co-moving coordinate, corresponding to physical distancer = ax,

so the physical wavelength associated with co-moving wave-numberk is λ = 2πa/k.

A useful statistic for quantifying the galaxy distribution is the density-density autocorrelation

function,ξρ(r , t), defined by

ξρ(r) =
〈

δ (r ′ + r)δ (r ′)
〉

=
∫

d3k
(2π)3 Pρ(k) exp[i(k/a) · r ] , (2.21)

where the average is over allr ′. This measures how likely it is to find a density excursion at a

physical distancer from a given density excursion. The integrand in the second equality defines

the power spectrum of density fluctuations,Pρ(k), which can be related toδk by Pρ(k) ∝ |δk|2. A

dimensionless measure of the power spectrum is obtained by performing the angular integration in

eq. (2.21), leading to

ξρ(r) =
∫ ∞

0

dk
k

∆2
ρ(k)

sin(kr/a)

kr/a
, (2.22)

where∆2
ρ = k3Pρ(k)/(2π2).

Theoretically, the evolution of linear perturbations within the Hot Big Bang allows Pρ(k, t) to

be computed in terms of the primordial spectrum,P0
ρ (k), of initial density distributions, according

to

Pρ(k, tnow) = P0
ρ (k)T (k, t0, tnow) , (2.23)
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Figure 3: A sketch of the linear density power spectrum,Pρ(k).

whereT (k, t, t ′) is a calculable transfer function.T has the property that it is approximately

independent ofk for smallk, and is proportional tok−4 for largek, with the transition between these

regimes occurring for co-moving wave-numbers satisfyingk ≃ (aH)eq at the epoch of radiation-

matter equality.

Physically, this form forT arises because those modes satisfyingk> keq≡ (aH)eq re-enter the

Hubble scalebeforeradiation-matter equality, while those withk < keq do so afterwards. However,

density fluctuations only grow logarithmically witha during radiation domination, but can grow

proportional toa during matter domination. All other things being equal, one therefore expects

modes withk < keq to have ak-dependent amplitude, because they grow over thek-dependent time

interval during which the universe expands by a factora0/ak ∝ k2, whereak is defined as the scale

factor at the epoch whereaH = k, and we use thataH ∝ a−1/2 during matter domination to conclude

ak ∝ k−2. By contrast, modes withk > keq all start growing at radiation-matter equality, and so are

amplified by ak-independent factor:a0/aeq. This implies modes withk > keq are stunted by an

amount proportional to(keq/k)2 relative to what one would get by extrapolating from the amplitude

of modes withk < keq, so their contribution to the power spectrum is suppressed byT ∝ 1/k4.

Observationally,Pρ(k) can be related to the galaxy-galaxy correlation function, which can be

measured from surveys of galaxy distributions. It can also be used to compute the temperature

fluctuations observed in the CMBR. These measure the correlations between the temperature devi-

ations seen in two directions,n andn′, as a function of their relative direction, cosθ = n ·n′, with

the result averaged over all possible orientations of these two vectors (for fixed relative direction,

θ ) in the sky. The result is conventionally expressed by expanding in a Legendre series,
〈

δT
T

(n)
δT
T

(n′)

〉

=
1

4π

∞

∑
l=0

(2l +1)Cl Pl (cosθ) , (2.24)
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Figure 4: Legendre coefficients for the CMBR temperature correlations, as measured by the WMAP col-
laboration [5].

and quoting the measured values forCl . (See Fig. 4 for recent measurements of these coefficients.)

Perturbations to the Dark Matter density,δρm, are related toδT/T because the temperature

fluctuations arise due to the redshift of CMBR photons as they climb out of thegravitational po-

tential wells that are generated byδρm — a phenomenon called theSachs-Wolfeeffect. (In a

matter-dominated universe, the quantityΦ + δT/T turns out to be a constant along a photon tra-

jectory [3]). Measurements agree well with what is expected theoretically,provided the primordial

power spectrum has a simple power-law formP0
ρ (k) = Akns, with ns ≃ 1.

The choicens = 1 is called theHarrison-Zel’dovich(HZ) spectrum, and is special because it

corresponds to the case where the dependence of∆2
ρ is approximately scale invariant for modes

which re-enter the horizon during the recent radiation-dominated universe: ∆2
ρ ∝ k0 for k > keq

(and so∆2
ρ ∝ k4 for k < keq). It also corresponds to scale-invariant fluctuations for the Newtonian

gravitational potential,Φ (defined in more detail for the relativistic case below), whenk < keq. To

see why, notice thatΦ is related toρ by the Poisson equation —i.e. ∇2Φ = 4πGρ — and so the

power spectra forΦ andρ should be related byPΦ(k) ∝ Pρ(k)/k4. Consequently, ifPρ(k) ∝ kns

for smallk, thenPΦ(k) ∝ kns−4 and the corresponding dimensionless power spectrum is∆2
Φ(k) ∝

k3PΦ(k) ∝ kns−1, which is independent ofk whenns = 1.

Evolution of Primordial Fluctuations

Since inflation provides the past from which the Hot Big Bang later evolves,it is natural to

try to compute quantities likeP0
Φ(k), assuming they arise from this earlier epoch. To this end it is

necessary to follow the evolution of small fluctuations in the inflaton,δϕ , as well as the metric,

δgµν , during and after the inflationary epoch.2

2The discussion here follows the excellent treatment in [3].
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The perturbations of the metric,δgµν come in three kinds:scalar, vectorand tensorfluctu-

ations, which differ in how they transform under rotations (and so evolveindependently of one

another at linear order in the fluctuations). After transforming to conformal time, η̂ =
∫

dt/a, the

scalar perturbations may be written

δSgµν = a2

(

2φ ∂ jB

∂iB 2ψ δi j +∂i∂ jE

)

, (2.25)

while the vector and tensor ones become

δVgµν = a2

(

0 V j

Vi ∂iW j +∂ jWi

)

and δTgµν = a2

(

0 0

0 hi j

)

. (2.26)

The freedom to perform infinitesimal coordinate transformations allows these functions to be

changed, so it is useful to define the following coordinate-invariant combinations:

Φ = φ − 1
a

[

a(B−E
′)
]′

, Ψ = ψ +
a′

a
(B−E

′) (2.27)

δ χ = δϕ −ϕ ′(B−E
′) , Vi = Vi −Wi and hi j ,

in terms of which all physical inferences can be drawn. Here primes denote differentiation with

respect to conformal time,̂η . Notice thatΦ, Ψ andVi reduce toφ , ψ andVi in the gauge choice

whereB = E = Wi = 0, and soΦ is the relativistic generalization of the Newtonian potential.

Exercise 4: Show that the combinations given in eqs. (2.27) are invariant under in-

finitesimal coordinate transformations:δϕ = ξ µ∂µϕ andδgµν = ξ λ ∂λ gµν +∂µξ λ gλν +

∂νξ λ gλ µ .

These functions are evolved forward in time by linearizing the relevant fieldequations:

�ϕ −V ′(ϕ) = 0 and Rµν −
1
2

Rgµν =
Tµν

M2
p

, (2.28)

and provided we use the invariant stress-energy perturbations,

δT
0

0 = δT0
0−
[

t0
0
]′

(B−E
′) ,

δT
0

i = δT0
i −
[

t0
0−

1
3

tk
k

]

∂i(B−E
′) , (2.29)

δT
i
j = δT i

j −
[

t i
j
]′

(B−E
′) ,

(wheretµ
ν denotes the background stress-energy), the results can be expressed purely in terms of

the gauge-invariant quantities, eqs. (2.27).

The equations which result show that in the absence of vector stress-energy perturbations, the

vector perturbationVi is not sourced, and decays very rapidly in an expanding universe, allowing it

to be henceforth ignored. Similarly, in the absence of off-diagonal stress-energy perturbations it is

also generic thatΨ = Φ.
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Figure 5: A sketch of the relative growth of physical scales,L(t), (in black) and the Hubble length,H−1, (in
blue) during and after inflation.

The equations which govern the evolution of tensor modes then become (after Fourier trans-

forming)

ḧi j +3H ḣi j +
k2

a2 hi j = 0, (2.30)

while the scalar fluctuations similarly reduce to

δ χ̈ +3Hδ χ̇ +
k2

a2 δ χ +V ′′(ϕ)δ χ −4ϕ̇ Φ̇+2V ′(ϕ)Φ = 0

and Φ̇+H Φ =
ϕ̇

2M2
p

δ χ , (2.31)

which shows that it is the time-dependence of the background configurations which forcesδ χ and

Φ to mix with one another. The homogeneous background fields in these expressions themselves

satisfy the equations

ϕ̈ +3Hϕ̇ +V ′(ϕ) = 0 and 3M2
pH2 =

1
2

ϕ̇2 +V(ϕ) . (2.32)

Exercise 5:Derive eq. (2.30). (Hint: use conformal time,η̂ =
∫

dt/a.)

Scalar Perturbations

The character of the solutions of these equations depends strongly on thesize ofk/a relative

to H, since this dictates the extent to which the frictional terms can compete with the spatial deriva-

tives. For instance, an approximate form for the two independent solutions for δ χ that applies

whenk/a≫ H is given by damped oscillations

δ χk ∝
1

a
√

k
exp

[

±ik
∫ t dt ′

a(t ′)

]

. (2.33)
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A similar expression in the limitk/a≪ H is also obtainable during inflation by using the slow-roll

approximation, for which we neglectδ χ̈ , ϕ̈ and Φ̇. In this case the approximate non-decaying

solution to

3Hδ χ̇ +V ′′(ϕ)δ χ +2V ′(ϕ)Φ ≃ 0 and 2M2
pH Φ ≃ ϕ̇δ χ , (2.34)

is given (after Fourier transformation) by

δ χk ≃Ck
V ′(ϕ)

V(ϕ)
and Φk ≃−Ck

2

(

V ′(ϕ)

V(ϕ)

)2

. (2.35)

whereCk is a (potentiallyk-dependent) constant of integration.

Exercise 6:Verify that eqs. (2.35) satisfy eqs. (2.34).

The transition between these two qualitatively different kinds of behaviouroccurs whenk/a≃
H. When the productaH is shrinking (such as during radiation and matter domination) the condi-

tion k/a = H is satisfied for successively smaller values ofk (longer wavelengths) as time goes on.

Conversely, whenaH grows (as during inflation) it is the larger values ofk (shorter wavelengths)

which satisfyk/a = H at later times. A typical mode with wavelengthλ = 2πa/k smaller than

the Hubble length,H−1, during inflation is therefore stretched until it eventually becomes larger

thanH−1, at the epoch of horizon exit. It continues to grow compared with the Hubblescale until

inflation ends, after which it isH−1 which grows faster thanλ (see Fig. 5).

During inflation, the modes of interest initially start off withk/a ≫ HI , and any initial os-

cillations are efficiently damped by the exponential factor 1/a ∝ e−HI t in eq. (2.33), removing all

memory of the initial configuration. However, eventuallyk/a falls far enough that the mode ‘leaves

the horizon’ to satisfyk/a≪ HI . At this point the growing solution, eq. (2.35), starts to dominate.

During inflation the growth of this solution is slow, becauseδ χk ∝
√

ε andΦk ∝ ε, where the slow-

roll parameter,ε, of eq. (2.9), is necessarily small. This evolution need no longer remain small

once inflation ends, but at this point the slow-roll assumption used to derive the solution, eq. (2.35)

breaks down.

Source of Fluctuations

The primordial fluctuation amplitude derived in this way depends on the integration constants

Ck, which are themselves set by the initial conditions for the fluctuation at horizon exit, during

inflation. But why should this amplitude be nonzero given that all previous evolution is strongly

damped, as in eq. (2.33)? The result remains nonzero (and largely independent of the details of

earlier evolution) because quantum fluctuations inδ χ continually replenish the perturbations long

after any initial classical configurations have damped away.

The starting point for the calculation of the amplitude of scalar perturbations isthe observation

that the inflaton and metric fields whose dynamics we are following are quantumfields, not classical

ones. For instance, for spatially-flat spacetimes the linearized inflaton field, δ χ, is described by the

operator

δ χ(x) =
∫

d3k
(2π)3

[

ck uk(t)eik·r/a +c∗k u∗k(t)e−ik·r/a
]

, (2.36)
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where we expand in a basis of eigenmodes of the scalar field equation in the background metric,

uk(t)eik·x, labelled by the co-moving momentumk. For constantH the time-dependent mode

functions are

uk(t) ∝
H

k3/2

(

i +
k

aH

)

exp

(

ik
aH

)

, (2.37)

which reduces to the standard flat-space form (up to a slowly-varying phase),uk(t) ∝ a−1k−1/2e−ikt/a,

whenk/a ≫ H. The quantitiesck and their adjointsc∗k areannihilationandcreation operators,

which define the adiabatic vacuum state,|Ω〉, through the conditionck|Ω〉 = 0 (for all k).

