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underground, in the desert or in orbit around the Earth.
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1. Direct detection

Weakly interacting massive particles (hereafter WIMPs) may provide a natural explanation
to the astronomical dark matter whose nature is still unresolved. Should these species exist, they
would drift through the Milky Way. Because their interactions are so weak, they should pass
through the Earth without much harm. Just a few of the impinging WIMPs are expected to col-
lide elastically upon terrestrial nuclei, partially transferring to them their kinetic energy. Direct
detection consists in observing the recoiled nuclei.

Figure 1: Kinematics of a WIMP–nucleus elastic collision as seen in the center of mass frame. In the
laboratory, the WIMP impinges with velocity V" on a nucleus at rest to which the energy ER is transferred.
The masses of the WIMP and of the nucleus are respectively denoted by m " and mN.

In the laboratory, an incoming WIMP with velocity V" interacts upon a nucleus at rest to
which a momentum q is transferred. The energy deposited in the detector by this single collision is

ER =
q2

2mN
, (1.1)

where mN is the nucleus mass. The recoil energy ER is the signal which direct detection is looking
for and may be expressed – see gure 1 – as a function of the recoil angle #∗ in the center of mass
frame

ER =
µ2V 2

"

mN
(1− cos#∗) , (1.2)

where µ denotes the reduced mass of the WIMP–nucleus system.
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Exercise n0 1-a – Level [1] : Establish relation (1.2) and show that if a 100 GeV WIMP with
incoming velocity V" = 220 km s−1 collides upon a 100 GeV nucleus, the transferred energy may
reach a maximal value of 27 keV.

1.1 A not too naïve toy model

The recoil energy ER is quite small. Another difculty of direct detection is the scarcity of
the collisions between WIMPs and the nuclei of a terrestrial detector. In order to estimate the
number of events per unit time, unit of recoil energy and unit of detector mass, we naïvely model
the WIMP–nucleus interaction with the Lagrangian density

scalar = AgS ("̄")
(
$̄N$N

)
, (1.3)

where gS denotes a scalar coupling. The WIMP is assumed here to scatter coherently on the A
nucleons of the target nucleus N. This behaviour is generic of spin independent interactions for
which the atomic number A comes into play and not the nucleus spin. The scalar coupling is
typically of order gS ∼ %em/M2 where %em = 1/137 is the ne–structure constant and M is some
scale at which physics beyond the standard model comes into play. As an example, that scalar
coupling is gS ∼ 7.3×10−9 GeV−2 for a scale M = 1 TeV.

Exercise n0 1-b – Level [2] : The cross section for the scattering process

"
(
P1

)
+ nucleus

(
k1

)
−→ "

(
P2

)
+ nucleus

(
k2

)
, (1.4)

is generically given by the well–known relation

d&
∣∣V" −VN

∣∣ =
m"

P0
1

mN
k0

1

∫
˜dP2

˜dk2 (2')4( 4(P1 + k1 −P2 − k2
)

, (1.5)

where denotes the average over the initial spin states and the sum over the nal spin states of the
square of the amplitude. Show that the latter may be expressed as

scalar =
√
)×AgS× ū(P2)u(P1)× ū(k2)u(k1) . (1.6)

The ) coefcient is equal to 1 for Dirac fermions and to 4 for Majorana species. In the NR limit where
the velocities of the particles are negligible with respect to their energies, establish that is given by

≡ 1
4 *spins

∣∣
scalar

∣∣2 = ) A2g2
S . (1.7)

Compute the integral (1.5) in order to derive the differential cross section in the CMF

d&
d+∗ =

)
4'2 A

2g2
S µ

2 . (1.8)

A few observations can be readily derived from the previous result.
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(i) Because the scattering is isotropic in the center of mass frame, the differential cross section
is at as a function of the recoil energy ER and d&/dER ≡ &/Emax

R . The recoil energy spectrum
extends from ER = 0 up to a maximal value of Emax

R = 2µ2V 2
" /mN. In our simplistic model, the

total cross section may be expressed as

& =
)
'
A2 g2

S µ
2 . (1.9)

Figure 2: A large number of spiral galaxies have at rotation curves that extend well beyond their optical
radii. This illustration features on the left an optical image of the edge–on spiral NGC 4565 taken by the
Canada France Hawaii Telescope and on the right the rotation curves of the NGC 1090 and ESO 287–G13
systems [1].

(ii) In order to compare among the various experiments whose detectors are made of different
materials – for which the atomic number may vary appreciably – it is convenient to dene the spin
independent cross section on a single nucleon as the limit

& SI
p = lim

m"→,
&

{
mN =mp , m"

}
=

)
'
g2
S m

2
p . (1.10)

Setting as before the typical scale M at 1 TeV leads to a cross section of & SI
p ∼ 23.3 zeptobarns1

on a single nucleon.
1One zeptobarn (zb) = 10−9 picobarn = 10−45 cm2.
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(iii) For spin independent interactions, the total scattering cross section varies with the atomic
number A of the target nucleus as

&
& SI

p
= A4

{
1+

mN
m"

}−2
, (1.11)

and scales as A4 in the regime where m" (mN. Heavy nuclei are therefore preferred since they are
associated to much larger interaction cross sections and collision rates.

Each nucleus of a terrestrial detector is embedded inside a stream of WIMPs whose velocity
distribution is f(v) in the laboratory frame. It may undergo a collision whose probability per unit
time and unit of recoil energy is given by

d-
dER

=
.)
m"

∫ vmax

vmin(ER)
d3v f(v) v d&

dER
. (1.12)

The DM density .) in the solar neighborhood is estimated to lie in the range between 0.2 and 0.8
GeV cm−3 and will be set equal to 0.3 GeV cm−3 hereafter. As the recoil spectrum is at, the
collision rate per unit mass of the detector is inferred to be

dR
dER

=
.)
m"

&√
'µ2VC

(ER) , (1.13)

where the integral (ER) depends on the velocity distribution of the DM particles through

(ER) =
√
'

2
VC

∫ vmax

vmin(ER)

d3v
v

f(v) . (1.14)

This integral is normalized by the rotation velocity VC * 220 km s−1 of the Milky Way – see
gure 2. The upper bound vmax corresponds to the escape velocity from the Galaxy whereas the
lower bound vmin is the critical value below which a WIMP cannot transfer the recoil energy ER
whatever the scattering angle #∗ in the center of mass frame

2µ2v2
min

mN
= ER . (1.15)

A key ingredient in the calculation of the recoil spectrum dR/dER is the WIMP velocity distribution
f(v) with respect to the Earth.
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Exercise n0 1-c – Level [2] : The model of the isothermal sphere.

In the absence of collisions, WIMPs undergoing the action of the gravitational potential / behave in
phase–space like an incompressible uid whose density f(r,v, t) follows the Vlasov equation

0 f
0 t

+ (v ·1)f − (1/ ·1v) f = 0 . (1.16)

Show that any function f of the mechanical energy per unit mass E = v 2/2 + /(r) is a stationary
solution of (1.16). Let us choose the Maxwell–Boltzmann distribution f = C exp(−E/2 2), where 2
denotes the typical velocity dispersion of the particles. By integrating out the velocities, establish that
the mass density is given by

. (r) = .c exp{−/(r)/22} . (1.17)

Assuming spherical symmetry, solve the Poisson equation

3/ =
1
r2

d
dr

{
r2 d/

dr

}
= 4'G.(r) . (1.18)

for the scale invariant solution . = Ar% . Compute A and % in order to derive the specic form for the
mass density of an isothermal sphere

.(r) =
22

2'G
1
r2 . (1.19)

Show that if the dark matter inside a spiral galaxy follows that prole and if it dominates the dynamics
of the system, the rotation curve is at with velocityVC =

√
2 2 .

In the very popular model of the isothermal cored sphere [2], the WIMP velocity distribution with
respect to the galactic frame is the Maxwell–Boltzmann function

f(v) =
(
'V 2

C
)−3/2 exp(−v2/V 2

C ) . (1.20)

If we neglect the Earth motion with respect to the Milky Way DM halo and set the upper bound
vmax at innity – which numerically is a fair approximation – we get a very simple form for the
velocity integral

(ER) = exp(−v2
min/V

2
C ) = exp(−ER/E

0
R) . (1.21)

The recoil spectrum decreases exponentially with a variation scale set by

E0
R = 2µ2V 2

C/mN , (1.22)

For a 73Ge target nucleus and a 60 GeV impinging WIMP, we nd a typical recoil energy of E0
R = 16

keV. The Earth actually rotates around the galactic center and moves with respect to the Milky Way
DM halo with a velocity comparable to VC

ve = VC

{
1.05 + 0.07cos

{
2'(t− tP)

1 yr

}}
. (1.23)

The orbital motion around the Sun adds up to the galactic rotation so that ve is maximal on June the
2nd ± 1.3 days and minimal 6 months later. This results into an annual modulation of the expected
signal which the experiment DAMA has reported to have observed [3].
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Exercise n0 1-d – Level [2] : As a consequence of the Earth motion, the correct WIMP velocity
distribution in the laboratory is given by the same function f as before, where the argument v is replaced
now by the velocity vG = v+ve as seen in the galactic frame. Show that the simple expression (1.21)
for the velocity integral becomes

(ER) =
√
'

4
VC
ve

{
Erf

(
vmin + ve
VC

)
− Erf

(
vmin − ve
VC

)}
, (1.24)

where Erf denotes the error function.

The two panels of gure 3 feature the recoil spectra of 73Ge target nuclei impacted by WIMPs of
various masses. When the motion of the Earth with respect to the Milky Way DM halo is taken into
account – right panel – the spectra atten. An annual variation of the slope of the recoil spectrum
is expected, albeit with a much smaller amplitude as presented here.

Figure 3: The recoil energy spectrum on 73Ge target nuclei is featured for three values of the WIMP mass.
In the left panel, the Earth is taken at rest with respect to the Milky Way DM halo whereas in the right panel,
it moves at a velocity of 231 km s−1. Recoil spectra are atter when the Earth motion is taken into account.

If a detector of mass is embedded inside the WIMP stream during a period , its exposure
will amount to ≡ × and is expressed in units of kg×day. Recoil events are detected
above the threshold Eth up to an energy Emax. During the period of observation – characterized by
the exposure – the expected number ntheo of detectable collisions is given by the integral of the
differential rate (1.13) over the appropriate recoil energies

n theo = ×
∫ Emax

Eth

dR
dER

dER . (1.25)

In the naïve approach where the galactic rotation of the Earth is ignored and the upper bound Emax
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is set at innity, this number of events simplies into

n theo * 4.14×10−7 events kg−1 day−1

{
& SI

p

1zb

}

A2
{√

x−1
x

}
e−%x , (1.26)

where % = Eth/2mNV
2
C and the mass parameter x is dened as x= (1+mN/m")2. The sensitivity

Figure 4: The region in the
(
& SI

p ,m"
)

plane extending above the red solid line can be potentially reached –
and excluded in the case of a null observation – by an experiment like CDMS [4]. A 73Ge detector has been
chosen here with a recoil energy threshold of 10 keV and an exposure of 19.4 kg day as in their rst run at
the Soudan underground facility.

of each experiment can be gauged with the help of relation (1.25). Cross sections for which at least
a few events are expected – therefore for which ntheo exceeds a number of order unity – can be
probed. Conversely in the case of a null observation, Poisson statistics implies that ntheo cannot
exceed a value of 2.3 at the 90% condence level. This translates into the exclusion plot of gure 4
where the area above the red solid line can be probed and rejected if no event is observed. Three

9
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Figure 5: Same exclusion plot as before. The naïve vanilla red solid line is successively rened to yield
the green short and long–dashed curve. Because both limits are not very different, the vanilla exclusion plot
could be safely used for pedagogical purposes.

regions can be delineated depending on the WIMP mass. For small values of m" , the typical energy
E0
R that sets the scale of the recoil spectrum is much smaller than the threshold energy Eth of the

experiment. The only WIMPs which can leave a detectable imprint must belong to the high–energy
tail of the velocity distribution hence the sharp edge of the excluded domain as m" decreases. In
the opposite regime where m" is large, the limit set on the cross section &SI

p varies linearly with the
WIMP mass. The recoil energy is no longer a limitation but the DM particle density is. Actually
the larger m" , the smaller the number density n" = .)/m" and the smaller the expected number
of events ntheo 4 1/m" . Finally, in the regime where the threshold energy is small with respect to
the typical energy 2mNV

2
C – for small values of the % parameter in relation (1.26) – the expected

number of events ntheo is the largest and the limit on &SI
p is the strongest when nuclei and WIMPs

10
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have equal masses. Notice also the strong dependence of the expected number of events ntheo with
the atomic number A of the target material. It is not surprising therefore if the best limit obtained
on the WIMP–nucleon spin independent cross section has been set [5] by using xenon for which
A= 131.