Theδ χ auto-correlation function in this vacuum,〈δ χ(x)δ χ(x′)〉, describes the quantum fluc-

tuations of the field amplitude in the quantum ground state. Assuming these quantum fluctuations

get decohered sometime during or after inflation in an as-yet poorly understood way (for prelimi-

nary discussions see ref. [9]), sometime between horizon exit and horizon re-entry these quantum

fluctuations eventually become converted into classical statistical fluctuationsof the classical field,

ϕ , about its spatial mean, by an amount of order|δ χk| ∼ [〈δ χkδ χ−k〉]1/2 ∝ |uk(t)|. Although

the details of this decoherence remain unclear, for observational purposes all that matters is that

the classical variance of these statistical fluctuations is well-described by the corresponding quan-

tum auto-correlations – a property that is expected to be a good approximation given the kinds of

‘squeezed’ quantum states which are generated during inflation [11, 3].

Evaluatingδ χk ∼uk atthe (wherek= aH) and equating the result to the fluctuation of eq. (2.35)

allows the integration constant in this equation to be determined

Ck = uk(the)

(

V
V ′

)

ϕhe

, (2.38)

where boththe andϕhe= ϕ(the) implicitly depend onk. Using this to computeΦk in eq. (2.35) then

gives, near the end of inflation

Φk(tend) = −1
2

uk(the)

(

V
V ′

)

ϕhe

(

V ′

V

)2

ϕend

= −ε(tend)

(

uk√
2ε Mp

)

the

. (2.39)

Notice that the factors depending ontend are genericallyO(1) if taken at the end of inflation, and

do not affect thek-dependence of the result.

Post-Inflationary Evolution

For the case of single-field inflation discussed here, the subsequent post-inflationary evolution

of the fluctuationΦ — which is what governs bothδρm andδT/T — can be solved quite generally

(in single-field slow-roll models), so long ask/a≪ H. This is because it can be shown that when

k≪ aH the quantity

ζ = Φ+
2
3

(

Φ+ Φ̇/H
1+w

)

=
1

3(1+w)

[

(5+3w)Φ+
2Φ̇
H

]

, (2.40)

is conserved,ζ̇ ≃ 0, wherew ≡ p/ρ is not assumed to be constant. This is a very powerful

result because it can be used to evolve fluctuations usingζ (ti) = ζ (t f ), assuming only that they
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involve a single scalar field, and that the modes in question are well outside thehorizon:k/a≪ H.

Furthermore, althougḣΦ in general becomes nonzero at places wherew varies strongly with time,

this time dependence quickly damps due to Hubble friction for modes outside the Hubble scale.

We may therefore neglect the dependence ofζ on Φ̇ provided we restrictti andt f to epochs during

whichw is roughly constant. This allows the expressionζ (ti) = ζ (t f ) to be simplified to

Φ f =
1+wf

1+wi

(

5+3wi

5+3wf

)

Φi , (2.41)

wherewi = w(ti) andwf = w(t f ), implying in particularΦ f = Φi wheneverwi = wf .

Exercise 7: Use the conservation ofζ to show that (whenk/a → 0), Φm = 9
10Φrad

for modes evaluated well before and well after the transition from radiationto matter

domination.

Exercise 8:Show that 1+w≃ ϕ̇2/V ≃ 2
3 ε during single-field slow-roll inflation, and

use this with eq. (2.41) to provide an alternate derivation of eq. (2.39). That is, show

that (whenk/a→ 0),Φ f /Φi = ε f /εi for timesti andt f both well within the inflationary

epoch.

To infer the value ofΦ in the later Hot Big Bang era we chooseti just after horizon exit (where

wi ≃ −1+ 2
3 εhe – see Exercise 8).t f is then chosen in the radiation dominated universe (where

wf = 1
3), either just before horizon re-entry for the mode of interest, or just before the transition to

matter domination, whichever comes first. Eqs. (2.41) and (2.39) then imply

Φ f ≃
(

6Φ
ε

)

he
≃−

(

3
√

2uk√
ε Mp

)

he

. (2.42)

Using this in the definition of the dimensionless power spectrum forΦ, ∆2
Φ = k3PΦ/(2π2), then

leads to

∆2
Φ(k) ∼ k3|Φk(t f )|2 ∼

|k3/2uk(the)|2
ε(ϕhe)M2

p
∼
(

H2

εM2
p

)

ϕhe

∼
(

V
εM4

p

)

ϕhe

. (2.43)

Once the order-unity factors are included from a more detailed calculation one finds

∆2
Φ(k) =

k3PΦ(k)
2π2 =

(

H2

8π2M2
p ε

)

he

=

(

V
24π2M4

p ε

)

he

, (2.44)

We see that because it isV/ε which controls the amplitude of density fluctuations, measure-

ments of this amplitude provide information about the energy scale which dominates the universe

during inflation. For the purposes of comparison it is convenient to define[7] the quantityδH(k) by

δ 2
H = (4/25)∆2

Φ(k), since the observed amplitude of large-angle temperature fluctuations requires

δH(k̂) = 1.91×10−5 , (2.45)
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when evaluated atk = k̂∼ 7.5a0H0. In terms ofV this implies

(

V
ε

)1/4

= 6.6×1016 GeV. (2.46)

The smallerε becomes, the smaller a potential energy is required, and forε ∼ 0.01 we haveV ∼ 2×
1015 GeV. This is remarkably close to the scale where the couplings of the three known interactions

appear to unify, and may indicate a connection between inflation and more exotic physics like the

physics of Grand Unification.3

Spectra

We now compute in more detail what eq. (2.44) implies for thek-dependence of the primordial

fluctuation spectrum. Notice to this end that to first approximation the size of∆2(k) is set byH

andε and does not depend explicitly onk at all. This observation underlies the approximate scale-

invariance of the primordial power spectrum which inflation predicts for thelater universe.

However, inflation does predict a weakk-dependence for the right-hand-side because it must

be evaluated forϕ = ϕhe, defined as the value taken byϕ(t) at the epochthe = the(k) when the

co-moving wavelengthk of interest is just exiting the Hubble lengthk = a(the)H(the). It is this k-

dependence of the horizon-exit time which introduces small deviations fromscale invariance into

the predicted power spectrum.

To quantify this more precisely, recall that in earlier sections a successful phenomenological

parametrization of the density power spectrum was given byPρ(k) ∝ kns, and that this choice im-

plies the primordial gravitational power spectrum satisfies∆2
Φ = Akns−1. Deviations from scale

invariance may be computed by evaluating

ns−1≡ dln∆2
Φ

dlnk

∣

∣

∣

∣

he
, (2.47)

and using the conditionk = aH (and the constancy ofH during inflation) to write d lnk = Hdt.

Since the right-hand side of eq. (2.44) depends onϕ, it is convenient to use the slow-roll equations,

eq. (2.8) to further change variables fromt to ϕ : dt = −(3H/V ′)dϕ , and so

d
dlnk

= −M2
p

(

V ′

V

)

d
dϕ

. (2.48)

These expressions allow the derivation of the following relation betweenns and the slow-roll pa-

rameters,ε andη :

ns−1 = −6ε +2η , (2.49)

where the right-hand side is evaluated atϕ = ϕhe.

Notice that this prediction for the spectral index makesns < 1 for both the large- and small-

field inflation models considered above. Recall that for large-field models (with V = 1
n λ 2ϕn) we

3Of course,V can be much smaller ifε is smaller as well, or if primordial fluctuations come from another source.

For instance generating primordial fluctuations from TeV scale inflation [12] would requireε ≃ 10−55.
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hadε = 1
2 n2(Mp/ϕ)2 > 0 andη = 2(1−1/n)ε and so−6ε +2η =−(2+4/n)ε < 0. On the other

hand, for small-field models (whereV = M4
I − µ2ϕ2 + · · · , we hadη ≤ 0 because we work near

ϕ = 0, which is a maximum ofV. Since in this caseη ≤ 0 andε ≥ 0, they necessarily both make

negative contributions to−6ε +2η .

Observational inferences ofns from the detailed shape of the CMBR temperature fluctuation

spectrum now give a central value ofns = 0.951±0.016, withns = 1 beginning to be disfavoured

[5] (assuming no tensor fluctuations – see Fig. 6 below).

Tensor Fluctuations

A very similar story goes through for the tensor fluctuations that are generated by quantum

fluctuations, although in this case these fluctuations have not yet been observed. Just like for scalar

fluctuations, for each propagating mode these are generated with amplitudeH/(2π), but unlike

for scalar modes it is not necessary for the inflaton to mix with a gravitational mode to obtain an

observable effect, and so the power spectrum for tensor perturbations does not share the singular

factor of 1/ε.

Similar arguments to those given above then lead to the following dimensionless tensor power

spectrum

∆2
T(k) =

8
M2

p

(

H
2π

)2

=
2V

3π2M4
p
. (2.50)

As expected, this differs from the scalar power spectrum by dependingonly on the value ofV

and not also on the slow-roll parameterε. Consequently, should both scalar and tensor modes be

measured, a comparison of their amplitudes provides a direct measure of theslow-roll parameter

ε. A more precise version of this comparison can be phrased in terms of a parameterr, which is

defined as a ratio of the scalar and tensor power spectra

r ≡ ∆2
T

∆2
Φ

= 16ε . (2.51)

The failure to detect these perturbations to date places a relatively weak upper limit: r < 0.30 (95%

CL) [5], or ε < 0.02.

Once tensor modes are detected, more information can be found from its power spectrum as a

function ofk. In particular, the tensor spectral index,nT , is defined by

nT ≡ d∆2
T

dlnk
= −2ε = − r

8
, (2.52)

where the last equality evaluates the derivative by changing variables fromk to ϕ . Again the result

is to be evaluated at the epoch when observable modes leave the horizon during inflation,ϕ = ϕhe.

Implications for the CMBR

In summary, quantum fluctuations generated during slow-roll inflation provide a natural source

for the small temperature variations visible in the CMBR, which also appear to have seeded galaxy
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Figure 6: Best fits to the ratio of tensor to scalar fluctuations and spectral index from WMAP, compared
with the predictions of various inflationary models [5].

formation. Furthermore, single-field slow-roll inflation makes the following detailed, yet success-

ful, predictions for the form of the primordial fluctuation spectrum which are inferred from the

large-angle properties of temperature fluctuations for the CMB photons.

Gaussian Fluctuations:Because inflation requires such a slow roll, the fluctuations in the inflaton

field are very weakly coupled to one another. This turns out to imply that the late-time density

fluctuations are predicted obey Gaussian statistics. To date no non-Gaussian correlations have been

seen in the CMBR (more about this below).

In-Phase Perturbations: The process whereby fluctuations freeze while they are outside of the

Hubble scale, and then begin to evolve again once liberated by re-enteringthe Hubble scale during

our much-later epoch, implies these fluctuations all enter the horizon in phase. Being in phase

allows for the coherent peaks and valleys of theCl ’s which are seen in Fig. 4, and isnot predicted

by many of the alternative theories of the primordial density fluctuations (such as their production

by cosmic strings or other defects).

Adiabatic Perturbations: The process of re-entry of fluctuations, after their having been frozen

over long periods while outside the Hubble scale implies the fluctuations enter thehorizon at rest.

This is crucial for determining thel value for the position of the first peak in the CMB spectrum,

and is verified by the observations that this peak occurs atl ≈ 200. This prediction need no longer

hold if more than one scalar field is involved in inflation.

Almost Scale Invariant Spectrum: Inflation predicts a spectrum of fluctuations which is close to,

but not exactly, scale invariant. For instance ifNe ∼ 60 impliesε ∼ |η | ∼ 1/60, then the deviation

ns−1 should be a few percent. Current measurements prefer such a deviation, with an accuracy

that is on the verge of excluding an interesting part of the parameter spaceof inflationary models.

Scalar to Tensor Ratio: The same parameters which determine the scalar fluctuation spectrum

also predict the tensor fluctuation properties. A good test of the theory is provided once tensor
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modes are observed, because the tensor and scalar fluctuations are characterized by 4 observable

quantities (amplitude and spectral index for both scalar and tensor modes),and the theory predicts

these in terms of three parameters:H, ε andη . The present status of these observational tests is

given in Fig. 4 [13, 5, 14].

2.4 Problems With Inflation?

The general idea of there being an epoch of accelerated expansion asa solution for the horizon

and flatness problems is very simple and attractive, and the additional feature that it also accounts

for the primordial spectrum of temperature fluctuations is quite compelling. Nevertheless some

conceptual problems remain with inflation, and are mostly associated with our ignorance about the

physics which governs the enormously high energies which inflation could probe. Many of these

potential problems can be phrased in terms of naturalness issues that ariseonce specific models

having an inflationary dynamics are made (such as the single-field slow-rollmodels examined in

earlier sections).

Some of the main concerns of this sort are now listed, with an eye to seeing howthe next

section’s contact with string theory might help.

Initial Conditions: As was seen in the models studied above, inflation tends to arise only for

particular kinds of initial conditions for the fields. For instance, small-field inflation requires the

initial value of ϕ to be very close to a maximum of the potential, and it is not clear why the

universe should start off in this region. (By contrast, large-field inflation occurs over a broader

range of initial conditions, but relies on having reliably-calculable potentialsfor large field values,

ϕ ≫ Mp.) Relying on special initial conditions is uncomfortable because inflation was invented to

provide a physical explanation for the origin of the unnatural initial conditions which are required

for the success of the Hot Big Bang. If we are happy to choose specialinitial conditions to obtain

inflation, why not instead simply choose the special conditions required by the Big Bang?