The red solid line of gure 4 translates relation (1.26) and is based on a few simplistic assump-
tions. This vanilla curve has been rened in gure 5. The magenta short–dashed limit is derived by
setting now the upper bound Emax on detectable recoil energies at 100 keV [4]. If in addition the
Earth motion is taken into account, we get the blue long–dashed frontier. Finally, because a fraction
only of the nucleus is probed by an impinging WIMP with a large enough transfer momentum q,
the spin independent cross section is reduced by a nuclear form factor which mostly comes into
play for heavy WIMPs. This yields the green short and long–dashed line.

1.2 Scattering cross section and nucleon content

At the microscopic level – described by the fundamental theory chosen to extend the standard
electro–weak model – supersymmetric neutralinos and Kaluza–Klein photons interact actually on
the constituents of the nucleons, hence an effective WIMP–nucleus scattering cross section which
needs to be carefully derived and which incorporates such effects as the contribution of quarks
and gluons to the interaction on a single nucleon or the way the nucleons come into play inside a
given target nucleus. If the fundamental Lagrangian of the theory is in general well–dened, the
derivation of the effective WIMP–nucleus scattering cross section suffers from large uncertainties
as discussed now.

To commence, let us parameterize the effective coupling of the WIMP " by the vertex "̄ -"
where - stands for some combination of Dirac matrices. In direct detection, the amplitude of
the diffusion relies upon the matrix element 〈2 |"̄ -" |1〉, where a DM particle with initial mo-
mentum P1 scatters on a nucleus and gets the momentum P2. In supersymmetry, the neutralino is
a Majorana fermion. Both particles and antiparticles are one and the same species so that the
corresponding quantum eld operator may be Fourier expanded as

"(x) =
∫
d̃k *

%=1,2

{
a(!k,%)u(!k,%)e− ikx + a†(!k,%)v(!k,%)eikx

}
, (1.27)

where both the creation a and annihilation a† operators are present in " and "̄ .

Exercise n0 1-e – Level [2] : Show that

〈2 | "̄ -" |1〉 = ū(2)-u(1) − v̄(1)-v(2) . (1.28)

The 4–spinors u and v are related though charge conjugation by u= v c ≡Cv̄T whereC is equal to i5250

up to a phase in the 4–spinor Dirac representation. Infer from above that

〈2 | "̄ -" |1〉 = ū(2)
{
- − C-TC

}
u(1) . (1.29)

Compute the previous expression for - = 1 (scalar), 5 µ (vector), & µ2 = (i/2)[5µ ,52 ] (tensor), 555µ

(axial) and 5 5 (pseudo–scalar). Show that the vector and tensor contributions vanish exactly. How does
the pseudo–scalar contribution behave in the non–relativistic limit ?
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In this section, we shall restrict our discussion to supersymmetric models. In the non–relativistic
regime of direct detection, we are therefore left only with an axial and/or a scalar effective coupling
of the neutralino to the nucleus.

Figure 6: Feynman diagrams contributing to the axial elastic scattering of neutralinos off quarks and even-
tually to the spin dependent neutralino–nucleus scattering cross section.

Axial coupling – Once a particular supersymmetric model has been selected, the microscopic
couplings dq that come into play in the axial neutralino–quark interaction

A = dq
(
"̄5µ55"

) (
q̄5µ55q

)
, (1.30)

are determined once and for all. The matrix element of the quark axial–vector current inside a
nucleon may be extracted from data on polarized deep–inelastic scattering

〈n | q̄5µ55 q |n〉 = 2 s(n)µ 3q(n) , (1.31)

where n stands for either the neutron or the proton. The parameters 3qp describe the amount of
spin carried out by the quark avors q inside the proton. They have been measured by several
experiments which have reported different results as indicated in table 1.

NQM EMC SMC HERMES
3up 0.93 0.746 0.80 0.842
3d p −0.33 −0.508 −0.46 −0.427
3sp 0 −0.226 −0.12 −0.085
36p 0.60 0.012 0.22 0.33
-p 0.188 0.114 0.136 0.140

Table 1: Quark spin content of the proton determined from the SU(3) naïve quark model (NQM) [6] and
from the rst moment -p of the spin dependent proton structure function g p

1(x,Q
2) as measured by the EMC

[7], SMC [8] and HERMES [9] collaborations. The quarks contribute an overall fraction of 36 p to the spin
of the proton.

The quark contributions to the spin of the neutron are obtained by an isospin rotation exchanging
the up and down quarks so that 3un ≡ 3d p and 3d n ≡ 3up whereas 3sn ≡ 3sp. In the naïve parton
model, the probability for a quark species q with electric charge eq to carry a fraction x of the
momentum of the nucleon n inside which it is embedded is described by the function q(n)(x). The
spin dependent nucleon structure function g(n)1 (x) is dened as

g(n)
1 (x) =

1
2*q

e2
q

{
q(n)(↑,x)−q(n)(↓,x)

)
, (1.32)

12
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where the probability density q(n)(↑,x) (or q(n)(↓,x)) refers to a quark with the same (or opposite)
helicity as its host nucleon.

Exercise n0 1-f – Level [1] : Integrating the spin dependent structure function g (n)
1 (x) over x leads

to the rst moment
-(n) =

∫ 1

0
dx g(n)

1 (x) . (1.33)

Show that the fraction 36(n) of the nucleon spin that is carried out by the quarks may be expressed as

36(n) = *
q
3q (n) = *

q

∫ 1

0
dx

{
q(n)(↑,x)−q(n)(↓,x)

}
. (1.34)

Relate the rst moment -(n) and the quark spin fraction 36(n) to the up–quark parameter

3u(n) = 6-(n) − 1
3
36(n) , (1.35)

and establish also that
3d(n) +3s(n) =

4
3
36(n) − 6-(n) . (1.36)

Are those relations satised by the measurements presented in table 1 ? Any comment ?

The effective coupling of the neutralino axial current to the nucleon spin may be parameterized by

A =

{

*
u,d,s

2 dq3q(n) ≡ 2
√

2GF a(n)

}
(
n̄ sµn

) (
"̄5µ55"

)
. (1.37)

The next step is the calculation of the matrix element of the nucleon spin operators (n̄ sµn) inside
the nuclear state |N〉. At zero momentum transfer q, this translates into the evaluation of the
average proton spin

〈
Sµp

〉
≡ 〈N |( p̄sµ p) |N〉 , (1.38)

and neutron spin

〈Sµn 〉 ≡ 〈N |( n̄ sµ n) |N〉 , (1.39)

inside the target nucleus N. The expectation values
〈
Sp

〉
and 〈Sn〉 measure the amount of spin

carried out respectively by the proton and the neutron groups inside the target nucleus. If we dene
now the parameter ! by

ap
〈
Sµp

〉
+an 〈Sµn 〉 ≡ ! 〈N |Sµ |N〉 (1.40)

where Sµ is the spin operator of the nucleus, we are led to the effective neutralino–nucleus coupling

A = 2
√

2GF !
(
"̄5µ55"

)
〈N |Sµ |N〉 . (1.41)
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Exercise n0 1-g – Level [1] : Should the nucleus be a point–like Dirac fermion of spin 1/2, its spin
operator would be given by

〈N |Sµ |N〉 ≡ 1
2

(
$̄N5

µ55$N
)

. (1.42)

Compute the average over the initial spin states and the sum over the nal spin states of the square of
the amplitude of the neutralino–nucleus interaction (1.41) and show that

= 8) G2
F !

2 × 3
4

. (1.43)

where the parameter ) = 4 since the neutralino is a Majorana fermion.

Exercise n0 1-h – Level [2] : Slightly more involved is the calculation of when the nucleus has
a spin J not necessarily equal to 1/2. We will still work in the non–relativistic limit where the various
space–momenta that come into play in the calculation are negligible with respect to the energies. The
nucleus is at rest and the time–component S0 of its spin vanishes. Show that

= 8) G2
F !

2 × 1
2(2J+ 1)

× "µ2 ×Nµ2 , (1.44)

where the neutralino tensor reads

"µ2 ≡ Tr
{( /P2 +m"

2m"

)
× 5µ55 ×

( /P1 +m"

2m"

)
× 5255

}
, (1.45)

whereas the tensor related to the spin of the nucleus is

Nµ2 ≡ *
mi ,mf

〈
J,mf

∣∣∣Sµ
∣∣J,mi

〉 〈
J,mi

∣∣S2
∣∣∣J,mf

〉
. (1.46)

Compute "µ2 and show that the only piece that gives a non–vanishing Lorentz contraction with N µ2 is

"µ2 ⊃
{
−7µ2

(
1 +

P1·P2
m2
"

)}
*−27µ2 . (1.47)

Use the closure relation on the initial spin states of the nucleus to derive

= 8) G2
F !

2 × 1
(2J+ 1)

×*
mf

〈
J,mf

∣∣∣S2
∣∣∣J,mf

〉
. (1.48)

Establish eventually that
= 8) G2

F !
2 × J (J+ 1) . (1.49)

We readily conclude from the previous problem that the spin dependent differential cross section
may be expressed as

d& SD

d+∗ =
2)
'2 G

2
F !

2 µ2 J (J+ 1) , (1.50)
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where the factor A2 g2
S of the spin independent cross section (1.8) is now replaced by the factor

8G2
F !

2 J (J+ 1). Notice that the scattering of the neutralino in the center of mass frame is still
isotropic. Another form for the axial cross section is

d& SD

dq2 =
2)
'

G2
F
V2
"
!2 J (J+ 1) , (1.51)

where V" denotes the neutralino velocity in the laboratory frame. The parameter ! depends on
the effective couplings ap and an as well as on the amounts of spin

〈
Sp

〉
and 〈Sn〉 carried out

respectively by the proton and the neutron groups inside the target nucleus. Reasonably accurate
estimates of the latter can be made using the odd–group model [10] which assumes that all the
nuclear spin is carried out by the odd group, either the protons or the neutrons, whichever is most
unpaired. Thus only one of either

〈
Sp

〉
or 〈Sn〉 is non–vanishing whilst the other is equal to zero.

In the case of 73Ge, the odd–group model gives a very poor estimate in disagreement with the
detailed calculations of [11, 12]. A summary of values for

〈
Sp

〉
and 〈Sn〉 is provided in table 2

where the results from the odd–group model are compared to more sophisticated calculations for
the few nuclei that have been used in the most recent experiments.

Nucleus
〈
Sp

〉
OGM 〈Sn〉OGM

〈
Sp

〉
〈Sn〉 Model

19F 0.46 0.0 0.415 −0.047 EOGM1 [10]
0.368 −0.001 EOGM2 [10]

27Al 0.25 0.0 −0.343 0.030 Shell model [13]
29Si 0.0 0.15 −0.002 0.13 Shell model [11]
73Ge 0.0 0.23 0.011 0.491 Shell model [11]

0.030 0.378 Hybrid [12]
93Nb 0.36 0.0 0.46 0.08 Shell model [14]
131Xe 0.0 −0.166 −0.041 −0.236 IBFM [15]

Table 2: Comparison of odd–group model results with more sophisticated calculations. EOGM is the
extended odd–group model whereas IBFM is the interacting–boson–fermion scheme.