Special Potentials:The success of the inflationary models studied above relies on the potential

energy being quite flat, sinceV ′/V andV ′′/V must be suppressed to make the slow-roll parameters

ε and η sufficiently small. But it is difficult to make such choices for a scalar potentialstable

against quantum corrections, since they are very sensitive to the microscopic particle content of the

theory which underlies the inflationary model. It remains to be seen if this remains a problem once

the best theories we have for the relevant microscopic physics (like stringtheory) are used to try to

produce inflation.

Reheating: Since inflation ruthlessly ‘inflates away’ any previously existing particles and energy,

it can only precede the Hot Big Bang epoch if it comes with a mechanism for transferring energy

into the heating of the contents of the observable post-inflationary universe. How is this energy

transfer accomplished? [15]

Predicting in the Multiverse: In general causality forbids a completly homogeneous field evo-

lution, with fields in causally-disconnected regions of spacetime evolving independent of one an-

other. This means that we should only imagine the above inflationary picture for ϕ describing one
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of these regions, with other regions being described by slightly differentinitial conditions (and

possibly also different scalar potentials, if the couplings of the inflaton is related to the values taken

of other fields). But since each region evolves dramatically differently depending on whether it

inflates or not, how does one make predictions in such a diverse universe? One might expect that

inflation exponentially rewards those parts of the universe that choose the initial conditions lead-

ing to inflation, even if these conditions are comparatively improbable, because of the exponential

growth of the volume of the region which does so. Does this contain the seedsof a probabilistic

understanding of the properties of the later universe[16, 17]?

It remains to be seen how serious each of these problems really is, but there is considerable

motivation to understand them in some detail given the simplicity of the inflationary understanding

of the large-scale features of the observed CMBR temperature fluctuations.

3. Towards String Inflation

The last section closed with a list of potential problems for inflation, whose resolution requires

an understanding of the physics at the potentially enormous energies — possibly as large asMI <∼
1015 GeV — at which inflation can take place. What guidance can particle physicsprovide as to

what this physics might be?

Since the energies involved could be not much lower than the Planck scale,Mp = (8πG)−1/2 ∼
1018 GeV, it is not unreasonable to look to theories including quantum gravity when searching for

this guidance. At present, the theory which provides the best-developedand best-motivated frame-

work of quantum gravity is string theory, making this a natural laboratory for seeking inflationary

dynamics. This section describes some recent progress along these lines, with several possible

inflationary mechanisms being identified. Since the target audience is not string theorists, the de-

scription will be in broad brush-strokes rather than fine detail, with an eye towards the broader

inflationary lessons that are being learned.

What One Might Hope to Learn

Before launching into a lengthy technical preamble to building inflationary scenarios within

string theory, it is worth first stating why one might be interested in doing so in the first place. (See

ref. [18] for reviews of string-based inflation.) After all, present observations can just barely differ-

entiate amongst the simplest single-field slow-roll models, so one might reasonably ask why bother

building the inevitably more baroque string models. The thinking is that string theory potentially

can provide new insight into several issues in inflationary cosmology.

Robustness of Inferences:Much of the observational evidence for inflation rests on it being the

source of the primordial fluctuations, but its success in doing so is largely based on the predictions

of very simple single-field models. But is the single-field approximation too simple given the many

fields which typically arise in fundamental theories? Even if not, if microscopicphysics is being

stretched by inflation up to cosmological distances, can the physics of much smaller scales be sim-

ilarly stretched [19], and so influence inflationary predictions in unexpected ways? If so, then the
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observational evidence for inflation would be undermined by this introduction of an uncontrollable

theoretical error into its predictions [20]. Such questions can be tested in string theory, with current

evidence supporting the robustness of the predictions of simple inflationarymodels [21].

Validity of Approximations: Single field models often rely for their validity on approximations

whose validity cannot be properly established without better understanding the high-energy limit of

the theory. For instance, for large-field inflationary models successfulinflation relies on fields tak-

ing large values,ϕ ≫ Mp, and this is also typically required to obtain observably large primordial

tensor fluctuations [22]. But whether such large fields make sense depends on properly under-

standing the shape of the scalar potential for such large field values. String theory can shed light on

this by providing a physical interpretation for the inflaton (such as being thedistance between two

branes [23]), and so can identify upper limits in its range (such as it not being larger than the size

of the extra dimensions in which the branes move [24]). Detailed arguments like these have led to

the conjecture that observable primordial tensor fluctuations may be unlikelyto be obtained from

string theoretic inflation [26].

Initial Conditions and Naturalness: How unusual is inflation? Inflationary models can require

comparatively flat potentials and special initial conditions, but an understanding of how special

these are requires a broader understanding of the shape of the scalarpotential, and of the likely

initial conditions before inflation, which only a fundamental theory like string theory can ultimately

provide.

Reheating: As noted above, the energy density which drives inflation must ultimately get trans-

formed to heat for the later Hot Big Bang. Just as having a warm house in the winter requires

both a good furnace and good insulation, successful reheating after inflation requires two things:

(i) a sufficiently strong coupling between the inflaton and the ordinary Standard Model particles

we now see around ourselves; and (ii ) the absence of too strong couplings between the inflaton and

any other, currently unobserved, degrees of freedom. It is clear that the second part of this question

cannot be properly addressed without knowing the full theory describing all the degrees of freedom

which are relevant at the energies available after inflation.

Mind Broadening: Simple inflationary models make simplifying assumptions which need not

be true, but which tend to guide our search for models. Embedding inflation into string theory

has already exposed some of these assumptions, and may yet expose more.For instance, it is

often assumed that the inflaton field remains around after inflation ends and still appears in the

low-energy theory describing the later Hot Big Bang epoch. However if the inflaton were the

separation between a brane and antibrane which mutually annihilate at inflation’s end [24, 25],

then the inflaton does not even make sense as a field in the later universe. Similarly, although

inflation now seems compelling to us in the context of field theory, perhaps string theory provides

novel alternative ways [27] to solve the initial condition problems which inflation was originally

invented to solve.
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3.1 General Framework

String theory is much more complicated than the simple inflaton models discussed above,

involving a potentially infinite number of particle types (string modes), moving in more than 4

dimensions. The space of vacua which is allowed is only partially understood, but that part which

is already well explored shows that it is incredibly vast and diverse – involving many possible

vacuum values for many possible low-energy fields. (See ref. [28] for textbook descriptions of

string theory, and [29] for useful reviews.)

Part of this complexity can be traced to there being a large number of scales instring theory,

and for inflationary purposes there are at least three which are very important: the string scale,

Ms; the compactification – or Kaluza-Klein (KK) – scale(s),Mc; and the inflationary scale,MI

(and so alsoHI ∼ M2
I /Mp). For strings moving in 10D Minkowski space,Ms characterizes the

mass splitting among generic string modes.Mc describes the mass splitting within each string

mode when it is placed in a non-trivial background, such as when all but4 of the dimensions are

compactified. For simple geometries characterized by a single length scale,ℓ, (e.g. a curvature

radius, or a volume,Vn = ℓn), the compactification scale is of orderMc ∼ 1/ℓ. The 4D Planck mass

is not an independent scale because it is calculable in terms of the others.

Much of what is known in string theory is restricted to the caseMc ≪ Ms, since in this case

the effective theory describing energiesE ≪ Ms is given by a higher-dimensional (usually 10 or 11

dimensional) supergravity. If all but 4 of the dimensions are compactified atsimilar scales, then the

physics of energiesE ≪ Mc is described by some sort of 4D effective theory. The 4D Planck scale

is typically of orderMp ∼ g−1
s Ms(Ms/Mc)

3 ≫ Ms, wheregs ≪ 1 is the string coupling (which in

string theory is related to the value of one of the background scalar fields). The field content and

symmetries (like supersymmetry) of this low-energy 4D theory depend on the details of the kind of

higher-dimensional supergravity, and of its compactification, that is underconsideration. In what

follows it is always assumed thatMc ≪ Ms.

The complexity of an inflationary model in string theory depends crucially on how large is the

inflationary Hubble scale,HI ∼ M2
I /Mp, compared with bothMs andMc.

• If Ms <∼ HI then inflation is an intrinsically stringy phenomenon. It is stringy because the

time-dependence of the background geometry is sufficient to produce particles having masses

up toO(HI ), and this includes nontrivial string modes by assumption. In this case inflation

can only be convincingly demonstrated by working with all of the complexity of string the-

ory.

• If Mc ≪ HI ≪ Ms, then inflation can be described within the effective higher-dimensional

field theory, without requiring all the stringy bells and whistles. However in this regime

all of the extra-dimensional physics is important, and one is seeking solutionsto the full

higher-dimensional supergravity equations.

• If HI ≪ Mc ≪ Ms, then inflation can be intrinsically 4-dimensional, since the energies avail-

able to be pair-produced by the time-dependent geometry are generically not high enough to

excite any of the KK modes associated with the existence of the extra dimensions.
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Most of the inflationary models proposed to date4 are formulated within the last of these cate-

gories, withHI ≪Mc ≪Ms, since in this case the problem reduces to searching for time-dependent

inflating solutions to the effective 4D field equations. Because these models are being constructed

in an explicitly 4D limit, we should not be surprised to find them to share many features of 4D

inflationary models, and this is indeed what is found. Of more interest is finding those ways in

which inflation differs when the field theory in which it is found arises as a lowenergy 4D effective

theory in string theory, and a few of the known examples of this will be discussed.

3.2 Multiple Scalars

Although inflation asks only for one scalar field to be the inflaton, it is a generic feature of

string vacua that their low-energy limit contains more than one scalar field. This opens up the pos-

sibility that more than one of these fields plays an inflationary role, and so suggests re-examining

slow-roll inflation in multi-field models.

Hybrid Inflation

A useful starting point for multi-scalar inflationary models is Hybrid Inflation [31]. In its

simplest form this corresponds to the following action for two scalar fields,ϕ andχ,

S= −
∫

d4x
√−g

[

M2
p

2
R+

1
2

∂ µϕ ∂µϕ +∂ µ χ ∂µ χ +V(ϕ,χ)

]

, (3.1)

with scalar potential

V(ϕ,χ) =
m2

2
ϕ2 +

λ 2

4
ϕ4 +

g2

4
(χ2−v2)2 +

h2

4
ϕ2χ2 . (3.2)

Hereλ , g andh are dimensionless, real coupling constants and an additive constant hasbeen chosen

to ensure thatV = 0 when evaluated at the potential’s global minimum, which is situated atϕ = 0

andχ = v.

For inflationary purposes our interest is in the case where the dimensionful constants satisfy

0≤ m≪ gv, and whereϕ starts out very large. The derivatives of the potential are

V,ϕ = ϕ
[

m2 +λ 2ϕ2 +
h2

2
χ2
]

and V,χ = χ
[

g2(χ2−v2)+
h2

2
ϕ2
]

, (3.3)

and so both vanish at the global minimum (ϕ = 0 and χ = v) as well as at a saddle point at

ϕ = χ = 0. V,χ vanishes along the entire lineχ = 0, along which the curvature of the potential is

given by
(

V,ϕϕ V,ϕχ

V,χϕ V,χχ

)

=

(

m2 +3λ 2ϕ2 0

0 1
2h2ϕ2−g2v2

)

, (3.4)

showing that this line is a trough (local minimum in theχ direction) if ϕ > ϕ⋆ =
√

2gv/h (∼ v if

g∼ h), which gets steeper and steeper the largerϕ is. Otherwise, forϕ < ϕ⋆, the lineχ = 0 is a

4Here an inflationary model means one having both an accelerated expansionanda mechanism for it to end, and so

excludes in particular higher-dimensional configurations having only accelerated 4D expansion [30].
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Figure 7: A sketch of the scalar potential for Hybrid Inflation.

ridge (local maximum in theχ direction), which is steepest at the saddle point atϕ = 0. (See Fig. 7

for a sketch of this potential.)

If ϕ starts off initially much bigger thanϕ⋆, with χ = 0, then the potential keepsχ at zero but

allowsϕ to roll towards smaller values. Furthermore, if1
4g2v4 ≫ 1

2m2ϕ2+ 1
4λ 2ϕ4 (as is generically

true forϕ ∼ v if λ ≪ g andm≪ gv) thenV(ϕ,χ = 0) ≈ 1
4g2v4 is approximately constant during

this roll. Inflation can occur provided the kinetic energy is much smaller than thisconstant, which

the discussion of earlier sections shows occurs if the slow roll parametersdescribing the motion in

theϕ direction,

ε =

[

Mpϕ(m2 +λ 2ϕ2)

g2v4

]2

and η =
4M2

p(m
2 +3λ 2ϕ2)

g2v4 , (3.5)

are both small. This provides an inflationary epoch, which lasts either until theslow roll parame-

ters become too large, or untilϕ falls belowϕ⋆, and soχ becomes destabilized away from zero,

provoking a fast roll towards the absolute minimum atχ = v. The conditionϕ > ϕ⋆ would be the

first to fail if ε andη are small forϕ ∼ v, which is true ifm/gv andλ/g are both much smaller

thanv/Mp.

This provides an intrinsically two-field inflationary model, where the second field can play a

crucial role in bringing inflation to an end. The additional parameters available also allow a wide

range for the slow roll parameters at horizon exit, and so allow examples both with ns > 1 (unlike

the previous single-field models) as well as withns < 1. For an example withns > 1, consider the

case whereλ ≈ 0, andh ≃ g, so thatϕ⋆ ≃ v. Taking alsov/Mp = O(δ ) andm/gv∼ O(δ 2) for

someδ ≪ 1, the number ofe-foldings after horizon exit becomes

Ne =
1

Mp

∫ ϕhe

ϕ⋆

dϕ√
2ε

≃ g2v4
√

2m2M2
p

ln

(

ϕhe

ϕ⋆

)

, (3.6)

which is O(δ−2) even whenϕhe is also of orderv. But for ϕhe ∼ v we haveη = O(δ 2) ≫ ε =

O(δ 6) > 0, which impliesns > 1 when used in eq. (2.49).

37



P
o
S
(
c
a
r
g
e
s
e
)
0
0
3

Lectures on String Inflation

General Multi-scalar Models

Although hybrid inflation shows that multi-field inflationary models can have interesting prop-

erties in their own right, the form of the action, eq. (3.1), is not general enough to capture the generic

kinds of scalar dynamics which emerge in the low-energy limit of string theory.

The most general action describing the low-energy evolution ofN real scalar fields,φa, is

S= −
∫

d4x
√−g

[

M2
p

2
R+

1
2

Gab(φ)∂ µφa∂µφb +V(φ)

]

, (3.7)

whereV is the scalar potential, andGab = Gba is a positive definite symmetric matrix of functions.

Notice that there is no loss in not having a function ofφa in front of the Ricci curvature scalar,

such asL ∝
√−gA(φ)R, because any such term can be removed by performing an appropriate

φ -dependent Weyl re-scaling of the metric:gµν → A−1(φ)gµν . This choice of metric which makes

the Einstein-Hilbert actionφa-independent is called theEinstein Frame.

One way the action for Hybrid inflation, eq. (3.1), differs from eq. (3.7)is by havingGab = δab,

and one might ask whether this can always be arranged by performing anappropriate redefinition

among the scalar fields. Although this can be done quite generally when only one scalar field is

present, for more than one field it can be done (as well as ensuring∂aGbc = 0) only when evaluated

at a specific point,φa = φa
0 , but not simultaneously for allφa. To see why this is true, notice thatGab

transforms as a rank two tensor under field redefinitions,φa → f a(φ) (see Exercise 9). SinceGab is

also positive definite, it therefore has a geometrical interpretation of beinga metric on the ‘target’

space,M, in which theφa take their values. As a result, we know that a change of coordinates

can only ensureGab = δab everywhere if its Riemann tensor,Ra
bcd, vanishes everywhere. On the

other hand, the freedom to arrangeGab(φ0) = δab at any specific pointφa
0 corresponds to choosing

Gaussian normal coordinates at this point.

Exercise 9:Show that under a field redefinition,δφa = ξ a(φ), the action of eq. (3.7)

returns to the same form withV →V +ξ a∂aV andGab→ Gab+ξ c∂cGab+Gac∂bξ c+

Gcb∂aξ c. This shows thatV transforms as a scalar field, andGab transforms like a

rank-two tensor.

The scalar field equations for the action (3.7) are

φ̈a +Γa
bc(φ)φ̇bφ̇ c +3Hφ̇a +GabV,a = 0, (3.8)

whereV,a = ∂aV = ∂V/∂φa, Gab is the inverse metric forGab andΓa
bc = 1

2Gad[∂bGcd + ∂cGbd−
∂dGbc] is the Christoffel symbol built from the target-space metric,Gab. These are to be supple-

mented by the standard Friedmann (eq. (1.5)) and Raychaudhuri (eq. (1.6)) equations (or energy

conservation, eq. (1.7)), wherep andρ are given by

ρ =
1
2

Gab(φ)φ̇aφ̇b +V(φ) and p =
1
2

Gab(φ)φ̇aφ̇b−V(φ) . (3.9)

As before a sufficient condition for inflation is to haveV ≫ 1
2Gabφ̇aφ̇b and approximately

constant, and this is ensured if we may drop both theφ̈a andΓa
bcφ̇

bφ̇ c terms of eqs. (3.8), leading to
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the slow-roll equations, 3Hφ̇a =−GabV,b. These slow-roll conditions remain good approximations

for an appreciable time provided the multi-scalar generalizations of the slow-roll parameters are

small over a broad enough region. As the Hybrid inflation example shows, itis important when

defining these to be sure that they measure the derivatives of the potentialonly along the steepest

direction down the potential, since this is also the direction of motion if the field startsout close to

rest.

Since the gradient,V,a(φ), of the scalar potential automatically points in the direction of steep-

est ascent for the potential, its negative naturally provides the direction down which an initially-

static configuration starts to roll from any point,φa, in the target space. Consequently, the gener-

alization ofε which measures the first derivative of the potential in this direction can be taken to

be,

ε =
M2

pGabV,aV,b

2V2 . (3.10)

Notice that because this transforms as a scalar under field redefinitions, itmay be evaluated using

any choice of fields and (unlike the formulae given earlier for single-fieldinflation) its use doesnot

assume the choiceGab(φ0) = δab. Furthermore, it agrees with standard multi-field definitions [7]

for ε, since it reduces to these in normal coordinates (for whichGab(φ0) = δab).

A multi-scalar generalization ofη is given by the smallest of the eigenvalues of the matrix of

second derivatives of the potential,V,ab(φ0), since this defines the most unstable direction (at least

in a slow-roll region whereV,a is negligible). (Notice that if this eigenvalue is negative then we are

looking for the negative eigenvalue having the largest absolute value.) Inorder to ensure a slow

enough evolution forφa nearφa = φa
0 it is important to evaluate this second derivative matrix only

after transforming to (Gaussian normal) coordinates to ensure thatGab(φ0) = δab. Alternatively,

this definition can be written in a way which is equally good when evaluated usingan arbitrary

choice of coordinates on the target space, as follows. First define the eigenvalues,λ , of the matrix

Na
b(φ), defined by

Na
beb = λea, with Na

b =
M2

pGacV;cb

V
, (3.11)

whereV;cb =V,cb−Γa
bcV,a is the covariant derivative ofV,b using the target-space connectionΓa

bc(φ).

Then in an arbitrary coordinate frameη = minλ , minimized over all of the possible eigenvalues

of Na
b. This is the appropriate generalization because as definedλ is a scalar under scalar-field

redefinitions, and because it agrees with standard definitions [7] when evaluated in the canonical

Gaussian normal frame.

The special case of Kähler metrics

An important special case of the above discussion is the case which ariseswhen the scalar

fields can be grouped in to complex fields,{φa} = {φ i ,φ ı}, whereφ ı
denotes the complex con-

jugate ofφ i . In this case, if the nonzero components of the metric,Gab, locally can be written

Gi = ∂i∂K, for some functionK = K(φ ,φ), then the metric is called aKähler metric, with K

being its Kähler potential.
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In this case the definition forε becomes [66]

ε =
M2

pGiV,iV,

V2 , (3.12)

andη is defined in terms of the smallest eigenvalue of the matrix

(

Ni
j Ni



Nı
j Nı



)

, (3.13)

where

Ni
j =

M2
pGikV,k j

V
and Nı

j =
M2

pGık

V

[

V,k j −GlmK, jkmV,l

]

, (3.14)

while Nı
 andNi

 are the complex conjugates of these.

Exercise 10: Derive eqs. (3.14), by first showing that the only nonzero Christoffel

symbols for a Kähler metric areΓi
jk = GimK, jkm, and its complex conjugate,Γı

k
.

Primordial Fluctuations

The presence of many scalars also changes the kinds of primordial fluctuations which are

possible, because with several scalars there can be perturbations,δφa, for which the total energy

density remains unchanged,δρ = 0. Any such a fluctuation is called an ‘isocurvature’ fluctuation,

in contrast to the ‘adiabatic’ fluctuations involving nonzeroδρ considered previously.

There are strong observational constraints against the existence of such isocurvature fluctua-

tions re-entering the Hubble scale during the Hot Big Bang era. Constraintsexist because isocur-

vature perturbations at this scale correspond to metric perturbations whichemerge into the sub-

Hubble world with a zero initial amplitude,Φi = 0, but nonzero velocity,̇Φi 6= 0 (in contrast with

adiabatic modes, which emerge with nonzero initial amplitude,Φi 6= 0, and initially vanishing

speed,Φ̇i = 0). This phase difference is measurable in the CMBR because it changesthe value of

l for which the maximum peak occurs in Fig. 4. Current observations are consistent with purely

adiabatic oscillations at horizon re-entry.

Multi-field inflationary models must therefore either not generate primordial isocurvature per-

turbations at all at horizon exit, or any such primordial perturbations mustdisappear sometime after

horizon exit but before horizon re-entry. The absence of such fluctuations must be checked in any

specific model [32].

Primordial isocurvature modes need not be a problem for an inflationary model even should

they be generated at horizon exit, however, provided they are subsequently erased before hori-

zon re-entry. This possibility exists because in the multi-field case no simple conservation law

like eq. (2.40) ensures the model-independent survival of perturbedquantities. In particular, all

isocurvature modes are erased if a period of thermal equilibrium occurs between Hubble exit and

re-entry, because in this case all perturbations are encoded into temperature fluctuations, whose

presence necessarily also perturbs the energy (and so also the gravitational potential).
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3.3 Moduli and their Stabilization

We now return to the main development: the description of explicit inflationary models that

are grounded in stringy vacua. By restricting attention to the caseMc ≪ Ms, the discussion can be

framed within higher-dimensional field theory.

10D Supergravity

The string solutions about which most is known are those which preserve some of the super-

symmetries of the theory, and the higher-dimensional field theories which describe their properties

belowMs are supergravities, of which there are several in 10 dimensions. It is thebosonic fields of

these supergravities that are relevant to their classical dynamics, and these always include the met-

ric, gMN, together with its bosonic partners under supersymmetry: a scalar dilaton,φ , and a rank-2

antisymmetric gauge potential,BMN. Other bosonic fields can also arise, depending on which su-

pergravity is of interest. These can include gauge potentials,Aa
M, for 10D gauge supermultiplets

(where the index ‘a’ runs over the generators of the relevant gauge group), as well as various kinds

of nth-rank skew-tensor gauge potentials,CM1...Mn.

In addition to these ‘bulk’ fields, the low-energy supergravity can also include the positions,

xM(σ α), within 10D spacetime of each of any D-branes that are allowed for the supergravity.5 Here

σα are coordinates on the D-brane world sheet, withα = 0,1, ..., p+1 running over one time and

p space directions for a Dp-brane.

The action governing the dynamics of these fields comes as the sum of braneand bulk terms,

S10 = Sbr +SB, where the bulk action has the generic form

SB = −
∫

d10x
√−gM8

s

[

1
2

R+
1
2

∂ Mφ ∂Mφ +
1
6

e−φ HMNPHMNP (3.15)

+∑
n

ecnφ

2(n+1)!
FM1...Mn+1F

M1...Mn+1 + · · ·
]

,

andF = dC is the exterior derivative which corresponds to the field strength appropriate to each

of the skew-tensor gauge fields. (These sometimes also contain Chern-Simons terms, which in the

above action are rolled into the ellipses.) The number of fields summed over, and the values of

the numerical constantscn, depend on the precise supergravity of interest. For instance, for the

Type IIB supergravity of later interest the bulk action has one rank-0 potential,C, (i.e. a scalar), no

rank-1 gauge potentials,CM, one additional rank-2 potential,CMN, no rank-3 potentials,CMNP and

one rank-4 potentialCMNPQ, while the constants arec0 = 2, c2 = 1 andc4 = 0.

The brane action has a similar form,

Sbr = ∑
b

Tb

∫

Σb

dpb+1σ
√−γ eλbφ

(

1+ · · ·
)

+ µb

∫

Σb

(

Ωb + · · ·
)

, (3.16)

where the sum is over the branes present, and the integral is over the(p+ 1)-dimensional world-

volume of each Dp-brane. Hereλb is a known constant, equal to(pb−3)/4 for 10D supergravity,
5In principle, Type IIA supergravity allows D0, D2, D4, D6 and D8 branes, while Type IIB supergravity allows D1,

D3, D5, D7 and D9 branes. No D-branes arise at all in heterotic vacua.5+1 dimensional surfaces called NS5-branes can

also exist for each of these supergravities.
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and the formΩb appearing in the second integral is either the particular potential,CM1...Mp+1, whose

rank isp+1, or the Hodge dual (obtained by contracting one of theC’s with the 10D Levi-Civita

tensor,εM1...M10) of a form of rank 9− p. One such a form exists for each kind of brane allowed

by each of the possible supergravities. The dimensionful constantsTb andµb in these expressions

are proportional toMp+1
s (with known numerical coefficients).Tp has the physical interpretation of

the brane tension, or energy per unit world-volume. Finally, the world sheet ‘metric’ appearing in

eq. (3.16) is given by

γαβ (σ) = ∂αxM∂β xN
[

gMN +BMN +
1

M2
s

FMN

]

, (3.17)

whereFMN = ∂MAN − ∂NAM is theU(1) gauge field associated with those open strings both of

whose ends terminate on the brane in question. (A more complicated expression holds whenN

branes sit at the same point in spacetime, since this promotes the gauge groupto U(N).)