A nal ingredient needs to be incorporated in the calculation of the spin dependent cross section.
The impinging DM particle probes the nuclear structure on a distance

8 ∼ |q|−1 ∼ 1/
√

2mNER , (1.52)

which may be smaller than the nucleus size. For a 131Xe nucleus and a recoil energy of 100 keV,
the diffraction scale is ∼ 1 fermi and is 5 times smaller than the nuclear radius. A form factor needs
to be introduced in the cross section (1.51) which becomes

d& SD

dq2 =
2)
'

G2
F
V2
"
!2 J (J+ 1)

{
S(|q|)
S(0)

}
. (1.53)

The neutralino–proton and neutralino–neutron couplings can be rearranged into an isoscalar (a0 = ap + an)
and an isovector (a1 = ap − an) part to yield

S(|q|) = a2
0 S00(|q|) + a0 a1 S01(|q|) + a2

1 S11(|q|) . (1.54)
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The independent form factors S00(|q|), S01(|q|) and S11(|q|) are obtained from detailed nuclear
calculations. Parametric ts can be found in [16] where results for 73Ge [12], 27Al [13] and 29Si
[11] are featured.
The careful reader will have certainly noticed at this stage that the calculation of the spin dependent
interaction cross section between a neutralino and a target nucleus is plagued by large uncertainties
at several levels. If neutralinos turn out to be discovered at the LHC, it will be of the utmost
importance to reduced these uncertainties in order to make reliable predictions for direct detection
and to be able to compare with the accelerator results.

Figure 7: Feynman diagrams contributing to the scalar elastic scattering of neutralinos off quarks and even-
tually to the spin independent neutralino–nucleus scattering cross section.

Scalar coupling – The microscopic scalar coupling of neutralinos to quarks is given at tree
level by a Higgs and a squark exchange as shown in gure 7. Neutralinos couple also to gluons
through a quark/squark loop. The tensor couplings "̄(i0µ52 + i025µ)" and "̄0µ02" arise nally
from twist–two operators. In order to simplify the discussion, we will concentrate here only on the
tree level diagrams with Yukawa–type couplings 8q 4 mq.
The rst step in the calculation of the spin independent scattering cross section is to evaluate the
neutralino–nucleon effective coupling

S = *
q

8q
mq

〈n |mq q̄q |n〉 ("̄ ") , (1.55)

where n denotes either the proton or the neutron. The matrix elements of the three light quarks can
be derived [17] from the pion–nucleon sigma term

&'n =
mu +md

2
〈n | ūu+ d̄d |n〉 , (1.56)

the fraction contributed by the strange quark to the content of the nucleon

y = 2
〈n | s̄ s |n〉

〈n | ū u+ d̄d |n〉
, (1.57)

and the mass ratio

r =
2ms

mu +md
. (1.58)
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Exercise n0 1-i – Level [1] : Assume that isospin invariance holds between the up and down quarks
in the previous relations and derive

mu 〈n | ūu |n〉 = md 〈n | d̄d |n〉 =
1
2
&'n , (1.59)

as well as
ms 〈n | s̄ s |n〉 =

r y
2
&'n . (1.60)

Does the latter expression still hold if the assumption of isospin invariance between the up and down
quarks is relaxed ?

The values of these three parameters are affected by large uncertainties and depend on the method
followed to evaluate them. To commence, the pion–nucleon sigma term &'n can be derived phe-
nomenologically from measurements of the pion–nucleon scattering cross section. However, the
customary procedure is rather involved and goes through several steps [17].
(i) Experimental data of low–energy pion–nucleon scattering can be converted through phase–shift
analysis and dispersion relations into

6CD ≡ 6
(
t = 2m2

'

)
≡ f 2

' D̄
+(
s= u= m2

n , t = 2m2
'

)
, (1.61)

where s, u and t are standard Mandelstam variables, m' is the pion mass, f' is the pion–decay
constant whereas D̄+ stands for the pion–nucleon isoscalar scattering D–amplitude with the pseu-
dovector Born term substracted and calculated at the so–called Cheng–Dashen (CD) point.
(ii) Up to terms of order ∼ 1 MeV which may be safely neglected, this quantity is equal to

6CD * &'n
(
t = 2m2

'

)
, (1.62)

where
&'n

{
t =

(
pf − pi

)2
}
≡

〈
n, pf

∣∣∣
{
mu +md

2
(
ū u+ d̄d

)}
|n, pi 〉 (1.63)

is the nucleon scalar form factor.
(iii) The evolution of &'n(t) as a function of the momentum transfer from t = 2m2

' down to t = 0
leads to the pion–nucleon sigma term

{&'n ≡ &'n(t = 0)} = &'n
(
t = 2m2

'

)
− 3& . (1.64)

The determination of 6CD and 3& are plagued by considerable uncertainties. In [17], the range
extending from 56 up to 72 MeV is proposed for 6CD. Dispersion relation techniques [18] provide
an estimate of ∼ 15 MeV for 3& which is twice as large as the result from chiral perturbation
theory at leading order [19]. Lattice calculations yield also a value of 3& = 6.6±0.6 MeV which
is clearly in disagreement with dispersion relation techniques. Combining these values for 6CD and
3& leads to a conservative range for the pion–nucleon sigma term &'n which extends from 41 up
to 65 MeV.
Then, the strange quark fraction y is related to &'n through the identity

y = 1 −
&0
&'n

, (1.65)
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where the quantity &0 is dened as

&0 =
mu +md

2
〈n | ūu+ d̄d−2 s̄ s |n〉 . (1.66)

As discussed in [17], &0 is related to the magnitude of the SU(3) avor symmetry breaking and
may be derived either from the octet baryon masses which yield a value of 33 MeV [20] or with
chiral perturbation theory for which &0 = 35±5 MeV [19] or 36±7 MeV [21].
The ratio r = 2ms/(mu +md) is the last ingredient needed to evaluate the matrix element of the
strange quark 〈n |ms s̄ s |n〉. Chiral perturbation theory gives at the lowest order – though corrected
for electromagnetic effects – the mass ratios mu/md and ms/md in terms of the physical masses of
the K mesons and lead to the canonical value [22]

r * 26 . (1.67)

This value is modied by next–to–leading order contributions in the chiral expansion. QCD sum
rules and lattice simulations can alternatively provide estimates for the quark masses directly and
not only for their ratios. Borrowing the values from [23] where ms(1 GeV) = 175± 25 MeV and
(mu +md)(1 GeV) = 12±2.5 MeV leads to the ratio

r = 31±11 . (1.68)

The lack of determination of the pion–nucleon sigma term &'n, of the strange fraction y and of the
mass ratio r implies a signicant uncertainty in the calculation of the effective neutralino–nucleon
coupling. The matrix element 〈n |mq q̄q |n〉 describes the amount of mass carried out by each light
quark species q inside the nucleon n and may be actually parameterized as

〈n |mq q̄q |n〉 ≡ mn f (n)Tq . (1.69)

The mass fractions f (n)Tq are listed in table 3. The contribution of the strange quark is the most
uncertain since it varies from 0.08 up to 0.46 depending on the analysis.

Nucleon fTu fTd fT s [24] fT s [25] fT s [20, 26]
n 0.023 0.034 0.08 0.14 0.46
p 0.019 0.041 0.08 0.14 0.46

Table 3: Estimates for the quark mass fractions fT q inside the neutron and the proton. The up and down
quark contributions are obtained from [26] whereas the value for the strange quark is subject to large varia-
tions depending on the author.

In order to complete the calculation, two key ingredients are necessary.
• The nucleon mass is given by the trace of the QCD energy–momentum tensor

mn = 〈n |
{
9µ

µ ≡ *
u,d,s

mq q̄q + *
c,b,t

mQ Q̄Q −
7%S
8'

GG

}
|n〉 . (1.70)

• In the limit where the quarks Q are heavy, their contributions to the nucleon mass occur through
an anomalous loop diagram [27] and can be expressed in terms of the gluonic content as

〈n |mQ Q̄Q |n〉 ≡ −
2%S
24'

〈n |GG |n〉 , (1.71)
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where %S is the strong coupling constant.

Exercise n0 1-j – Level [1] : Show that the neutralino–nucleon scalar interaction may be effectively
described by the Lagrangian

S = f(n) (n̄n) ("̄ ") , (1.72)

where the couplings f(n) are given by

f(n) = mn

{

*
u,d,s

8q
mq

f (n)Tq +
2

27

(
1− *

u,d,s
f (n)Tq

)

*
c,b,t

8Q
mQ

}
. (1.73)

The effective neutralino–nucleon coupling needs now to be embedded inside the nuclear state |N〉
to yield the effective neutralino–nucleus scalar interaction. This step is straightforward since the
operators (p̄ p) and (n̄ n) count respectively the number of protons (Z) and neutrons (N ≡ A−Z)
inside the target nucleus and is much simpler than in the axial case where involved nuclear calcu-
lations were necessary. This leads to the effective Lagrangian

S =
{
Z fp + (A−Z) fn

}
("̄")

(
$̄N$N

)
, (1.74)

where the factor AgS of the naïve expression (1.3) has been replaced now by the combination

AgS → Z fp + (A−Z) fn . (1.75)

The proton fp and neutron fn scalar couplings are dened by relation (1.73). We readily infer the
differential spin independent neutralino–nucleus elastic scattering cross section

d& SI

d+∗ =
)

4'2 µ
2 {
Z fp + (A−Z) fn

}2
. (1.76)

This expression may be cast into the same shape as relation (1.51)

d& SI

dq2 =
)

4'
1
V2
"

{
Z fp + (A−Z) fn

}2
, (1.77)

For large enough transfer momenta q, the neutralino undergoes a diffraction on the nucleus and
the scattering amplitude is modulated by the form factor F(|q|) so that the elastic spin independent
interaction cross section becomes

d& SI

dq2 =
)

4'
1
V2
"

{
Z fp + (A−Z) fn

}2 F2(|q|) , (1.78)

Notice that the square of the form factor F2(|q|) is here the scalar equivalent of the ratio S(|q|)/S(0)
which damps out the axial cross section (1.53). The form factor of the spin independent case is
associated to the nucleon number operators (p̄ p) and (n̄ n) and is simply the Fourier transform
of the nucleon density. The latter is well–determined and several forms for F(|q|) are available.
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The short and long–dashed green curve of gure 5 features the effect on the exclusion plot for
73Ge of the exponential form factor [28, 29]

F(|q|) ≡ F(ER) = exp
(
−ER/2Q0

)
. (1.79)

The nuclear coherence energy
Q0 =

3
2mN R2

N
(1.80)

depends on the nuclear radius RN which is dened here as

RN = 1 fermi×
(

0.3 + 0.89A1/3
)

. (1.81)

Except for very light nuclei for which the previous exponential form factor applies well, a universal
parameterization is provided by [30, 31]

F(|q|) = 3
j1(|q|r0)
|q|r0

exp
{
−1

2
s2q2

}
, (1.82)

where j1(|q|r0) is the spherical Bessel function of index 1. The thickness parameter of the nuclear
surface s* 1 fermi is related to the radius r0 through

r2
0 = R2

N − 5s2 , (1.83)

where the nuclear radius is now dened by

RN = 1.2 fermi×A1/3 . (1.84)

The total neutralino–nucleus elastic scattering cross section is the sum of the axial and scalar parts

d& tot

dq2 =
d& SD

dq2 +
d& SI

dq2 . (1.85)

To conclude this section, let us insist on the very large uncertainties which affect the determination
of the effective axial and scalar coupling parameters coming into play in the neutralino–nucleon
and neutralino–nucleus scattering amplitude.

1.3 The experimental endeavors and achievements

Detecting galactic neutralinos through their impact on the nuclei of a terrestrial instrument is
a real challenge. The detector must be sensitive to an energy deposition in the keV range. The
usual calorimetric technique is based on the measurement of the temperature increase induced by
the energy deposited by a WIMP–nucleus collision. This increase is all the larger as the heat
capacity of the material is low, hence the necessity for bolometers to be operated at very low
temperatures around a few tens of a milliKelvin. Even so, the temperature increase amounts only
to a microkelvin. Other techniques have been developed since the eighties. Inside a semiconductor
like silicon or germanium, the WIMP–nucleus collision generates electron–hole pairs which are
collected by an electric eld. The conductivity of the material increases sharply during an event
hence the possibility to detect the passage of WIMPs through their ionized imprints. The third
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Figure 8: The left panel features a closeup of a ZIP detector in its mount. Such a Si detector was operated
in the 1998 run of the CDMS experiment. The photolithographically–fabricated thin lm on the surface is
the phonon sensor which measures the heat deposition. Silicon and germanium ZIPs, weighing 100 g and
250 g respectively, are used in CDMS II runs in the Soudan mine. A germanium detector of the Edelweiss
II collaboration is presented for comparison in the right panel. Pictures from [34] and [35].

important technique is based on the scintillation of atoms as they are struck by impinging DM
particles. The recoil nucleus interacts with the surrounding medium to produce photons which are
subsequently amplied by a photomultiplier and converted into an electrical output signal. These
direct detection techniques may be used in association with each other as featured in the triangle
of gure 10. Note also that with a collision rate as small as ∼ 0.01− 0.1 event kg−1 day−1, large
instruments are mandatory. An exposure of 1 ton × 10 days is required to reach the zeptobarn limit.
Cooling down such a mass down to a temperature of ∼ 0.01 K is in itself an adventure. Finally,

Figure 9: The left panel is a view of the inner layers of the CDMS II cryostat. The ZIP detectors of the
previous gure are mounted inside the hexagonal holes and are operated at 10 mK. The surrounding layers
are higher temperature stages of the cryostat which is constructed entirely of radiopure copper to provide a
low–radioactivity environment. The grey–black layer is a shield made of lead recovered from the ballast of
a 18th–century French ship. The age of this lead ensures that the radioisotopes most worrying have decayed
away. In the right panel, the bolometer towers of the Edelweiss II collaboration are being installed. Pictures
from [34] and [35].
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the signal is buried inside an enormous background which needs to be entirely removed. To get
an idea, the potassium 40K et carbon 14C of a human body generate 8,000 decays each second to
be compared to a single WIMP event every day or so. The level of sensitivity which is required
in direct detection is outrageously high. The fact that experimentalists have basically succeeded in
reaching it is already a great success.