Moduli

Of particular interest are those string vacua for which only the 4 dimensionsof everyday expe-

rience are noncompact, and the other 6 dimensions are compactified with a sizecorresponding to

an energy scaleMc. ForMc ≪ Ms these correspond to semiclassical solutions to the corresponding

10D supergravity equations. A considerable amount is known about these solutions in the case that

the compactification preserves at least one supersymmetry in 4D.

In the absence of branes the supersymmetric solutions have a metric of the product form [33]

ds2 = ηµν dxµ dxν +gmn(y)dymdyn , (3.18)

wherexµ are coordinates for the noncompact 4 dimensions,ym label the compact 6 dimensions

andηµν is the usual 4D Minkowski metric. Among other things,N = 1 supersymmetry in 4D

requires the extra-dimensional metric,gmn, to beCalabi-Yau(i.e. Ricci-flat geometries having

SU(3) holonomy). There is generically a many-parameter family of such metrics whichall share

the same (fairly complicated) topology,gmn(y) = gmn(y;ω), whereωa represent the parameters

required to fully describe the geometry.

The parameters required to describe a geometry are known asmoduli, and generically arise

when solving the Einstein equations. A simple example of a geometry having moduliis given by

the 2-dimensional torus, which is defined by the condition that its Riemann curvature vanishes:

Rm
npq = 0 in a 2D space with boundary conditionsy1 ≃ y1 + 1 andy2 ≃ y2 + 1. The general 2D

metric which solves this equation is

ds2 = a
[

(dy1)2 +2b dy1dy2 +c(dy2)2
]

, (3.19)

wherea, b andc are arbitrary constants, and so are the three moduli of a 2-torus. One ofthese,a,

describes overall re-scalings of the size of the metric (the so-calledbreathing mode), and is gener-

ically a modulus because of a scale invariance of the supergravity equations in higher dimensions.

The other two moduli describe changes to the geometry at fixed volume (specifically changes to
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what is called its complex structure). A Calabi-Yau geometry can have hundreds of similar moduli,

which can be divided into two categories: those describing modifications to its complex structure,

and the rest – including the breathing mode – that are known as Kähler moduli.

Moduli are of particular interest when studying compactifications becausethe classical field

equations guarantee the existence of a massless 4D scalar field for each modulus of the extra-

dimensional metric. To see how this works, first recall how to compactify a fluctuation in a 10D

scalar field,δφ(x,y), whose 10D field equation is�10δφ = gMNDMDNδφ = 0. Evaluated for a

product metric like eq. (3.18), this becomes(�4 +�6)δφ = 0, where�6 = gmnDmDn and�4 =

ηµν∂µ∂ν . If we decomposeδφ(x,y) in terms of eigenfunctions,uk(y), of �6 — i.e. where�6uk =

−µ2
k uk — we have

δφ(x,y) = ∑
k

ϕk(x)uk(y) , (3.20)

and the equations of motion forφ imply (�4 − µ2
k )ϕk = 0. The 10D field decomposes as an

infinite number of 4D Kaluza-Klein fields, each of whose 4D mass is given bythe corresponding

eigenvalue,µk. In particular a massless mode in 4D corresponds to a zero eigenvalue:�6uk = 0.

A similar analysis also applies for the fluctuations,δgMN(x,y), in the 10D metric about a

specific background geometry such as eq. (3.18). Focussing on metric components in the extra

dimensions,δgmn(x,y), allows an expansion similar to eq. (3.20)

δgmn(x,y) = ∑
k

ϕk(x)hk
mn(y) , (3.21)

wherehmn(y) are tensor eigenfunctions for a particular 6D differential operator (theLichnerowitz

operator) obtained by linearizing the Einstein equations,∆6hk
mn=−µ2

k hk
mn. Again the 10D equation

of motion,∆10δgmn = 0, implies each 4D mode,ϕk(x), satisfies(�4−µ2
k )ϕk = 0, and so has mass

µk.

The significance of moduli is that they provide zero eigenfunctions for∆6, and so identify

massless 4D scalar fields within the KK reduction of the extra-dimensional metric. The zero

eigenfunction is given by the variation of the background metric in the direction of the moduli.

Schematically, ifωa are the moduli of the background metric,gmn(y;ω), and ifha
mn = ∂gmn/∂ωa,

then∆6ha
mn = 0. Physically, these are zero eigenfunctions because varying a modulusin a given

solution to the Einstein equations gives (by definition) a new solution to the same equations, and so

in particular an infinitesimal variation in this direction is a zero mode of the linearized equations.

Because the 4D moduli fields,ϕa(x), are massless they necessarily appear in the low-energy

4D effective action which governs the dynamics at scales below the KK scale, Mc. If we focus

purely on the moduli and the 4D metric (and ignore other fields), then the low-energy part of this

action must take the general form of eq. (3.7), but with a potential,V, which is independent of the

moduli,ϕa(x).

Moduli and inflation

Moduli (and any other classically massless scalars) are a mixed blessing for inflationary mod-

els. The Good News is they provide a large number of candidate scalar fields in the 4D effective
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theory, any of which might play the role of the inflaton. Furthermore, a slow roll could be possible

because their potential is often very shallow, being required to be flat to theaccuracy with which it

is known that configurations likegmn(y;ω) are solutions for allωa. Typically the field in question

is only approximately a modulus, although some can be exactly massless if one ofthe supersym-

metries is unbroken. Even in supersymmetric cases it often happens that moduli remain massless to

all orders in perturbation theory, but appear in the 4D scalar potential once non-perturbative effects

are considered.

Indeed a number of these scalar fields have been proposed as possibleinflatons [34], however

before the discovery of branes within string theory all of the proposed inflationary scenarios had

difficulties. One difficulty for the moduli of supersymmetric vacua was the need to compute non-

perturbative contributions, which made the calculation of the inflaton potentialdifficult. Branes

provide a way forward on two fronts: they allow supersymmetry-breakingeffects to be more sim-

ply computed, such as with the use of brane-antibrane dynamics; and they play a central role in

the geometries arising in the modulus-stabilization programme. The ability to compute explicitly

led to an explosion of inflaton proposals, including metric moduli [35], massless modes arising

from extra-dimensional gauge fields [36], inter-brane separations [23, 24, 25, 37, 38], more stringy

modes, [39] and so on.

On the other hand, the Bad News is that it is usually impossible to know for surewhether

a given light scalar can be the inflaton until the full potential is understood which governs the

dynamics ofall of the low-energy moduli. This is because a slow roll requires the potential tobe

shallow in itssteepestdownward direction. If one finds an inflaton potential that is shallow enough

to obtain inflation before understanding the corrections which stabilize some of the moduli, one

must worry that these corrections ruin the inflationary solution by providingsteeper directions

along which the inflaton could roll without inflating. Unfortunately, progress on understanding

modulus stabilization was a long time coming in string theory, and the lack of this understanding

proved to be a long-standing obstacle to identifying how inflation might arise within a stringy

context.

Modulus Stabilization: Branes and Fluxes

Major progress on string inflation became possible with the development of tools for under-

standing how to stabilize most of the moduli for a few kinds of stringy vacua. This progress started

with the identification of how to generalize [40] the 4D supersymmetric compactifications of the

field equations of Type IIB supergravity in 10 dimensions to include the presence of parallel D3,

D7 branes (plus 7+1-dimensional surfaces having negative tension, called orientifold planes).

These branes complicate the dynamics of the internal dimensions in several important ways.

First, they do so through the gravitational fields they create, which have theeffect of modifying the

metric of eq. (3.18) into the following form,

ds2 = h−1/2(y)ηµν dxµ dxν +h1/2(y)gmn(y)dymdyn , (3.22)

with the warp factor, h(y), depending on the positions of the various branes. The metricgmn(y)

44



P
o
S
(
c
a
r
g
e
s
e
)
0
0
3

Lectures on String Inflation

appearing here is a Ricci-flat Calabi-Yau type metric, of the form which arose in the absence of the

branes.

A second important difference to the dynamics of the internal dimensions which arises once

branes are present is the presence of nontrivial configurations of the various antisymmetric tensor

fields, for which they act as sources. The total flux of these fields through topologically nontrivial

surfaces in the extra dimensions is quantized, such as

M2
s

∫

S
F ∝ n1 and M2

s

∫

S
H ∝ n2 , (3.23)

whereS is a 3-cycle,F = dC andH = dB are 3-form fluxes, andn1 andn2 are integers that depend

on which 3-surfaceS is considered. The presence of such fluxes has two important consequences:

(i) they can (but need not) break the remaining 4D supersymmetry, and (ii ) they can remove some

of the moduli of the extra-dimensional geometry, such as changes to the area of these surfacesS.

These are no longer moduli when fluxes are present because flux quantization implies the value of

fields likeCMN must grow as the areas of these surfaces shrink, ensuring such changes come with

an energy cost.

A third potential contribution of branes to extra-dimensional dynamics is the tension of the

branes themselves. In particular, since D7 branes fill 7 spatial dimensions, and only 3 of these are

the noncompact ones we see, they must also extend into 4 of the compact 6 dimensions. Typically

they do so by ‘wrapping’ themselves around a non-contractable surface, or 4-cycle, in these extra

dimensions. But D7 branes have a fixed tension,T7 ∝ M8
s , and so such wrappings provide an

energy cost for increasing the moduli describing the volume of the cycles about which branes

wrap. Precisely what this energy cost is depends on the relative numberof different kinds of branes

(positive tensionD7 branes, or negative tension orientifoldO7 andO3 planes) wrapping any given

cycle, a number which is itself subject to the topological constraint (‘tadpolecondition’) that the

netD3 andD7 charges must vanish (much in the same way that Gauss’ Law requires the net electric

charge in any compact volume to vanish).

In the end one expects such geometries having both branes and fluxes to have fewer moduli

than do those without branes and fluxes, and this is indeed what is found.In particular, for the su-

persymmetric Type IIB compactifications described here, the fluxes and branes turn out to remove

all of the complex structure moduli that are associated with the Calabi-Yau metric, gmn, appearing

in eq. (3.22). But not all of the moduli ofgmn are lifted in this way, with the Kähler moduli (in-

cluding the breathing mode) remaining at the classical level, even in the presence of branes and

fluxes.

Warped Throats

The extra dimensions which result in this way can have a complicated and rich geometry,

including the possibility of warped throats along which the warp factor,h(y), varies strongly. The

6D geometry in such a throat is well approximated by the following polar-coordinate-like form

ds2 = h−1/2ηµν dxµ dxν +h1/2
[

dρ2 +ρ2ds2
5

]

with h≃ a4 +b4/ρ4 , (3.24)
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Figure 8: A cartoon of a Type IIB extra-dimensional configuration.

whereρ denotes proper distance along the throat (measured with the metricgmn) and ds2
5 is a known

metric describing the 5 other ‘angular’ directions. These approximations work well away from the

throat’s ‘base’ (i.e. ρ ≫ b/a, whereh becomes more slowly varying and joins into the bulk of the

internal dimensions). They also apply not too close to its ‘tip’ (ρ → 0, where the conical singularity

generically present in the metric,gmn, becomes smoothed out).

Notice that forρ ≪ b/a we haveh ∝ ρ−4 and so the metric, eq. (3.24), takes the approximate

form

ds2 ≃ ρ2

b2 ηµν dxµ dxν +
b2dρ2

ρ2 +ds2
5

= e2ξ/b ηµν dxµ dxν +dξ 2 +ds2
5 , (3.25)

where we change variables usingρ = ρ0eξ/b, and absorb a factor ofρ0 into the 4D coordinates,

xµ . The restriction of this metric to the 5 dimensions spanned by the coordinates{xµ ,ξ} is the 5D

de Sitter metric, and so eq. (3.25) shows that the 4D warp factor varies exponentially quickly with

proper distance,ξ , along the throat. (Once corrections to the geometry near the throat’s tip are

included one findshtip = h(ρ → 0) does not diverge.) This is precisely the kind of fast variation

of 4D scale in the extra dimensions which could play a role in the hierarchy problem, à la Randall

and Sundrum [41].

The 4D Point of View

The Type IIB compactifications to 4 dimensions of ref. [40] generically all share two prop-

erties: (i) they are eitherN = 1 supersymmetric in 4D, or break this supersymmetry by a small

amount compared toMc; and (ii ) they preserve at least one (but usually many) massless moduli at

the classical level. Consequently they can have an interesting dynamics at energies well belowMc,

which it should be possible to capture with anN = 1 supersymmetric 4D effective field theory.