Figure 10: Ionization, scintillation and bolometry – called here heat or phonons – are the three cornerstones
of direct detection. They are featured in this diagram so as to form a triangle. These techniques can also be
used in association in order to discriminate between several kinds of background. Figure from [33].

Background suppression is a key issue for direct detection experiments. The protection against
the surrounding radioactivity has been a central preoccupation and lots of efforts have been devoted.
• Cosmic rays – One of the main component of the radioactive background is generated by
cosmic rays. High–energy protons and nuclei impinge on the upper atmosphere where they initiate
showers of particles heading toward the Earth surface. At sea level, muons are the most numerous
charged particles with a mean ground energy of 4 GeV and a ux of 70 m−2 s−1 sr−1 above
1 GeV. The solution to get rid of this background consists in going deep underground. Direct
detection experiments are actually installed inside old mines or tunnels. The Soudan Underground
Laboratory [36] is located in the Soudan Underground Mine State Park at a depth of 710 meters.
The amount of rock above the CDMS II experiment acts as a water shield whose thickness would be
2.1 kilometers. Consequently, the muon ux is reduced by a factor of 105. The French Laboratoire
Souterrain de Modane [37] sits at the French–Italian border inside the Fréjus tunnel. With a depth
of 1,760 meters of rock – 4.6 kilometers of water equivalent – the muon ux at the site is only
of 4 particles m−2 day−1. The largest underground laboratory [38] is operated in the Gran Sasso
highway tunnel connecting L’Aquila to Teramo about 120 kilometers from Roma. Three main
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Figure 11: The detectors of the Edelweiss II experiment are installed inside this large copper cryostat and
are operated at a temperature of 20 mK. The cryostat itself is protected against the radioactive background
by the black lead shield which sits behind. Picture from [35].

halls have been excavated at a depth of 1,400 meters that translate into 3.8 kilometers of water
equivalent. With a reduction by a factor of ∼ 106 with respect to the surface, the muon ux amounts
to 24 particles m−2 day−1.
• Underground radioactivity – Uranium and thorium are naturally present in the rock of the
cavity. Other radioactive species are also found in the materials inside the laboratory. The U–Th
disintegration chain generates photons and neutrons. A few muons still make it down to the site.
Energetic muon interactions with the surrounding rock and with the materials of the experiment
produce neutrons in the MeV–GeV range. Detectors are protected against the 5–ray background
by copper or lead shields. Because freshly extracted lead contains the radioactive210Pb isotope,
ancient lead is preferred such as roman lead in the case of Edelweiss or lead taken from a sunken
galleon for CDMS. The lead castle of Edelweiss II has a weight of 35 tons – see gure 11. Neutrons
with an energy in the range from 100 keV to 10 MeV can induce 1 to 200 keV nuclear recoils. They
can be efciently stopped by polyethylene or water. In the Edelweiss I experiment for instance, a
layer of 20 centimeters of parafn was enough to reduce the neutron ux by a factor of 103. The
second stage of the experiment makes use of a 50 centimeters thick polyethylen shield whose
weight amounts to 30 tons. In spite of these passive shields, several experiments are still sensitive

23



P
o
S
(
c
a
r
g
e
s
e
)
0
0
9

Indirect and direct dark matter detection Pierre Salati

to the neutrons generated by the high–energy muons penetrating the rock down to the site and
colliding with the lead shield of the detector. The counteraction consists in wrapping the experiment
with a muon veto counter so that data acquired during a muon crossing are substracted.
• Natural radioactivity of the detector – Because the materials used in the construction of the
experiment are naturally radioactive – like electric connectors – they must be drastically selected
so as to decrease the corresponding background. Ancient lead is one particular example among
the many radio–nuclides which are naturally found in most ores. Special care is mandatory in the
production of materials in order to reduce their content of U, Th and K contaminants. Cosmic
ray activation is also a problem. Primary neutrons and muons interact with target nuclei at the
Earth surface to produce terrestrial cosmogenic nuclides. The primary nuclear processes by which
cosmogenic nuclides are produced are spallation, muon capture and neutron activation. Materials
should be stored deep underground as soon as they are manufactured. Note that germanium detec-
tors have been developed to select the low radioactive materials of Edelweiss II. A nal threat is
radon, a noble gas which is produced in the decay chains of uranium and thorium. In underground
laboratories, radon is a very important source of surface contamination and almost all the sites are
equipped with a radon trapping system. In addition, nitrogen is ushed in most of the experiments
near the detector volume in order to reduce the remaining radon contamination. Finally, to avoid the
radon daughters which may be embedded inside the materials of the experiment, the inner parts of
the detector are assembled and stored underground, in a clean room with low radon contamination
and dust.

However, in spite of all the precautions taken in order to shield the detector against undesirable
radiations, an irreducible background of photons, electrons and neutrons will still make it down to
the heart of the instrument. That is why most of the experiments combine now different detection
techniques. This allows to discriminate between the various species that penetrate at the core of
the apparatus. Incoming photons and beta radiation transfer energy to the electrons of the material,
strip them off their atoms and induce a sizable level of ionization. On the contrary, neutrons just like
WIMPs collide only upon nuclei and leave an imprint mostly in the form of phonon energy though
some ionization is still present. Experiments like CDMS or Edelweiss utilize germanium or silicon
and are based on the simultaneous detection of the ionization and phonon energies. Whatever the
type of recoil, the energy ER deposited inside the detector is partially converted into NQ electron–
hole pairs which subsequently drift inside the crystal toward the surface where they are collected
by electrodes. An electric eld E of a few volts/cm is established across the semiconductor by a
bias voltage Vb. When neutralization is complete, the portion of the deposited energy that has been
initially converted into ionization is poured back in the phonon system whose energy EP comprises
then the energy ER left by the impinging particle. The work done by the electric eld in drifting
the electrons and holes across the crystal is also converted into additional phonons. This so–called
Neganov–Tromov–Luke effect [39, 40] results into an increase of the phonon energy which may
now be expressed as

EP = ER +*
q
eE dq , (1.86)

where dq denotes the distance over which the charge q has been drifting before hitting an electrode.
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Exercise n0 1-k – Level [1] : Each electron is associated to a hole which is collected at the opposite
electrode. Show then that the phonon energy may be expressed as

EP = ER + NQ eVb . (1.87)

The ionization measures the number NQ of electron–hole pairs left by the incoming particle. By
convention, the ionization energy EQ is dened as the energy ER deposited by an electron recoil
producing the same number NQ of electron–hole pairs and assuming a perfect collection of charges
by the electrodes. The ionization energy EQ is therefore referred to as the energy deposited by the
equivalent electron recoil and is expressed in units of keV electron–equivalent or keVee. The for-
mation of an electron–hole pair requires an average electron recoil energy : of 3 eV in germanium
and of 3.8 eV in silicon. This electron–equivalent ionization energy : is the scaling factor between
the number NQ of electron–hole pairs and the ionization energy EQ hence

EQ = NQ : . (1.88)

An event characterized by the ionization energy EQ and the phonon energy EP is thus associated to
the deposited energy

ER = EP −
eVb
:
EQ . (1.89)

The ionization yield is dened as the dimensionless ratio y= EQ/ER of ionization energy to recoil
energy. By denition of EQ, this ratio is unity for electron recoils. Measurements indicate a value
of a third for nuclear recoils as featured by the green band in the left panel of gure 12. A few
ZIP detectors of the CDMS II experiment have been calibrated with photon and neutron sources
in order to test the efciency of the rejection of electron recoils. The ionization yield y alone
allows only a rough discrimination between electron and nuclear recoils. The problem arises from
the existence of events with intermediate ionization yields. Calibration using a133Ba gamma ray
source actually brings to light electron recoils with small ionization yield of order 0.1 to 0.8. Such
events could be misinterpreted as nuclear recoils should the yield parameter y be the only indicator.
The black crosses of the right panel of gure 12 are now understood as electron recoils taking place
close to the surface of the crystal. In this region, charge collection by the electrodes is less efcient
than in the bulk of the material because the electron–hole recombination becomes competitive with
the drag of the electric eld. Electron recoils produce electron–hole pairs which drift in the crystal
toward the electrodes. As they collide on the lattice, these charges generate ballistic phonons which
move at the speed of sound in the material – a few millimeters per microsecond in germanium and
silicon. The charges however are collected in less than a microsecond. The phonon signal is thus
delayed with respect to the ionization pulse. In the case of electron recoils, the delay time of
the phonon peak is of order 5 miroseconds. A nuclear recoil is a direct impact on the lattice and
generates high–frequency phonons whose propagation through the crystal is quasi–diffusive hence
a smaller speed of order a third of the sound speed. The phonon signal of a nuclear recoil should
therefore be detected on average 10 to 15 microseconds after the ionization pulse. The blue open
circles in the right panel of gure 12 have on average larger phonon time delays than the red dots.
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Figure 12: A few ZIP detectors of the CDMS II experiment have been calibrated with photon and neutron
sources. In the left panel, the ionization yield y is plotted as a function of the recoil energy E R in the case
of a 252Cf gamma ray and neutron source. Figure from [41]. In the right panel, the ionization yield of the
calibration events are featured as a function of the timing parameter, a combination between the phonon
time delay relative to the ionization signal and the phonon pulse rise time. The red dots correspond to the
electron recoils – generated by a 133Ba photon source – that take place in the bulk of the crystal. The black
crosses are low ionization yield 133Ba photon collisions and may mimic nuclear recoils. Because of their
small timing parameters, these events are identied as electron recoils occurring close to the surface of the
crystal. The blue open circles are true nuclear recoils induced by the neutrons from 252Cf. Figure from
[32]. The simultaneous measurement of the ionization yield and timing parameter for each event allows to
disentangle the nuclear recoils from the dominant background of electron recoils.

They are also fairly scattered as a result of the presence of ballistic phonons whose fraction is
smaller though than for electron recoils. The simultaneous determination of the ionization yield y
and timing parameter for each event is a powerful tool to reject the abundant background of electron
events and to extract the nuclear recoils alone.
Scintillation and ionization are jointly used in XENON10, an experiment utilizing liquid and
gaseous xenon as the detecting medium for WIMPs. The detector is presented in gure 13. In
spite of its small size, it has provided the best limit so far on the spin independent WIMP–nucleon
cross section [5]. The diagram of gure 14 indicates how the detector operates. Events taking place
inside liquid xenon generate a rst pulse of light S1 which is preferentially reected downward at
the liquid–gas interface. This direct scintillation is predominantly collected by an array of photo-
multiplier tubes (PMTs) located at the bottom of the tank. Some ionization is also produced. The
free electrons stripped from the xenon atoms of the liquid phase drift upward. They are dragged
by the vertical electric eld established in the vessel and move toward the anode located above the
gaseous phase. Extracting the ionization electrons from liquid xenon is a major development in
this eld of research. As the electrons accelerate in the gas gap, they interact with xenon atoms and
produce a second pulse of light S2 whose intensity is proportional to the ionization. This secondary
scintillation is collected by the top array of PMTs. The horizontal position of the initial recoil is
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Figure 13: The left panel is a picture of the XENON detector during the rst test at Columbia University in
Januray 2006. A schematic view of the XENON setup is presented in the right panel. The detector is a time
projection chamber lled with both liquid and gaseous xenon. Pictures from [42].

Figure 14: Events taking place inside liquid xenon generate a rst pulse of light S 1 as well as some ion-
ization. The resulting free electrons drift upward as they are dragged by the electric eld established in the
vessel. They move toward the anode located above the gaseous phase and are extracted from the liquid.
As they accelerate in the gas gap, they collide upon xenon atoms and produce a second pulse of light S 2.
Diagram from [43].
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inferred from the distribution of the PMT hits whereas the electron drift time allows to locate its
depth inside the liquid phase. Electron recoils are characterized by a larger ionization than nuclear
recoils. The measurement of the magnitude of the proportional scintillation S2 relative to the direct
signal S1 provides an efcient event–by–event discrimination down to a few keV nuclear recoil
energy. The ionization yield parameter y dened in the case of semiconductor experiments is now
replaced by the proportional to direct signal ratio log10(S2/S1). This ionization estimator is plotted

Figure 15: The ionization estimator log10(S2/S1) is plotted as a function of recoil energy for calibration
data. A 137Cs gamma ray source produces the population of electron recoils presented in the upper–left
panel. The constellation of points in the lower–left panel correspond to the nuclear recoils generated by a
AmBe neutron source. The right panel features the distribution of 3log 10(S2/S1) for those electron (red) and
nuclear (blue) events collected in the 6.7 to 9 keV recoil energy bin. The results from the XENON WIMP
search are also presented. Figures from [5].

as a function of recoil energy for the calibration data presented in gure 15. Two populations of
events can be clearly separated. The electron recoils are generated by a137Cs gamma ray source.
They are associated to high values of the S2/S1 ratio with an average given by the upper red curve.
The nuclear recoils resulting from the impacts of the neutrons produced by a AmBe source have
relatively weaker secondary scintillations. The lower blue curve indicates the mean value of the
ionization estimator log10(S2/S1) for this band. The constellation of nuclear recoils lies almost
entirely below the red curve. This enables the rejection of electron events. In the left panels, the
vertical lines delineate the window selected for the WIMP search. In this energy range, electron
and nuclear recoils can be efciently discriminated. The calibration events of the right panel cor-
respond to recoil energies from 6.7 to 9 keV. Two distributions for the 3log10(S2/S1) estimator
are cleary visible. The electron events (red) are shifted by a factor of order 0.4 with respect to the
nuclear recoils. The two vertical lines dene the WIMP search window from which electron recoils
are absent.

As discussed in section 1.1, the number of WIMP events ntheo expected within the recoil en-
ergy acceptance window – from Eth to Emax – depends on the total WIMP–nucleus elastic scattering
cross section (1.85). In the case of spin independent interactions, ntheo is roughly given by rela-
tion (1.26) where an exposure of 1 kg day has been assumed. From an experimental point of view,
the detector collects a total number nobs of events in the signal window after various cuts have been
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Figure 16: The experimental limits on the WIMP–nucleon spin independent elastic scattering cross section
are featured as a function of WIMP mass in this typical exclusion diagram generated with the interactive
plotter [44]. The colored regions delineate various theoretical predictions. They will soon be completely
explored.

applied to reject the background. In practice, a few events are expected to leak from the electron
recoil band and since they are misinterpreted as nuclear recoils, they contribute to nobs. Neutron–
nucleus elastic collisions should also be taken into account hence an irreducible number nback of
background events. Large efforts are devoted by dedicated working groups [45] to simulate the
neutron background and predict as accurately as possible nback. This task is of paramount impor-
tance insofar as the number nWIMP of observed WIMP–nucleus interactions is eventually given by
the difference between nobs and nback. In the case of CDMS II, no event is reported in the search
window [32] whereas XENON10 collects a statistics of nobs = 10 nuclear recoils [5]. These are
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understood as statistical events leaking from the electron recoil band into the signal region or as
multiple–scatter events with one scatter occuring below the cathode where it contributes only to S1
but not to S2, hence an experimental underestimation of the ionization.

Exercise n0 1-l – Level [2] : A very large number N of DM particles have crossed the detector at
the end of an observation run. Each of these species has a vanishingly small probability p to interact
with a nucleus. In the limit where N goes to innity at constant a= p×N ≡ n theo, Poisson statistics
applies. Show that the probability to detect actually n WIMP–nucleus collisions is given by

P{n|a} =
an

n!
e−a . (1.90)

In the case of CDMS, no statistics is reported and the number of WIMP events effectively collected
is nWIMP = nobs = 0. Compute the theoretically expected number n theo above which the probability to
have a null observation becomes less than 10%. Justify then why the 90% condence level limit on the
WIMP–nucleus cross section is derived by merely setting n theo equal to 2.3 – see gure 4.

The WIMP search by the CDMS and XENON collaborations has been so far negative. None
of these experiments has claimed to have observed a single WIMP–nucleus scattering. In these
conditions, a limit on the SI or SD WIMP–nucleon cross section can still be extracted as featured
in gure 16. A naive derivation of such an exclusion plot is based on Poisson statistics. Once the
cross section is specied, the number ntheo of WIMP events theoretically expected at the end of a
given run is xed. The calculation takes into account in particular the WIMP mass and velocity
distribution as well as the atomic number of the detecting medium and the experimental exposure.
The probability that nWIMP events are effectively collected is given by the Poisson distribution
P

{
nWIMP|ntheo

}
as dened in relation (1.90) where n ≡ nWIMP and a ≡ ntheo. A limit is obtained

on the WIMP–nucleon cross section with a condence level of C.L. by excluding congurations
for which

P
{
nWIMP|ntheo

}
≤ (1−C.L.) . (1.91)

In the case of CDMS II for instance, no WIMP event is reported. The probability for such a null
observation amounts to 10% when the theoretical number ntheo is equal to ln(10) ∼ 2.3. This value
corresponds actually to a Poisson probability of P{0|2.3} = 0.1 to get no event given that 2.3 are
theoretically expected. Cross sections for which ntheo is even larger are therefore excluded at the
90% condence level.
Because the possibility of an additional and unknown source of background cannot be avoided,
the substraction between nobs and nback is not performed since the latter is still subject to some
uncertainty. That is why XENON10 gets for instance a conservative limit on the WIMP–nucleon
cross section by replacing nWIMP – which is consistent with 0 – by its collected statistics of nobs = 10
nuclear recoils. The method outlined above is therefore very sensitive to nobs which depends itself
on the recoil energy interval. This window can be inadvertently selected so as to minimize the
number of collected events, hence a stronger constraint on the cross section than justied by the
data. The maximum gap method and the optimum interval technique have been devised to remedy
this problem as explained in [46].
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Several improvements are nally foreseen for the future. Recoils resulting from neutrons
boucing off the nuclei of a ton size detector can be identied by the presence of several elastic
scatterings associated to the same event. The corresponding cross section is in the barn range.
A single neutron undergoes several collisions in a large instrument and leaves a multiple–scatter
imprint. The rejection of neutron induced nuclear recoils should be improved by increasing the
detecting mass and also by segmenting the instrument. Multiple nuclear recoils taking place at
the same time in various portions of the detector can be rejected as neutron events. The annual
modulation of the WIMP signal has already been discussed in section 1.1 and provides a tool to
select the interesting events. The magnitude of this effect is small though. More exciting is the
diurnal modulation of the average direction of the nuclear recoils associated to WIMP scatterings.
The arrival direction of the impinging DM particles varies substantially in the laboratory between
daytime and night as a result of the Earth rotation. If the directions of the recoils are known, a
dozen of events have been shown to be suffcient to disentangle a WIMP signal from an isotropic
background [47].

WIMP direct detection is actually a fast moving eld with impressive advances achieved in
the past 20 years. The expected signal from DM particles impinging on a terrestrial instrument is
mildly subject to astrophysical uncertainties though variations by a factor of ten – arising from the
local DM density .) and the WIMP velocity distribution – are not unreasonable. More troublesome
are the theoretical uncertainties related to the quark spin and mass content of the nucleon as well as
to nuclear matrix elements. Experimentally, the zeptobarn goal is reacheable in the near future with
ton size detectors. The top of the SUSY colored regions of gure 16 has already been explored.
Note nally the existence of some complementarity between LHC and direct detection. The former
is sensitive to WIMP masses below a few hundreds of GeV while the latter can probe much larger
masses provided that the WIMP–nucleon scattering cross section is larger than ∼ 1 zb.
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2. The messengers of DM annihilation

Should DM species pervade the halo of the Milky Way, their mutual annihilations would yield
several indirect signatures. These are potentially detectable on Earth under the form of spectral
distortions appearing in various cosmic radiations

"+ " → qq̄,W+W−, . . . → p̄,D̄,e+ 5&2 ′s . (2.1)

Detection of the DM annihilation products has motivated the spectacular development of several
new experimental techniques. Searches for antiprotons and positrons are performed by balloon
and satellite–borne devices. Because the ux depends on the square of the WIMP density n" , the
limit which may be set on the annihilation cross section scales approximately as m"2. That type of
search is mostly sensitive to small WIMP masses but no distortion has been reported at low energy.
The TeV window has become therefore the new frontier. High–energy photons are detected both
by air Cerenkov telescopes (ACT) and by satellite–borne instruments. The WIMP annihilation rate
and hence the gamma ray signal both scale as m"−2. Because of the background in which that
signal is swamped, the experimental reach on the annihilation cross section approximately scales
as the mass m" . This behaviour is reminiscent of the exclusion plot presented in gure 4 where the
upper bound on the elastic scattering cross section &SI

p increases linearly with m" in the large mass
regime. The neutrino channel is most sensitive to large values of m" . The limit which may be set
on the annihilation cross section does not depend too much on the WIMP mass and this channel is
complementary to the other searches.

Various species can be produced by WIMP annihilations among which are antimatter cosmic
rays, high–energy photons and neutrinos. The corresponding rate q(x,E) for the production of
these particles depends on their energy E and is related to the WIMP annihilation cross section
&ann through

q(x,E) = 7 〈&annv〉
{
.(x)
m"

}2
f (E) . (2.2)

The coefcient 7 is a quantum factor equal to 1/2 for a self–conjugate particle like a Majorana
fermion or to 1/4 otherwise. The annihilation cross section is averaged over the momenta of the in-
coming DM particles to yield 〈&annv〉 whose value depends on the specic microscopic interactions
at stake. Finally, the energy distribution dN/dE of the species produced in a single annihilation
event is generically denoted by f (E).

2.1 Cosmic ray transport : a short overview

Whatever the mechanism responsible for their production, charged cosmic rays subsequently
propagate through the galactic magnetic eld and are deected by its irregularities : the Alfvén
waves. In the regime where the magnetic turbulence is strong – which is the case for the Milky
Way – cosmic ray transport needs to be investigated numerically. Monte Carlo simulations [48]
indicate that it is similar to space diffusion with a coefcient

K(E) = K0 ; ( /1 GV)( , (2.3)

which increases as a power law with the rigidity = p/q of the particle. In addition, because
the scattering centers drift inside the Milky Way with a velocity Va ∼ 20 to 100 km s−1, a second

32



P
o
S
(
c
a
r
g
e
s
e
)
0
0
9

Indirect and direct dark matter detection Pierre Salati

order Fermi mechanism is responsible for some mild diffusive reacceleration. Its coefcient KEE
depends on the particle velocity ; and total energy E and is related to the space diffusion coefcient
K(E) through

KEE =
2
9
V 2
a
E2; 4

K(E)
. (2.4)

In the case of positrons, diffusive reacceleration is completely dominated by energy losses. Finally,
galactic convection wipes cosmic rays away from the disc with a velocity VC ∼ 5 to 15 km s−1.