The field content of any such a 4D supergravity generically consists of:(i) chiral matter

multiplets, whose bosonic components are complex scalar fields,ϕ i ; (ii ) gauge multiplets, whose
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bosonic components are gauge potentials,Aa
µ ; and (iii ) the supergravity multiplet, whose bosonic

component is the massless KK mode of the 4D metric itself,gµν . (If more than one 4D supersym-

metry were to survive to energies belowMc then a fourth kind of multiplet, consisting of a gravitino

and a gauge boson, would also be required.) Since the surviving moduli are 4D scalars, we expect

these to fall into 4D chiral multiplets, and so be represented by complex scalarfields,ϕ i .

Once expressed in the 4D Einstein frame (i.e. with the metric chosen so that the 4D gravity

lagrangian density isL = −1
2M2

p
√−ggµνRµν ) the interactions amongst these fields are described

by 4D N = 1 supergravity [42], which (at low energies, where the lowest derivatives dominate) is

completely characterized by three functions of the chiral scalars: (i) the holomorphic superpoten-

tial, W(ϕ); (ii ) the holomorphic gauge coupling function,fab(ϕ); and (iii ) the Kähler potential,

K(ϕ,ϕ). In particular, the kinetic terms for the gauge potentials,Aa
µ , are given in terms offab by

Lgkin√−g
= −1

4

(

Re fab

)

Fa
µνFµν

a , (3.26)

and so if fab = faδab then the gauge coupling is given by 1/g2
a = Re fa. The scalar-field kinetic

terms and self-interactions are similarly given by

Ls√−g
= −Gi(ϕ,ϕ)∂ µϕ i ∂µϕ −V(ϕ,ϕ) , (3.27)

with target space metric for the scalars given byGi = K,i, which is a Kähler metric, and we adopt

Planck units for whichMp = (8πG)−1/2 = 1.

The scalar potential isV = VF +VD, where

VD =
1
2

f abDaDb with Da = K,iδaϕ i , (3.28)

f ab is the matrix inverse of the gauge coupling matrix, Refab, andδaϕ i denotes the variation of

the scalar fields under a gauge transformation (soVD arises only when there are low-energy gauge

multiplets present, coupled to the scalars). The remaining term inV is

VF = eK
[

Gı jDiW DjW−3|W|2
]

, (3.29)

where, as usual,Gı j is the inverse metric toGi, and the quantityDiW denotes the Kähler covariant

derivative ofW, defined by

DiW = W,i +K,i W . (3.30)

It turns out thatDiW is the order parameter for supersymmetry breaking, and so must vanish for

stationary points of this potential to preserve supersymmetry.

Exercise 11:Show that any solution toDiW = 0 (for all i) is also a stationary point for

VF . Show also that gauge invariance of the superpotential,W,i δaϕ i = 0, ensures that

DiW = 0 impliesVD = 0.
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The functionsK andW can be computed semiclassically for the remaining moduli in the Type

IIB compactifications of ref. [40] by directly dimensionally reducing the higher-dimensional action,

and this gives

K = −2ln
(

M6
sV6

)

and W = W0 , (3.31)

whereV6 denotes the volume of the internal 6 dimensions, as measured using the metricgmn and

expressed as a function of its complex moduli,ϕ i . W0, on the other hand, is aϕ i-independent

constant, which can be computed in terms of the extra-dimensional fluxes which have been turned

on [43]. If the fluxes involved do not break supersymmetry, thenW0 vanishes, butW0 is typically

nonzero if these fluxes break the remaining 4D supersymmetry.

Example with one modulus:For example, one modulus which always survives at the classical level

(due to a classical scale invariance of the higher-dimensional supergravity equations) is the field

corresponding to the overall breathing mode of the extra dimensions. Writingthe internal metric

asgmn(y) = r2ĝmn(y), with, say,M6
s
∫

d6y
√

ĝ = 1, then we first seek the complex field,ϕ , which

contains the 4D modulusr(x). In principle this can be obtained by examining the supersymmetry

transformation laws, to see which fields transform in the standard form fora 4D multiplet [44], but

a shortcut to the result can be found by examining the dependence onr of the gauge kinetic terms

for a gauge field on one of the D7 branes wrapped about some 4-cycleΣ. The result obtained by

dimensional reduction is

Lgkin = −1
4

∫

Σ
d4y

√−ggµνgλρFµλ Fνρ + · · ·

= − r4

4
ηµνηλρFµλ Fνρ

∫

d4y
√

−ĝh(y)+ · · · , (3.32)

which, when compared with the supersymmetric 4D gauge kinetic function shows that Ref = kr4,

with k ∝
∫

Σ d4y
√

ĝh. Since 4D supersymmetry requiresf to be a holomorphic function of the

complex modulusϕ , it follows that we can defineϕ such thatf = ϕ , with Reϕ = kr4.

Given this relation betweenϕ andr we may compute the Kähler potentialK, using the known

r-dependence of the 6D volume:M6
sV6 = M6

s r6∫ d6y
√

ĝ= r6. This shows thatV6 ∝ (Reϕ)3/2, and

so

K(ϕ,ϕ) = −2ln
(

M6
sV6

)

= −3ln
(

ϕ +ϕ
)

, (3.33)

up to an irrelevant additive constant. The fact thatK depends only on Reϕ can also be deduced

on symmetry grounds once the supersymmetry transformations are used to identify which fields

appear in Imϕ . K cannot depend on Imϕ at the classical level because the theory turns out to be

invariant under constant shifts of Imϕ.

Exercise 12: Verify that using the Kähler potential of eq. (3.33) in eq. (3.27) gives

the correct kinetic terms forr(x), by comparing the result with what you obtain by

directly dimensionally reducing the higher-dimensional Einstein-Hilbert action, L =

−1
2M8

s
√−gR, using the metric, eq. (3.22), withgmn = r2(x)ĝmn(y). Do not forget to

go to the 4D Einstein frame by also re-scaling the 4D metric,gµν → r−6gµν .
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A check on the whole picture comes when the above results forW andK are used to compute

the scalar potential forϕ , using the general expression, eq. (3.29). Consistency requires theresult

must vanish,V = 0, sinceϕ is a modulus and so cannot have a scalar potential (to the accuracy used

to deriveW andK). Notice first thatϕ does not transform under gauge transformations (so long as

none of the D7 gauge groups are anomalous), soVD = 0 andV = VF . Specializing eq. (3.29) for

VF to a constant superpotential,W = W0, then gives

V = eK
[

Gı jK,ı K, j −3
]

|W0|2 . (3.34)

Finally, using eq. (3.33) in this expression givesVF ≡ 0 for all ϕ , because the Kähler potential

satisfies the remarkable identity

Gı jK,ı K, j ≡ 3. (3.35)

Models whose Kähler potential satisfies this identity are known asno-scalemodels [42, 45]. They

play an important role in low-energy string theory because they capture theproperty that the low-

energy 4D potential cannot depend on moduli fields.

SinceV vanishes, any value ofϕ provides an equally good classical vacuum for the low-energy

4D theory. Notice, however, that ifW0 6= 0 then supersymmetry is typically broken for most of these

values, since the order parameter for supersymmetry breaking isDϕW = K,ϕW0. This ensures the

effective 4D picture agrees with the higher-dimensional point of view, becauseW0 is only nonzero

if the higher-dimensional fluxes break 4D supersymmetry.

Examples with several moduli:A second example of practical later interest is to compactifications

for which more than one modulus survives at the classical level, corresponding to a collection of

complex moduli,ϕ i . For many of these the Kähler potential,K, of the moduli has been explicitly

computed, with some having the form

K(ϕ,ϕ) = −2ln

[

(τ1)3/2−∑
i 6=1

ki(τ i)3/2

]

, (3.36)

whereτ i = Reϕ i andki are calculable constants for a given Calabi-Yau geometry. In these models

V = VF , and the superpotential is constant,W = W0, so we are again led to eq. (3.34) as the scalar

potential. Remarkably, we again obtainVF ≡ 0 in this case, because the Kähler potential, eq. (3.36),

also satisfies the no-scale identityGı jK,ı K, j ≡ 3.

Exercise 13:Explicitly show that the Kähler potential given in eq. (3.36) satisfies the

no-scale identity, eq. (3.35).

Corrections to the Semi-classical Picture

A consistent low-energy 4D picture for the dynamics of moduli exists for Type IIB string

vacua, but so far the resulting scalar dynamics does not inflate becausethe scalar potentials are

precisely flat. However the functionsK andW used to this point are computed by direct dimen-

sional reduction using the higher-dimensional classical action, and the potential can become more
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complicated once corrections are included which introduce an energy cost to changing the value of

the low-energy fields,ϕ i .

There are two important kinds of corrections of this sort which are knownto arise: (i) string

loop corrections, involving powers ofgs ∼ eφ ; and (ii ) α ′ corrections, to do with the higher-

dimensional supergravity equations themselves only being low-energy approximations to the full

string theory. (The notationα ′ ∝ M−2
s is defined for historical reasons, and controls the second

type of corrections because they are typically suppressed by powers of a low-energy scale (likeMc)

compared with 1/M2
s = α ′.)

Some of the effects of these corrections onK, W and fab are known. It is known that the

holomorphic superpotential,W, does not receive either of these kinds of corrections, to all or-

ders in perturbation theory, a result called the non-renormalization theorem [46]. It can, however,

be corrected once non-perturbative contributions are included. The Kähler potential,K, is not

similarly protected, however, with the contribution of higher-curvatureα ′ corrections in the extra-

dimensional action correctingK to become [47]

K = −2ln

(

M6
sV6 +

ξ
2

)

, (3.37)

whereξ =−χ(M )/[2(2π)3] being a calculable coefficient depending on the Euler number,χ(M ),

of the extra-dimensional geometry,M . Notice that the new term inside the logarithm is suppressed

relative to the first one by powers of 1/V6, as is typical forα ′ corrections. Notice also that the

corrected Kähler potential no longer satisfies the no-scale identity, eq. (3.35).

The KKLT Framework

The first approach to fix all of the moduli within the Type IIB framework — byKachru,

Kallosh, Linde and Trivedi, or KKLT [48] — starts with the assumption that only one modulus,ϕ ,

survives the flux compactification, leading to a constant superpotential,W =W0, and the Kähler po-

tential of eq. (3.33). The remaining modulus is then imagined to be fixed througha non-perturbative

correction to the superpotential, of the form

W(ϕ) = W0 +A exp
[

−aϕ
]

, (3.38)

whereA anda are both constants. This functional form for the non-perturbative correction toW is

known to arise in two kinds of situations: in the presence of some brane-related instantons [49], or

if the low-energy gauge group associated with some of the D7 branes contains an asymptotically-

free non-abelian gauge group,G. (For instance, since the gauge coupling function isfab(ϕ) = ϕ δab

for such a gauge group, ifG = SU(N) and there are no matter multiplets carryingSU(N) quantum

numbers, then condensation of gauginos [50, 51] in the vacuum leads to asuperpotential of the

above form, withA nonzero anda = 2π/N. In this case the exponential dependence ofW on

ϕ reflects a vacuum energy which depends non-perturbatively on the gauge coupling constant,

g−2 ∝ Reϕ .)

KKLT analyze the potential generated using the non-perturbative superpotential of eq. (3.38)

together with the uncorrected Kähler potential of eq. (3.33). Is it consistent to use non-perturbative
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corrections toW when not keeping perturbative contributions toK? It can be, depending on the

size ofW0. To see this imagine thatK = K0 + Kp andW = W0 +Wnp, whereKp denotes the

perturbative corrections toK andWnp is the (much smaller) non-perturbative contribution toW.

The corresponding contributions toVF then have the schematic formVF = V0 +Vp +Vnp where

V0 = 0 because of the no-scale form of the Kähler potential, while

Vp = O(Kp|W0|2)+O(K2
p|W0|2)+ · · ·

Vnp = O(W0Wnp)+O(KpW0Wnp)+O(|Wnp|2)+ · · · , (3.39)

and the ellipses contain further subdominant terms. For generic values ofW0 the perturbative

contributions toVF dominate the non-perturbative ones, but ifW0 should be anomalously small,e.g.

W0 ∼Wnp, then the terms involvingKp become subdominant even whenWnp cannot be neglected.

Using the leading-order Kähler potential, eq. (3.33), and including the non-perturbative super-

potential, eq. (3.38), gives a potential which depends nontrivially onϕ , with V → 0 as|ϕ| → ∞,

falling to a nontrivial minimum for nonzeroϕ = ϕm [48]. Furthermore, although the domain of

validity of theα ′ expansion is large Reϕ , this domain can extend down to small enough values to

trust the position of this minimum provided we chooseW0 ∼Wnp(ϕm).

The resulting minimum turns out to be supersymmetric, since

DϕW
∣

∣

∣

ϕm

= −aAe−aϕm − 3[W0 +Ae−aϕm]

ϕm+ϕm
= 0 (3.40)

there, and so

V(ϕm,ϕm) = − 3|W0 +Ae−aϕm|2
(ϕm+ϕm)3 = − |aAe−aϕm|2

3(ϕm+ϕm)
< 0. (3.41)

Uplifting

Although this successfully fixes the last of the moduli, it does so in a way whichdoes not

break supersymmetry, and with the geometry of the noncompact 4 dimensions being given by anti-

de Sitter space due to the negative vacuum energy density, eq. (3.41). For this reason it is useful

to modify the system slightly, both to break supersymmetry and to raise the vacuum energy to zero

(or positive) values. The idea is to do so in a way which does not ruin the success of the modulus

stabilization just discussed.