Figure 17: Schematic edge–on view of the Milky Way diffusive halo (DH) as seen by a cosmic ray physicist.
The stellar and gaseous disc is sandwiched between two thick layers which contain turbulent magnetic elds.
After having been accelerated by SN driven shock waves or produced by DM species annihilating in the
galactic halo, cosmic rays diffuse on magnetic inhomogeneities and are wiped away by a galactic wind with
velocityVC. They can lose energy and are also mildly subject to diffusive reacceleration. The former process
is by far the dominant one in the case of electrons and positrons. This diagram has been borrowed from the
review [49].
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After this short digest of cosmic ray transport, we can assume a steady state for the various
populations of particles and write the master equation fullled by the space and energy distribution
function < = dn/dE as

0z
(
VC<

)
− K3< + 0E

{
bloss(E)< − KEE(E)0E<

}
= q(x,E) . (2.5)

This equation applies to any species – protons, antiprotons or positrons – as long as the rates for
production q and energy loss bloss(E) are properly accounted for. It has been solved within the
framework of the semi–analytical two–zone model which has been extensively discussed in previ-
ous works [50, 51] and whose salient features we briey recall now. According to our approach,
steady state is assumed and the region of the Galaxy inside which cosmic rays diffuse – the so–
called diffusive halo or DH – is pictured as a thick disc which matches the circular structure of the
Milk Way as shown in gure 17. The galactic disc of stars and gas, where primary cosmic rays are
accelerated, lies in the middle. It extends radially 20 kpc from the center and has a half–thickness
h of 100 pc. Connement layers where cosmic rays are trapped by diffusion lie above and beneath
this thin disc of gas. The intergalactic medium starts at the vertical boundaries z = ±L as well as
beyond a radius of r = R ≡ 20 kpc. Notice that the half–thickness L of the diffusive halo is not
known and reasonable values range from 1 to 15 kpc. The diffusion coefcient K is the same every-
where whereas the convective velocity is exclusively vertical with component VC(z) = VC sign(z).
This galactic wind, which is produced by the bulk of the disc stars like the Sun, drifts away from
its progenitors along the vertical directions, hence the particular form assumed here for VC. No-
tice also that the normalization coefcient K0, the index ( , the galactic drift velocity VC and the
Alfvén velocity Va are all unknown. This situation may be remedied with the help of the boron
to carbon B/C ratio which is quite sensitive to cosmic ray transport and which may be used as a
constraint. The three propagation models featured in table 4 have been drawn from [52]. The MED
conguration provides the best t to the B/C measurements whereas the MIN and MAX models
lead respectively to the minimal and maximal allowed antiproton uxes which can be produced by
WIMP annihilation.

Case ( K0 [kpc2/Myr] L [kpc] VC [km/s] Va [km/s]
MIN 0.85 0.0016 1 13.5 22.4
MED 0.70 0.0112 4 12 52.9
MAX 0.46 0.0765 15 5 117.6

Table 4: Typical combinations of diffusion parameters that are compatible with the B/C analysis [50]. As
shown in [52], these propagation models correspond respectively to minimal, medium and maximal primary
antiproton uxes.

The solution of the master equation (2.5) may be generically expressed as the integral

< (),E) =
∫
dES

∫

DH
d3xS G

(
x),E ← xS,ES

)
q
(
xS,ES

)
. (2.6)

The energy ES at the source runs over a range which depends on the nature of the cosmic ray species
as discussed below. The space integral is performed over the diffusive halo. The convolution (2.6)
involves the Green function G which describes the probability for a cosmic ray that is produced at

34



P
o
S
(
c
a
r
g
e
s
e
)
0
0
9

Indirect and direct dark matter detection Pierre Salati

location xS with the energy ES to reach the Earth where it is detected with the degraded energy E .
The cosmic ray space and energy density < can be translated into the differential ux

/ =
;
4'

< , (2.7)

where ; stands for the particle velocity. This ux is expressed in units of m−2 s−1 sr−1 GeV−1.

Exercise n0 2-a – Level [1] : Show that the ux of antiprotons or positrons produced by WIMP
annihilations may be written as the product

/(),E) =
∫
dES f (ES) I(E,ES) , (2.8)

where the information related to particle physics has been factored out in

= 7
;
4'

〈&annv〉
{
.)
m"

}2
. (2.9)

The energy distribution f (ES) describes the spectrum at the source and depends on the details of the
WIMP annihilation mechanism.

The information on the galactic DM density prole . as well as on the propagation of cosmic rays
within the Milky Way DH is summarized in the halo integral

I(E,ES) =
∫

DH
d3xS G

(
x),E ← xS,ES

) {
.(xS)
.)

}2
, (2.10)

where the solar neighborhood DM density is denoted by .). The halo integral I(E,ES) is a key
ingredient for the derivation of the ux at the Earth of the antimatter species produced inside the
galactic DH by WIMP annihilations. The spatial reach of the Green function G depends on the
nature of the cosmic ray particles – either antiprotons or positrons – and on the energies E and ES.
This range delineates the region of the Milky Way from which most of the signal detected at the
Earth originates. It corresponds to the extension of the so–called horizon beyond which the Green
function vanishes. The horizon plays a crucial role in the subsequent discussion as well as in the
next section 3 devoted to the effect of DM clumps.

2.2 TeV antiprotons : a new window

The propagation of cosmic ray antiprotons is dominated by diffusion. Energy losses as well as
diffusive reacceleration do not play any major role. A very crude approximation for the antiproton
Green function is obtained by neglecting galactic convection and solving the resulting Poisson
equation in innite space. This yields the antiproton propagator

Gp̄
(
x) ← xS

)
≡ 1

4'K(E)
1
r⊕

, (2.11)

where r⊕ denotes the distance between the Earth and the source. The sole merit of this expression
is to exhibit the importance of remote sources. We will therefore keep in mind that the antiproton
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sphere is fairly extended. The nite thickness of the diffusive halo is nevertheless a limiting factor
since cosmic rays may escape through the vertical boundaries as they wander toward the Earth.
As a consequence, the size of the antiproton sphere cannot be much larger than the DH half–
thickness L. Galactic convection comes also into play. If the wind velocity VC is large, cosmic rays
are efciently blown outside the Milky Way. This process limits further the reach of the antiproton
sphere. The solution of the master equation (2.5) has been thoroughly investigated and several
different techniques [53, 54] lead essentially to the same uxes at the Earth.

The Bessel expansion method takes advantage of the axial symmetry of the DH and enforces
a vanishing cosmic ray ux at a distance R = 20 kpc from the rotation axis of the Galaxy. This
condition is actually implemented naturally by the following series expansion for <

< (r,z,E) =
+,

*
i=1

Pi (z,E) J0 (%i r/R) . (2.12)

The Bessel function of zeroth order J0 vanishes at the points %i. The radial dependence of < is now
taken into account by the set of its Bessel transforms Pi(z,E). The source term q may also be Bessel
expanded into the corresponding functions Qi(z,E) so that the master equation (2.5) becomes

0z
(
VCPi

)
− K 0 2

z Pi + K
{%i
R

}2
Pi + (2.13)

+ 2h( (z)0E
{
bloss(E)Pi − KEE(E)0EPi

}
= Qi (z,E) .

Here, energy loss and diffusive reacceleration are conned inside the galactic disc – which is con-
sidered innitely thin, hence the presence of an effective term 2h( (z). The form of the source
terms Qi(z,E) which appear in equation (2.13) depends on the nature of the cosmic ray particle. In
the case of antiprotons, the following mechanisms can in principle contribute.
(i) Antiprotons may collide elastically on interstellar H and He. Because they are preferentially
scattered forward, however, such interactions are innocuous and will be disregarded.
(ii) Antiprotons may also annihilate on interstellar H and He. This leads to a negative source term
−-ann

p̄ < , where the annihilation rate -ann
p̄ is dened as

-ann
p̄ = & ann

p̄H ;p̄ nH + & ann
p̄He;p̄ nHe . (2.14)

The annihilation cross section &ann
p̄H can be borrowed from [55, 56] and multiplied by a factor

of 42/3 ∼ 2.5, taking into account the higher geometric cross section, to get &ann
p̄He. The average

hydrogen nH and helium nHe densities in the galactic disc are respectively set equal to 0.9 and 0.1
cm−3.
(iii) The annihilation of DM candidate particles throughout the Milky Way halo generates primary
antiprotons. The corresponding source term qprim

p̄ (r,z,E) has already been discussed and is gener-
ically given by expression (2.2) where f (E) stands here for the antiproton spectrum dN̄p/dEp̄.
Notice that WIMP annihilations take place all over the diffusive halo.
(iv) Such is not the case with either secondary antiprotons – which are produced as high–energy
primary nuclei impinge on the atoms of the interstellar medium inside the galactic disc – or tertiary
antiprotons which result from the inelastic and non–annihilating interactions which these particles
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may undergo with the same atoms. The rate for the production of secondary antiprotons takes the
following form

qsec
p̄ (r,Ep̄) =

∫ +,

E0
p

nH ×;p <p(r,Ep)×dEp ×
d&
dEp̄

(Ep → Ep̄) , (2.15)

in the case of the interactions between cosmic ray protons and hydrogen atoms. In gure 18, the
various contributions to the secondary antiproton ux from the spallation of interstellar H and He
by cosmic ray protons and alpha particles are presented together with the existing low–energy data.
Galactic propagation parameters correspond to the MED conguration of table 4.

Figure 18: The spallation of the interstellar medium by cosmic ray nuclei yields a ux of secondary an-
tiprotons which is plotted here as a function of their kinetic energy as measured at the top of the atmosphere
(TOA). Propagation parameters correspond to the MED conguration of table 4. For reference, the existing
low–energy data on the antiproton ux at the top of the atmosphere [57, 58, 59, 60] are also presented. Solar
modulation has been implemented through the force eld approximation [61], with a Fisk potential = F of
500 MV corresponding to the minimum of solar activity during which the observations have been performed.
Figure from [53].
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(v) Antiprotons may nally collide on a nucleon at rest and transfer enough energy to excite it as
a 3 resonance. This mechanism redistributes antiprotons toward lower energies and attens their
spectrum as shown in [62]. This yields the source term

qter
p̄ (r,Ep̄) =

∫ +,

Ep̄

d&p̄H→p̄X

dEp̄
(E ′

p̄ → Ep̄) nH ; ′
p̄ <p̄(r,E

′
p̄) dE

′
p̄

− &p̄H→p̄X(Ep̄) nH ;p̄ <p̄(r,Ep̄) , (2.16)

where the inelastic and non–annihilating differential cross section in this expression can be approx-
imated by

d&p̄H→p̄X

dEp̄
=

&p̄H→p̄X

T ′
p̄

. (2.17)

The initial antiproton kinetic energy is denoted by T′p̄. In order to take into account elastic scatter-
ings on helium, one simply has to replace the hydrogen density by nH + 42/3 nHe.

Exercise n0 2-b – Level [2] : Equipped with all these source terms, derive the full expression for
the master equation describing the (Bessel transformed) antiproton distribution functions P̄i(z,E) and
show that

0z
(
VC P̄i

)
− K 0 2

z P̄i + K
{%i
R

}2
P̄i + 2h( (z)0E

{
bloss(E) P̄i − KEE(E)0E P̄i

}
=

− 2h( (z)-ann
p̄ P̄i + Qprim

p̄,i (z,E) + 2h( (z)
{
Qsec

p̄,i +Qter
p̄,i

}
. (2.18)

Integrate this relation along the vertical axis z – in particular through the innitely thin disc – in order
to establish eventually that the Bessel transforms P̄i(0,E) fulll the integro–differential equation

ī P̄i (0,E) + 2h 0E
{
bloss(E) P̄i (0,E) − KEE(E)0E P̄i (0,E)

}
=

2h
{
Qsec

p̄,i +Qter
p̄,i

}
+ 2

∫ L

0
dz Qprim

p̄,i (z,E) e
−
zVC
2K i(z) . (2.19)

Check that the coefcients ī are given by

ī(E) = VC + 2h-ann
p̄ (E) + K(E)Si coth

(
Si L
2

)
, (2.20)

where S2
i ≡ (VC/K)2 + (2%i/R)2 while the vertical functions i(z) are dened by

i(z) = sinh
{
Si
2

(L− z)
}

/sinh
{
Si
2
L
}

. (2.21)

Equation (2.19) may be solved according to the method outlined in the appendix B of [51]. Setting
the energy loss rate bloss and the energy diffusion coefcient KEE equal to zero does not affect too
much the result.

A completely different approach of the antiproton transport through the DH relies on the exis-
tence of the above mentioned Green propagator Gp̄. Such a function translates the probability for
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an antiproton produced at point S(xS,yS,zS) to travel to the observer located at point M(x,y,z). En-
ergy losses, diffusive reacceleration and tertiary production are inefcient above a few GeV and can
be safely neglected. The energies E and ES are thus identical and the antiproton energy spectrum
at the Earth is given by the simplied convolution

<p̄ (),E) =
∫

DH
d3xS Gp̄

(
x) ← xS,E

)
qp̄

(
xS,E

)
. (2.22)

The construction of the Green function for antiprotons is inspired from the positron case – see
section 2.3 – with the essential difference that the antiproton energy does not change and that time
is integrated out.

Exercise n0 2-c – Level [3] : Because the Milky Way is now pictured as an innite slab of half–
thickness L with a gaseous disc in the middle at z = 0, the antiproton propagation is invariant under a
translation along the horizontal directions x and y. The master equation (2.5) needs still to be solved
along the vertical direction z with the condition that G p̄ vanishes at the boundaries z = ±L. Energy
losses, diffusive reacceleration and tertiary production are neglected. Taking only into account space
diffusion, galactic convection and antiproton annihilations on interstellar H and He, establish that

Gp̄
(
x) ← xS,E

)
=

e−zS/rw
2'K(E)

+,

*
n=1

1
Cn

=n(0) =n(zS) K0

( r
L
√
:n

)
. (2.23)

The vertical functions =n are dened by

=n(z) = sin
{
>n

(
1− z

L

)}
, (2.24)

where the coefcients >n are solutions to the equation

>n = n' − tan−1 (p>n) . (2.25)

Check that the parameter p is related to the convective scale rw ≡ 2K(E)/VC and the scattering length
rs ≡ K(E)/h-ann

p̄ (E) through the identity

1
p

=
L
rs

+
L
rw

, (2.26)

whereas the scale Cn is dened by

Cn
L

= 1 +
1
p

(
sin>n
>n

)2
. (2.27)

In the argument of the modied Bessel functions of the second kind K 0 in equation (2.23), the ratio r/L
is multiplied by a factor √:n where

:n = > 2
n +

(
L
rw

)2
. (2.28)

At high energies, above ∼ 100 GeV, rs and rw are much larger than L due to the greatly enhanced
diffusion coefcient K(E). As a consequence, the parameter p is much larger than 1 and thus the
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coefcient >n is approximately given by

>n = (n−1/2)' . (2.29)

Furthermore, the scale Cn tends to L while
√
:n reduces to >n. When diffusion takes over disc

annihilations and galactic convection, the antiproton propagator Ḡp depends on the energy E only
through the factor

Gp̄ 4
e−zS/rw
2'K(E)

* 1
2'K(E)

. (2.30)

The ratio zS/rw is actually bounded by L/rw 5 1 and we recover with satisfaction the same be-
haviour as featured by the simplied expression (2.11). This property provides the reason why the
antiproton ux of gure 18 decreases like a power law above an energy of a few tens of GeV. If the
scaling violations of the differential production cross section d&/dĒp(pH → p̄) of relation (2.15)
were negligible, the secondary source term qsec

p̄ (r,E) would have the same energy dependence as
the impinging cosmic ray ux/p = ;p<p/4' 4E−5 . Because Gp̄ is proportional to 1/K(E)4E−(

at high energies, we expect the secondary antiproton ux to have a typical spectral behaviour like

Gp̄ ×/p 4 E−5−( . (2.31)

The cosmic ray proton and helium uxes can be borrowed from [51] where a t of the BESS [63]
and AMS [64] data is proposed. The spectral index 5 is found to be equal to 2.72 for protons and
to 2.74 for alpha particles. Would hadronic interactions be scale invariant, the antiproton ux of
gure 18, for which ( = 0.7, would drop like ∼ E−3.4. The actual spectrum is slightly harder with
an E−3.3 energy dependence.

The spallation of interstellar H and He by cosmic ray primaries – essentially protons and
alpha particles – produce an irreducible background of secondary antiprotons inside which the
signature from putative DM species is swamped. The precise determination of this background is
crucial in order to disentangle a possible WIMP signal. The semi–analytic treatment of cosmic ray
propagation which has been discussed above and which is based on the Bessel expansion (2.12) is
a convenient framework to derive the theoretical uncertainties associated to the various parameters
at stake, namely K0, ( , Va, VC and the DH half–thickness L. The space of these propagation
parameters has been extensively scanned [50] in order to select the allowed regions where the
predictions on B/C – a typical cosmic ray secondary to primary ratio – match the observations.
Several hundreds of different propagation models have survived that crucial test. The propagation
parameters are thus only loosely constrained by the cosmic ray nuclei abundances so far observed.
The same conclusion has been reached independently by [65] with the help of a fully numerical
code [66] in which the convective wind VC increases linearly with vertical height z. However, the
B/C ratio could not be accounted for when both galactic convection and diffusive reacceleration
were implemented at the same time, a problem which our Bessel treatment does not encounter. The
yellow band presented in gure 19 is the envelope of the secondary antiproton spectra computed
with the set of ∼ 1,600 different propagation models found in [50] to pass the B/C test. This band
comprises the theoretical uncertainty in the determination of the secondary antiproton ux. It is
conned by the MIN and MAX congurations of table 4. As a rst observation, notice how narrow
the uncertainty strip is between ∼ 10 and 100 GeV. The PAMELA and AMS–02 collaborations

40



P
o
S
(
c
a
r
g
e
s
e
)
0
0
9

Indirect and direct dark matter detection Pierre Salati

Figure 19: Theoretical uncertainties in the secondary ux of antiprotons, taking into account the whole
range of propagation parameters that is allowed by the existing B/C data, again featured together with the
existing low–energy data. In the right panel, the product T 3

p̄ /p̄ has been plotted in order to better illustrate
the expected near T −3

p̄ scaling of the ux at high energies. Figures from [53].

will thus be able to highlight even small spectral deviations in that energy range. Above ∼ 100
GeV, the yellow band widens as a result of the energy dependence of the diffusion coefcient K.
From the B/C analysis, the spectral index ( may take any value between 0.46 and 0.85. Its spread
3( = 0.4 thus translates into a factor of 100.8 ∼ 6 of uncertainty on the secondary antiproton ux at
10 TeV, two decades above the energy where the yellow strip is still the thinnest. This expectation
is actually conrmed in the right panel of gure 19, where we can read off a ratio of 1 to 6 at
10 TeV between the minimal and maximal antiproton ux expectations. This large uncertainty in
the secondary antiproton background at TeV energies may look depressing. One should keep in
mind, however, that PAMELA and AMS–02 will considerably improve the measurements of the
cosmic ray nuclei abundances with a determination of the B/C ratio to a better accuracy and over
a wider energy range than available so far. This will translate into improved constraints on the
propagation parameters and eventually into a thinner uncertainty strip in the panels of gure 19.
The antiproton spectrum itself will also be measured up to a few TeV in the case of AMS–02. Once
it is compared to the cosmic ray proton and helium uxes, the spectral index ( should be better
determined. Finally, we expect the LHC to improve the accuracy of the antiproton production cross
sections of the various nucleus–nucleus interactions at stake.

The antiproton signal from annihilating DM particles leads to a primary component directly
produced throughout the DH. It depends on many unknown ingredients. To commence, the WIMP
annihilation cross section 〈&annv〉 at freeze–out is related to the WIMP relic abundance by

+"h2 * 3×10−27 cm3 s−1

〈&annv〉
. (2.32)

Since today the cosmological abundance of dark matter is +DM ∼ 0.21 while the Hubble constant
has converged toward h ∼ 0.7, we infer a typical WIMP annihilation cross section at decoupling
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of order 3 × 10−26 cm3 s−1. In supersymmetry, the DM candidate is a neutral Majorana fermion
– generically called the neutralino – whose annihilation cross section is s–wave suppressed, hence
a smaller value today than in the early universe when the temperature of the primordial plasma
represented a sizable fraction of the WIMP mass. This s–wave suppression depends on the su-
persymmetric model under consideration and is in general large enough to signicantly inhibit the
antiproton DM signal. Notice that some supersymmetric congurations are nevertheless associ-
ated to large cross sections today. The WIMP annihilation at decoupling is in general so enhanced
that the WIMP relic abundance is too much depleted to yield detectable annihilation signatures.
As discussed below, the antiproton signal depends also sensitively on the galactic DM prole and
the ux at the Earth is inuenced by cosmic ray propagation throughout the DH. As is clear in
gure 19, the antiproton observations are already well explained by a pure secondary component
arising from the spallation of cosmic ray nuclei on the interstellar gas of the galactic disc. The
CAPRICE data vaguely point toward a possible antiproton excess above 10 GeV, a region which
will be soon investigated by PAMELA and AMS–02. The window extending above 10 GeV up to
a few TeV could be actually surprising. We will thus focus hereafter on heavy WIMP candidates
whose annihilations can generate high–energy antiprotons. The models which we have selected for
this analysis are summarized in table 5 where both supersymmetric and extra dimension congu-
rations are featured. They fall into three main categories.

DMmodel m" 〈&annv〉 tt̄ bb̄ cc̄ ss̄ uū dd̄ ZZ W+W− HH gg
LSP 1.0 1.0 0.46 - - - - - - - 100 - -
LKP 1.0 1.0 1.60 10.9 0.7 11.1 0.7 11.1 0.7 0.5 1.0 0.5 0.5
LSP 1.7 1.7 102 - - - - - - 20.1 79.9 - -
LKP 1.7 1.7 0.55 11.0 0.7 11.1 0.7 11.1 0.7 0.5 0.9 0.5 0.5

Table 5: Benchmark models for studying possible primary contributions to the antiproton spectrum at high
energies. The DM particle mass m" is expressed in TeV whereas 〈&annv〉 denotes the annihilation rate in
units of 10−26 cm3 s−1. The remaining columns give the branching ratios into the annihilation channels
relevant for p̄ production (in percent). The corresponding values are typical for high Higgsino (LSP 1.0) and
Wino (LSP 1.7) fractions of the neutralino. For the latter, the non–perturbative expressions are taken from
[67] while for the former the annihilation cross section of a pure anti–symmetric Higgsino intoW bosons has
been calculated neglecting other annihilation channels. In the case of the LKP – the lightest Kaluza–Klein
particle of models with universal extra dimensions (UED) [68] – the quoted values for the branching ratios
as well as for 〈&annv〉m2

" are actually very insensitive to the parameters of the model [69, 70].

(i) LSP 1.0 – In the framework of supersymmetry, the lightest stable supersymmetric particle (LSP)
provides an excellent dark matter candidate [16]. In most models, it is given by the lightest neu-
tralino, which is a linear combination of the superpartners of the gauge and Higgs elds

" ≡ "̃0
1 = N11B̃ + N12W̃

3 + N13H̃
0
1 + N14H̃

0
2 . (2.33)

While the neutralino is often a gaugino, with a large Bino fraction and a mass of a couple of
hundred GeV or less, the hyperbolic branch/focus point region of minimal supergravity (mSUGRA)
typically exhibits very heavy neutralinos with a large Higgsino fraction [71]. From the requirement
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that Higgsinos should give the right relic density, their mass has to be around 1 TeV [72]. For
these high masses, the neutralino is an almost pure anti–symmetric combination of the two neutral
Higgsino states – in which case the annihilation cross section into Z as well as into Higgs boson
pairs vanishes exactly and that into quarks is usually heavily suppressed by multi–TeV squark
masses in the propagator. For these reasons the annihilation into W bosons typically dominates.

(ii) LSP 1.7 – Another interesting situation arises in the case of a neutralino that is almost a pure
Wino, as expected for example in anomaly mediated supersymmetry breaking (AMSB) scenarios
[73]. For Winos, the preferred mass from relic density requirements is peaked at about 1.7 TeV
[72]. Non–perturbative binding energy effects then result in greatly enhanced annihilation cross
sections today when the neutralinos have very small galactic velocities [67]. In this limit, heavy
Winos annihilate almost exclusively into gauge bosons. Notice that the annihilation into photons is
also signicantly enhanced with respect to the perturbative result, leading to promising prospects
for an indirect detection in terms of gamma rays [67, 74, 75].