KKLT suggested doing so by adding an anti-D3 brane to the system. The problem is that

such aD3 breaks all of the supersymmetries that are preserved by the Calabi-Yaugeometry, and so

need not appear within the effective 4D theory in a way that is captured by4D N = 1 supergravity.

Although this gives much less control over the corrections to the calculation,the damage can be

kept small if the contribution of the antibrane to the low-energy action can be made parametrically

weak. This can plausibly be done in the case that there is a strongly warpedthroat, because in this

case the antibrane can minimize its energy by moving to the throat’s tip. It can do so because at

the tip the dimensional reduction of the anti-brane tension (starting in the 10D Einstein frame) is

small, with

LD3 = −T3

∫

d4x
√−g = −T3

∫

d4x

√−ĝ
htipr12 = −k3T3

∫

d4x

√−ĝ
htip(Reϕ)3 . (3.42)
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Here the second equality usesgµν = r−6ĝµν , as is required to go to the 4D Einstein frame once we

re-scale the internal metric bygmn = r2ĝmn, and the third equality uses the connection Reϕ = kr4.

Since the value of the warp factor at the throat’s tip turns out to depend onr like htip = h0r−4 =

kh0(Reϕ)−1, we see that the antibrane contribution to the potential becomes

VD3 =
E

(Reϕ)2 , (3.43)

whereE ≃ k2T3/h0 > 0.

The point of this exercise is that the value of the parameter,h0, can be tuned over an extremely

wide range of values because it is given in Type IIB compactifications as an exponential of the

various integers which label the quantized fluxes within the extra dimensions.Consequently, it is

possible to adjust these integers to ensure thath0 is sufficiently large that the contribution of the

antibrane to the low-energy action can be computed perturbatively inE , which to leading order

means simply adding eqs. (3.29) and (3.43). Once this is done, the resulting potential can be

adjusted to continue having a local minimum atϕ ≃ ϕm for whichV vanishes or is positive. The

asymptotic region at|ϕ| → ∞, whereV → 0, is then separated from this minimum by a potential

barrier, making the local minimum unstable to tunnelling. However the barrier width can easily

be wide enough to make the lifetime of this tunnelling long enough to be stable for allpractical

purposes.

An alternative tack on uplifting is to try to do so using physics which does not itself badly break

supersymmetry (unlike the D3-bar) and so which can be described purelywithin the framework of

4D N = 1 supergravity. One way to do so is to turn on magnetic fluxes on some of the D7branes,

since this allows supersymmetry to be broken in a parametrically small way. The resulting energy is

positive, and appears within the low-energy supergravity as a contribution to the positive potential,

VD, of eq. (3.28) [52]. It can be tricky to realize this mechanism explicitly in brane constructions,

due to the need to ensure that the low-energy theory does not acquire new light fields, and so modify

the KKLT stabilization argument [53]. (See also [54] for a different uplifting proposal.)

3.4 Some Inflationary Models

With this lengthy preamble it is now possible to describe briefly some of the inflationary pro-

posals that have been made to date. The examples presented here are notmeant to be exhaustive,

but instead are chosen to illustrate some of the insights which stand to be gainedby making a

connection between inflation and string theory.

Racetrack Models

The simplest approach is to ask if moduli themselves can play the role of the inflaton [35, 55].

More precisely, do the 4D effective potentials for those vacua having a small number of moduli

have regions for which the slow-roll conditions are satisfied? Although thisappears not to be

possible for the simplest single-modulus example examined by KKLT, it does seem to be possible

for only marginally more complicated cases having two complex moduli,ϕ1 andϕ2 [56].

52



P
o
S
(
c
a
r
g
e
s
e
)
0
0
3

Lectures on String Inflation

-40

-20

0

20

40

Y1
0

100

200Y2

0

1

2

3

V
-40

-20

0

20

40

Y1

0

1

2

3

Figure 9: A sketch of the scalar potential as a function of the imaginary parts of the two moduli once the
real parts are minimized, for the IP4

[1,1,1,6,9] model of ref. [56].

The simplest such an example is based on the Calabi-Yau manifold IP4
[1,1,1,6,9], which has a

Kähler potential of the form of eq. (3.36) [57], withk2 = 1. The non-perturbative superpotential

for this case may also be computed, and is given by

W = W0 +Ae−aϕ1
+Be−bϕ2

, (3.44)

for calculable constantsA, B, a andb. Finally, motivated by what would arise in the presence of

a D3, the uplifting potential can be taken to beVD3 = E /V 2
6 . As may be seen from Figure 9, the

scalar potential which results has a complicated form as a function of the four real fields, Reϕ i

and Imϕ i . Although inflation is not generic for this potential, a numerical search shows that it can

occur for specific choices for the various parameters appearing within the superpotential [56]. It is

not yet known whether the precise values required can plausibly arise from explicit choices for the

underlying Calabi-Yau geometry.

This example — called‘Better’ Racetrack Inflation— already teaches us a number of things

about string inflation. First, the inflationary trajectories generically involve complicated motions in

the 4-dimensional field space, which are not well described by having only the imaginary or real

part of one of the moduliϕ i evolving with all of the others held fixed. However, as Figure 10 shows,

because these fields are typically rolling roughly in a fixed direction over thecomparatively short

interval of horizon exit, its observational predictions (such as a scalar spectral indexns ≃ 0.95)

are nonetheless well captured by a single-field estimate. Because inflation occurs near the top of

a saddle point forV, the relevant single-field model is in this case of the small-field form. This,

together with the generic decoupling of high-energy modes which is a feature of the effective field

theories during inflation [20, 21], gives confidence that string modifications do not undermine the

basic observational evidence that inflation may have taken place.

Another important feature of the Racetrack models is their strong sensitivity tothe parameters

chosen for the superpotential. The very existence of a slow roll can be destroyed merely by varying
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Figure 10: A comparison of a single-field calculation of the scalar spectral index with the full result for the
IP4

[1,1,1,6,9] model of ref. [56].

these parameters by a percent or less [56]. This is similar to what is encountered in simple single-

field models, where potential parameters must be adjusted with similar accuracyin order to ensure

bothε andη are small enough to provide sufficient inflation. The slightly more complicated model

described in the next section may be more successful on this particular score.

Kähler Moduli Inflation

Kähler Moduli Inflation[58, 59] works within a class of Type IIB string vacua that are interest-

ing in their own right, which differ from the KKLT minima by not assumingW0 to be anomalously

small. In this case the perturbativeα ′ corrections toK are no longer negligible, and their presence

gives rise to new minima for the potential. In order to trust these new minima within the context

of theα ′ expansion, it is necessary to work with Calabi-Yau vacua having more thanone modulus

[60]. Among their attractive phenomenological features are the enormousrange of volumes,V6,

which are possible for the underlying Calabi-Yau space (due to the exponential dependence ofV6

on the parameters of the compactification), as well as the fact that supersymmetry is not preserved

at the minimum (even before uplifting by aD3 brane) sinceDiW(ϕm) 6= 0.

The simplest models of this class known to have scalar potentials that inflate involve three

moduli, ϕ i with i = 1,2,3. Their Kähler potential is as given in eq. (3.36), supplemented by the

perturbative correction of eq. (3.37), and their superpotential is

W = W0 +∑
i

Aie
−aiϕ i

. (3.45)

The full scalar potential is then obtained by combining the resulting supersymmetric expression,

VF , with an uplifting term of the formVD3 ∝ 1/V 2
6 .

Denotingτ i = Reϕ i , this potential can lead to inflation in the regime whereτ3 is much larger

than the others, withe−a3τ3 ∼ O(V −2
6 ) ≪ 1. In this case the motion largely involves onlyτ3, with
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V approximated by the expression

V ≃V0−C(τ3
c )4/3exp

[

−c(τ3
c )4/3

]

, (3.46)

whereτ3
c denotes the canonically normalized variable along theτ3 direction [58]. Slow roll in this

case requires onlyτ3
c to be sufficiently large, which lies within the domain of the approximations

used to computeV. Furthermore, since the roll is towards smaller values ofτ3
c , eventually this

condition fails and corrections to eq. (3.46) become important, providing an exit from inflation.

The attractive new feature of this model is the insensitivity of the slow-roll conditions from

specific choices for the parameters (likec andC) that are explicitly given in the potential. Whether

it is similarly independent of other implicit choices of parameters, such as those possibly arising

once string loop corrections are incorporated into the potential, is not yet known.

Inflation due to Brane Motion

Another broad class of inflationary constructions within string theory relieson using the posi-

tions of various branes as the inflaton [23]. In particular, using the separation between an antibrane

and a brane (or configuration of other branes) as the inflaton turns these models into useful tools

for exploring inflationary possibilities in string theory, by allowing supersymmetry breaking to be

incorporated in a calculable way [24].

Within this framework inflaton dynamics is governed by the potential describingthe various

forces acting between the various branes. Finding inflation is difficult forthese models because

although inter-brane forces typically fall off like a power of the inter-brane separation, branes can

never get far enough apart from one another within the extra dimensionsto allow this falloff to

become shallow enough for a slow roll to occur [24]. This observation has led to the proposal of a

variety of mechanisms for achieving sufficiently weak inter-brane forces, involving the interactions

of branes oriented at angles to one another [37], dual formulations of branes at angles [36], D3

branes falling towards D7 branes [61], and so on [62]. These models usually resemble Hybrid

Inflation in their predictions, because of the appearance of an open-string tachyon (expressing their

instability towards annihilation) once the branes approach to within the string length of one another.

Since brane positions,zi , appear in the low-energy effective theory together with other mod-

uli, real progress has become possible once these ideas were embeddedinto a framework which

stabilizes the various moduli [63]. The simplest proposal starts with the basicone-modulus model

defined with extra dimensions having a strongly warped throat à la KKLT. Brane dynamics is then

added by including a mobile D3 brane which is free to move, and is drawn downthe throat by its

attraction towards the anti-D3 which sits at its tip. The trick to make this precise is to cast both the

modulus-stabilizing and inter-brane forces in terms of an effective 4D supergravity, since this gives

control over the corrections which are possible to the leading semiclassicalapproximations.

A D3 brane added to a Type IIB vacuum in this way changes both the Kählerpotential and

superpotential of the low-energy 4D supergravity, and each of these changes describes a different

kind of inter-brane force. Modifications making the Kähler function depend on the presence of the
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3-brane position,zi , modifies eq. (3.33) to take the form

K(ϕ,z,ϕ,z) = −3ln
[

ϕ +ϕ −κ k(z,z)
]

, (3.47)

whereκ is a constant andk(z,z) is the Kähler potential for the Calabi-Yau metric,gmn(y), itself, in

the sense thatgi(z,z) = ∂i∂k for an appropriate choice of coordinates. The correctness of this form

for the Kähler potential may be inferred by requiring agreement with the dimensionally-reduced

kinetic term, eq. (3.16) for the D3-brane [64], and requiring that the supersymmetric potential for

the modulus vanishes identically whenW = W0 (see Exercise 14).

Exercise 14: Show that the Kähler potential,K, of eq. (3.47) satisfies the no-scale

identity, eq. (3.35), and soVF = 0 when the superpotential is constant,W = W0.

The potential, eq. (3.47), describes a force on the D3 brane once the moduli get stabilized

because onceW depends onϕ , VF acquires nontrivial dependence onzi . Physically, the absence

of such a potential whenW = W0 expresses the absence of a net static force between the D3 and

the other branes present in the extra dimensions. However this absence of a net force happens due

to the cancelling (due to the supersymmetry of the background geometry) of avariety of inter-

brane forces having their origin in the exchange of massless bulk states (gravitons, dilatons, and

so on). However, if the D3 is moved within the extra dimensions the distribution offorces acting

on the branes adjusts, as they try to maintain their cancellation at the new positionof the D3. This

adjustment in turn causes the volume modulus,ϕ , to change, as the internal geometry responds to

new distribution of forces. The change of the extra-dimensional volume costs no energy so long

as the breathing mode is a modulus. But once this modulus has been stabilized (by havingW

depend onϕ) the energy cost associated with this adjustment induces a force (expressed by the

interactions betweenϕ andzi in K) which tends to localize the D3 at a specific position within the

extra dimensions.

Modifications that introduce azi dependence directly intoW describe a second kind of force

experienced by the D3. This force arises due to the back-reaction of theD3 onto the background

extra-dimensional geometry, since this changes the volume of the cycle wrapped by any D7 branes,

and thereby changes the gauge couplings of the interactions on these branes (such as those which

generateWnp). In the low-energy supergravity this effect appears as a calculablez-dependence to

the constantA = A(z) appearing in eq. (3.38) [65].

KKLMMT-type Models

Ref. [63] performed the first search for inflation, using eq. (3.47) withthe non-perturbative

superpotential, eq. (3.38), together with the uplifting term, eq. (3.43). Theyfound that although the

strong warping in the throat tends to favor a slow D3 roll, the coupling between zi andϕ embodied

by eq. (3.47) generically steepens this potential sufficiently to prevent inflation’s occurrence.

Inflation within this context requires a more detailed balancing of the forces acting on the D3

brane. One way this might occur would arise if the above-mentioned volume-stabilization force

were to localize the brane at a position removed from the tip of the throat, because in this case the
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Figure 11: A sketch of a D7 descending partially into a warped throat, asassumed in the inflationary
scenario of ref. [68].

pull of the mobile D3 towards this point can be balanced against its Coulomb attraction towards

the anti-D3 which is situated at the throat’s tip. In this case a slow roll can occur when the D3

is close to where these forces balance, and ends if the D3 slowly rolls off as it succumbs to its

attraction to the anti-D3 brane [66]. As mentioned earlier, the observationalpredictions for this

inflation fall into the category of Hybrid Inflation, with the two fields physically corresponding to

the interplay between the inter-brane separation and an open-string tachyon which describes the

instability towards mutual annihilation. As a result models of this form exist for which bothns > 1

[66] andns < 1 [67].

However, from the point of view of providing a string embedding of inflation, this kind of

picture suffers from two drawbacks. First, it assumes the forces on theD3 brane stabilize it away

from the throat’s tip, without providing an explicit extra-dimensional construction which does so.

Secondly, by relying on the brane-antibrane Coulomb force, it steps outside of the low-energy 4D

supergravity approximation, and so makes difficult the quantification of the possible corrections to

the semiclassical approximation which might arise.6

A more convincing stringy grounding of this type of inflation in string theory instead requires a

description of all forces in terms of the low-energy supergravity. This has recently become possible

using thez-dependence of the superpotential [65] which arises when a D7 extends partially down

into a warped throat along particular kinds of cycles (see Figure 11). Inthis case, the resulting

z-dependence ofW shows that D3 branes in the same throat can experience a balance of forces

towards the tip and towards the D7 brane, allowing slow-roll inflation to occurfor some choices of

the various parameters describing the underlying vacuum [68].

Brane Annihilation and Reheating

Once the D3 brane and the anti D3-brane come to within the string length of oneanother,

stringy physics intervenes and the two branes annihilate one another. Thisannihilation process has

two potentially important observational implications. First, annihilation takes placethrough having

6Of course, this objection also applies to most of the other proposed brane-based inflationary mechanisms.

57



P
o
S
(
c
a
r
g
e
s
e
)
0
0
3

Lectures on String Inflation

their world sheets fragment into pairs a D1 andD1 branes (or, D-strings), which then find one

another and continue to annihilate in a cascade towards the vacuum state [24]. The competition of

this annihilation rate with the expansion of the universe can be described in amanner very similar to

the Kibble process describing phase transitions, familiar to cosmologists. Thisallows a quantitative

estimate of the number of D1 andD1 that fail to find their anti-branes to annihilate, with the result

that they can be abundant enough to be detectable as cosmic strings in the present universe [69].

Furthermore (although this depends more on the details of the underlying Calabi-Yau geometry)

these strings can be stable enough to avoid having decayed during the intervening epochs [70]. The

observation of such cosmic strings together with inflation would provide compelling circumstantial

evidence for brane-based inflation.

The second implication of annihilation is the mechanism it provides for reheatingthe later

universe [24], by liberating the brane tensions which provide the underlying inflationary energy

density. Once liberated, one must ask whether this energy can get funnelled efficiently enough into

observable low-energy degrees of freedom to provide sufficient reheating. Since the observable

degrees of freedom in these models tend to reside on other, spectator, branes, a potential danger

here is that the released energy is dumped too efficiently into invisible, bulk degrees of freedom

rather than into observable modes. However, an important observation [71] is that strong warping

can help with the efficiency of energy transfer into the observed sector,provided that this observed

sector resides at the tip of a strongly warped region (as tends to be required in any case by particle

physics issues, like the Hierarchy Problem). This low-energy mechanism issupported, with some

caveats, by the subsequent more detailed string calculations [72].

DBI Inflation: Beyond Slow Rolls

A related string-based inflationary proposal, again based on brane motion,differs from all of

the others by not relying on the usual slow-roll approximation, and so alsohas a somewhat different

observational signature. In this model — known asDBI Inflation — a D3 brane is again envisioned

to roll down a strongly warped throat, attracted to an anti-D3 at the tip, but themotion is taken to

be relativistically rapid rather than slow. Paradoxically, the energy of such a system can produce

accelerated inflationary expansion, despite the motion being the opposite of aslow roll [73].

The starting point for this proposal is the action for a relativistically moving D3brane moving

through a throat, and with a cosmological 4D metric,

ds2 = h−1/2(y)
[

−dt2 +a2(t)d~x2
]

+h1/2(y)gmn(y)dymdyn . (3.48)

Denoting the distance to the brane from the throat’s tip byq(t), the brane action takes the form

S= −
∫

d4xa3
[

T3

h(q)

(

√

1−h(q)q̇2/T3−1
)

+V(q)

]

, (3.49)

whereh(q) ≃ b4/q4 in the throat. The square-root term in the square brackets represents the

contribution of the first (Dirac-Born-Infeld, or DBI) term of eq. (3.16), while the second (−1)

term is due to the Chern-Simons coupling (i.e. to C of eq. (3.16)). Notice that these cancel

whenq̇2 = 0, showing the above-mentioned absence of a static force on the D3. In thepotential,
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V(q) = V0 + 1
2m2q2− k/q4, V0 describes the tension of other branes,1

2m2q2 phenomenologically

describes the forces, discussed above, which act to localize the braneat the throat’s tip, andk/q4

describes the Coulomb attraction towards the antibrane, also located at the tip.

Notice that in the limit of a slow roll, when ˙q2 is small, the lagrangian density of eq. (3.49)

reduces to a standard non-relativistic point-particle action,L ≃ a3
[

1
2q̇2−V

]

. The full action

provides the relativistic generalization, and takes the form of the action fora relativistic point

particle, but with a speed,v2/c2 = h(q)q̇2/T3. Some comment is required about the validity of

using the full form of eq. (3.49), including the full structure of the square root, given that this

cannot be regarded as a standard expansion in derivatives as typically arises at low energies. Is

it consistent to drop all higher derivatives (like ¨q) in S while keeping all powers of ˙q2 all higher

derivatives?

The relativistic particle action is one of the few cases where it can be a consistent approx-

imation to trust the entire square-root action while neglecting higher time derivatives. It is self-

consistent to do so because as the motion becomes more and more relativistic,v2/c2 asymptotes

to 1 and the equations of motion imply the higher derivatives go to zero. Whenh is a constant the

same is true for the DBI action, eq. (3.49), since its equations of motion imply thatq̈ and higher

derivatives become suppressed in the ultra-relativistic limit. The same shouldalso hold if the spatial

variation ofh(q) is sufficiently slow.

How can this kind of relativistic motion be consistent with a lengthy period of inflation and

the equation of state,p<−1
3ρ (and so potential-energy domination) which inflation requires? The

answer is in the warping: (i) when passing through a strongly warped regionh ≫ 1, and so ˙q2

can be small (so inflation last a long time) even ifhq̇2/T3 is O(1); and (ii ) because the kinetic

energy’s pre-factor of 1/h suppresses it relative toV in strongly-warped regions, even if the motion

is relativistic.

Because the motion is not slow, the predictions of DBI inflation cannot be inferred using

the slow-roll expressions of the previous sections, which are entirely expressed in terms of the

derivatives of the scalar potential. Instead we must generalize to define slow-roll parameters that

rely only on what is important: the approximate constancy ofH during inflation. To this end define

the generalized slow-roll parametersε̃ andη̃ by [13]

ε̃ ≡− Ḣ
H2 and η̃ ≡

˙̃ε
ε̃H

, (3.50)

and so on, for successively higher derivatives.

To make contact between these definitions and the action, consider the general situation where

S=
∫

d4x a3 p(q,X ) , (3.51)

whereX = 1
2q̇2/T3. The action of interest, eq. (3.49), corresponds to the special case where

p(q,X ) = − T3

h(q)

[

1−2h(q)X
]1/2

+
T3

h(q)
−V(q) . (3.52)

The energy density computed from this action is then

ρ(q,X ) = 2X p,X − p, (3.53)
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and it is useful to define the ‘speed of sound’,

c2
s =

p,X

ρ,X
=

p,X

p,X +2X p,X X

, (3.54)

which when specialized to the action, eq. (3.49), becomes

c2
s = 1−2hX =

1
γ2 , (3.55)

where the relativisticγ factor is defined, as usual, byγ ≡
[

1− 2hX

]−1/2
≥ 1, with relativistic

motion characterized byγ ≫ 1. Using these expressions in the Friedmann and Raychaudhuri equa-

tions, eqs. (1.5) and (1.6), to evaluateH and its derivatives, then gives, for instance

ε̃ =
X p,X

M2
pH2 =

3X p,X

2X p,X − p
, (3.56)

which reduces in the non-relativistic case,p≃ T3X −V, to the usual slow-roll result̃ε ≃ 3
2q̇2/V ≃

ε.

The expressions for the amplitude of primordial fluctuations then generalizefrom the usual

slow-roll results, eqs. (2.44) and (2.50), to

∆2
Φ =

H2

8π2M2
pε̃ cs

and ∆2
T =

2H2

π2M2
p
. (3.57)

From these the following formula for the spectral index are obtained

ns−1 = −2ε̃ − η̃ −s, nT = −2ε̃ and r = −16ε̃ cs, (3.58)

where the new contributions come from the appearance ofcs, and the parameters is defined by

s≡ ċs

csH
. (3.59)

The previous slow-roll formulae are obtained in the limitcs = 1, and sos= 0.

There is an important observational way to distinguish between inflation of thistype and that

arising from an honest-to-God slow roll [74]. This is because the fluctuations predicted by DBI

inflation are not Gaussian when the brane motion is in the ultra-relativistic limit,γ ≫ 1. Although

it goes beyond the scope of these lectures, the deviation from Gaussianitycan be quantified by

a dimensionless parameterfNL, which vanishes for purely Gaussian fluctuations. Observations

of the microwave background are consistent with Gaussian fluctuations, and currently constrain

−256< fNL < 332. For comparison, the prediction of DBI inflation isfNL ≃ 0.32γ2, implying the

observational boundγ <∼ 32.

What We’ve Learned

Recent years have seen some progress in trying to embed inflation into a string theoretic frame-

work, recently stimulated by strides taken in understanding how moduli are fixed for Type IIB string

vacua, and rapid progress continues to be made. Although it is still early days, string theory has

already offered some insights into how inflation might work within a fundamentalcontext. Some

of these are, in a nutshell:
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• Single-Field Slow Roll Models:Single-field slow-roll models (and simple multi-field mod-

els, like Hybrid Inflation) capture most of the predictions of the known string-inflationary

scenarios. Partly this is because the tools available only allow the exploration of string dy-

namics when it is described by an effective 4D theory. But it is also true that these low-energy

field theories typically involve many light scalars during the inflationary epoch, and although

it is necessary to properly follow the dynamics of these extra scalars whenfinding inflation,

their presence often does not crucially alter the observational predictions for the spectrum of

primordial fluctuations. This gives some assurance that we are not beingled far astray when

analyzing cosmological data using simple single-field models.

• Decoupling and Robustness:Even though there are many heavy fields in addition to the

inflationary sector, all the evidence is that in string theory those with masses much greater

than HI decouple and so have a negligible effect during horizon exit [21]. As aresult it

suffices to describe inflation purely in terms of the relevant inflaton physicsat the inflationary

scale. It can be possible to have decoupling break down, such as by having nominally heavy

particles become light; by having some fields evolve non-adiabatically; or by having inflation

start just before horizon exit. But the current evidence is that when it does so, it does so in

the usual way that time-dependent effective field theories do [20].

• New Signatures:Although inflation, where found so far in string theory, is well-described

by a 4D effective field theory, several inflationary scenarios do differ in their implications

from simple slow-roll models. Brane-antbrane inflationary mechanisms can also give rise

to relic cosmic strings [24, 69, 70], and the detection of these would provideconsiderable

circumstantial evidence for this kind of mechanism. DBI inflationary models canpredict

non-Gaussian primordial fluctuations, and their detection would definitivelyrule out inflation

due to a single-field slow-roll mechanism [73].

• Naturalness:For most stringy scenarios parameters in the potentials must be adjusted in or-

der to ensure a slow roll, at a level which is consistent with the adjustments thatare required

in simple single-field models. But two approaches may prove to be more promisingin this

regard: Kähler Moduli Inflation [58], and DBI inflation [73], since these may produce in-

flation more robustly than other models. Whether these models definitively emerge as more

natural than others remains the subject of active current study.

• Reheating: It is a bit premature to fully address reheating issues, since no string model

has yet been constructed which provides both a convincing inflationary picture as well as a

properly formulated Standard Model sector to describe particle physics,including a proper

understanding of the Hierarchy Problem [66, 75]. Both are required toaddress reheating after

inflation, but the first indications are that stringy inflationary scenarios provide a number of

novel challenges and opportunities for reheating [71, 72].

Further insights are certain to emerge as the inflationary options become betterinvestigated.
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