(iii) LKP 1.0 & 1.7 – The last example of a TeV scale dark matter candidate we want to consider
here is that of the lightest Kaluza–Klein particle (LKP) in models with universal extra dimensions
(UED) [68], where all standard model elds are allowed to propagate in a higher–dimensional bulk.
After compactication of the internal space, these additional degrees of freedom appear as towers
of new, heavy states in the effective four–dimensional theory. The stability of the lightest of these
states – the LKP – is guaranteed by the existence of an internal Z2 symmetry called KK parity that
derives from higher–dimensional translational invariance. Taking into account radiative corrections
to the KK masses, the LKP is expected to be well approximated by the B(1), the rst KK excitation
of the weak hypercharge boson [76]. Detailed relic density calculations show that it can account
for the required dark matter density if the compactication scale – and thus the B(1) mass – lies
in the range 0.6 ! mB(1) ! 1.4 TeV [77], mainly depending on the standard model Higgs mass.
Deviations from the minimal scheme for calculating the radiative mass spectrum weaken the upper
bound on the compactication scale to about 2 or 3 TeV [78]. The main annihilation channels of
the B(1) that are relevant for antiproton production are those into quark pairs. They amount to about
35 % in total whereas the annihilation into gauge and Higgs bosons is of the order of 1 % each and
thus subdominant.

Halo model % ; 5 .s [106 M) kpc−3] rs [kpc]
Cored isothermal [2] 2 2 0 7.90 4
NFW 97 [79] 1 3 1 5.38 21.75
Moore 04 [80] 1 3 1.16 2.54 32.62
Moore 99 [81] 1.5 3 1.5 1.06 34.52

Table 6: Parameters in equation (2.34) for the halo models considered in gure 21. The scale radius r s and
density .s are strongly correlated with the virial mass of the Galaxy [82] and the values are borrowed from
[83] for the Milky Way. In the case of the Moore 99 prole, DM self–annihilations set an upper bound to
the maximal possible density, hence the existence of a cutoff radius inside which the DM density .(x S) is
assumed to be constant [84]. When the DM distribution is cuspy – for 5 ≥ 1 – the divergence at the galactic
center is smoothed according to the prescription of [53].
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Figure 20: The primary ux in antiprotons is compared to the background in secondaries for the supersym-
metric models LSP 1.0 and 1.7 of table 5. An NFW dark matter halo is assumed. The cosmic ray propagation
parameters are varied from the MIN (blue) to the MAX (red) congurations of table 4. The magenta solid
line corresponds to the model (MED) which provides the best t to the B/C measurements [50, 52]. Figures
from [53].

Figure 21: Same as gure 20 for the extra dimension benchmark models specied in table 5. From bottom to
top, the different curves correspond respectively to the isothermal sphere (blue), NFW (magenta), Moore 04
(green) and Moore 99 (red) DM halo proles. For the diffusion parameters, we adopt the MED conguration
of table 4. Notice the important spread in the magnitude of the antiproton DM signal. The isothermal sphere
model has been borrowed from [83] and features an extreme situation where the DM solar neighborhood
density is unusually small. Figures from [53].

The antiproton DM signals of the WIMP benchmark models of table 5 are featured by the magenta
solid curves of gures 20 and 21. These primary uxes have been derived with the MED set of ta-
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ble 4 and assuming an NFW DM halo prole. Unfortunately, the expected primary components are
usually smaller than the background uxes in secondary antiprotons, with the striking exception of
the 1.7 TeV Wino where the resonantly enhanced annihilation cross section may allow for a spec-
tacular signal in the range of a few 100 GeV already for very conservative assumptions about the
DM distribution. As claimed by [85], Wino DM exhibits very promising observational prospects
in terms of primary contributions to the antiproton ux. The dependence of the primary antiproton
DM ux on the cosmic ray diffusion parameters is presented in gure 20. The yellow hatched
band is delineated by the MIN (blue) and MAX (red) congurations of table 4. The dependence on
the DH model is rather strong – although the B/C constraints basically x the secondary antipro-
ton ux. This effect can be attributed [51, 52] to the fact that primary and secondary antiprotons
mainly probe different regions of the halo. It clearly illustrates the need for cosmic ray data that
are both more accurate and span a larger energy range, each of which would greatly increase the
predictability for primary contributions to the antiproton ux. The inuence of the DM halo prole
is analyzed in gure 21 where the various possibilities of table 6 are featured. The DM galactic dis-
tribution is assumed to be spherical with a dependence on galactocentric distance r parameterized
by

.(r) = .s

( rs
r

)5 {
1+

(
r
rs

)%}(5−; )/%

. (2.34)

The four different proles of table 6 basically span the whole range of reasonable halo models with
respect to indirect dark matter detection prospects. Here again, the uncertainty is quite signicant
although the isothermal sphere model of [83] – which provides the lowest (blue) primary uxes –
is somewhat extreme as it yields an unusually small DM solar neighborhood density.
Finally, let us address the question whether the next generation of experiments will be able to
distinguish between the WIMP models presented here. To this end, we consider in gure 22 for
each model a boost factor that normalizes the maximal deviation from the secondary ux to that
of the 1.7 TeV Wino case. At high energy, the precision of cosmic ray ux measurements is es-
sentially limited by statistics. For comparison, the statistical error after 3 years of data sampling
by PAMELA and AMS–02 have also been included – provided that these experiments would mea-
sure an antiproton spectrum as induced by LSP annihilations. A heavy Wino species can easily
be distinguished from the background – even when taking into account the full uncertainty in the
spectrum of secondary antiprotons – already by PAMELA. No boost factor is necessary in that
case. However, in order to discriminate the spectra of the other benchmark DM candidates at a
similar condence level, articial enhancement factors must be invoked with values from about
150 up to 500. When it comes to the actual discrimination between different DM candidates, the
prospects are less promising. Given the current uncertainty in the secondary ux, as well as the
expected statistical errors in the data, neither PAMELA nor AMS–02 will be able to distinguish
between different types of annihilating DM species – i.e. LSP versus LKP. A determination of the
WIMP mass, on the other hand, will be possible to a certain extent – at least when a clear drop in
the spectrum becomes visible. A certain degeneracy between the WIMP type and its mass appears
in the spectrum, putting a principle limit on the accuracy of any possible mass determination. For a
given mass, the LSP produces an annihilation spectrum that is very similar to that of an LKP, apart
from being slightly shifted to higher energies. An LKP with a somewhat enhanced mass – say by
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Figure 22: The yellow band features the expected antiproton background for the full range of allowed
diffusion parameters. In the left (right) panel, the primary and total uxes for the 1 TeV (1.7 TeV) benchmark
WIMP models of table 5 have been added. An NFW halo model and the MED set of cosmic ray diffusion
parameters have been selected here. For illustration – and to better compare these models – we have adopted
a boost factor of 2 (1050, 330, 270) for the case of a LSP 1.7 (LKP 1.7, LSP 1.0, LKP 1.0) DM candidate.
For the LSP, we also include the expected statistical error after 3 years of data sampling by PAMELA and
AMS–02, respectively. Figures from [53].

about 10% – would therefore feature a spectrum that is almost indistinguishable from that of the
LSP.
To conclude this section, let us point out that apart from the case of the heavy Wino for which
the annihilation cross section is resonantly enhanced, prospects for observing the antiproton DM
signal are poor. That is why a boost factor is generally introduced in the litterature in order to
enhance the primary uxes and make them observable. This procedure is justied by the existence
of substructures in the DM galactic distribution inside which the WIMPs are clumped. That hand
waving argument is scrutinized in section 3 where boost factors are shown to be energy dependent
and subject to strong statistical uncertainties.

2.3 The positron signal

In the case of positrons and electrons, the master equation (2.5) describing the propagation of
cosmic rays throughout the DH is dominated by space diffusion and energy losses. Above a few
GeV, synchrotron radiation in the galactic magnetic elds as well as inverse Compton scattering on
stellar light and on CMB photons dominate, hence the positron loss rate

bloss(E) =
〈 E

〉
= − E2

E0?E
. (2.35)

The energy of reference E0 is set equal to 1 GeV while the typical energy loss time is ?E = 1016 s.
The master equation for positron propagation simplies into

−K3< + 0E
{
bloss(E)<

}
= q(x,E) . (2.36)
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For the energies under consideration – above ∼ 0.1 GeV – positrons are ultra–relativistic and the
rigidity is proportional to the energy E . The space diffusion coefcient can be expressed as

K(:) = K0 :
( , (2.37)

where : denotes the ratio E/E0.

Exercise n0 2-d – Level [1] : Taking into account relations (2.35) and (2.37), derive the positron
propagation equation

K0 :
( 3< +

0
0:

{
:2

?E
<

}
+ q = 0 . (2.38)

Equation (2.38) may be solved with Baltz & Edsjö [86] clever trick which consists in translating
the energy E into the pseudo–time

t̃(E) = ?E

{

v(E) =
:(−1

1−(

}

. (2.39)

In this formalism, the energy losses which positrons experience boil down to a mere evolution in
the pseudo–time t̃.

Exercise n0 2-e – Level [1] : Show that the propagation equation (2.38) simplies into the well–
known heat equation

0<̃
0 t̃

− K0 3<̃ = q̃(x, t̃ ) . (2.40)

The space and energy positron density is now <̃ = :2< whereas the positron production rate has
become q̃= : 2−( q. Notice that both <̃ and q̃ have the same dimensions as before because : is dimen-
sionless.

Without any space boundary condition, the solution of equation (2.40) is straightforward. A droplet
of heat deposited at the origin of the coordinates at pseudo–time t̃S = 0 is described by the point–
like source term

q̃
(
xS, t̃S

)
= ( 3(xS

)
(
(
t̃S

)
. (2.41)

The subsequent diffusion in innite 3D space results into the density<̃ at position x and pseudo–
time t̃ given by the well–known Green function

<̃ (x, t̃ ) ≡ G̃(x, t̃ ← 0,0) = #(t̃ )
{

4'K0 t̃
}−3/2 exp

{
− r2

4K0 t̃

}
, (2.42)

where r ≡ |x| and # is Heaviside’s step function. The general solution of equation (2.40) can be
written in terms of the Green function G̃ as an integral over pseudo–time and space

<̃ (x, t̃ ) =
∫ t̃S=t̃

t̃S=0
dt̃S

∫

DH
d3xS G̃

(
x, t̃ ← xS, t̃S

)
q̃
(
xS, t̃S

)
. (2.43)
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We are lead to express the density of positrons resulting from their transport within the Milky Way
down to x as the convolution

<e+(x,E) =
∫ ES=+,

ES=E
dES

∫

DH
d3xS Ge+

(
x,E ← xS,ES

)
qe+

(
xS,ES

)
, (2.44)

recovering thus the generic expression (2.6). The positron propagator Ge+
(
x,E ← xS,ES

)
stands

for the probability for a particle injected at xS with the energy ES to reach the location x with the
degraded energy E ≤ ES.

Figure 23: The positron diffusion length 8D is featured as a function of the positron energy E at the Earth
for three different values of the energy ES at the source. In this illustration, the space diffusion coefcient at
1 GV has been set equal to K0 = 3×1027 cm2 s−1 with a spectral index ( = 0.6. The long–dashed horizontal
line corresponds to a diffusion length 8D equal to the half–thickness L= 3 kpc of the DH. Below that limit,
positron propagation is not sensitive to the vertical boundaries and the 3D approximation (2.46) is valid.
This regime corresponds to large values of the parameter @ ≡ L 2/8D

2. Figure from [87].
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It is proportional to the heat Green function G̃ through

Ge+
(
x,E ← xS,ES

)
=

?E
E0 :

2 G̃
(
x, t̃ ← xS, t̃S

)
, (2.45)

where the connection between the energy E and pseudo–time t̃ is given by relation (2.39).

Exercise n0 2-f – Level [1] : Show that in the 3D limit of an innite DH, the heat Green function
connecting the source xS to the Earth is the Gaussian distribution

G̃
(
x), t̃← xS, t̃S

)
=

{
1

4'K0 ?̃

}3/2
exp

{
−

r2
⊕

4K0 ?̃

}
, (2.46)

where ?̃ = t̃− t̃S is the typical duration – including the diffusion process – over which the positron
energy decreases from ES to E. The distance between the Earth and the source is denoted by

r⊕ =
{(
x)− xS

)2 +
(
y)− yS

)2 +
(
z)− zS

)2
}1/2

. (2.47)

The concept of positron horizon is based on the Gaussian distribution (2.46) which is roughly
constant within a sphere of radius

8D =
√

4K0?̃ , (2.48)

and decreases sharply outside. So does the positron Green function Ge+ . The so–called positron
sphere – whose center is at the Earth where the observer stands – delineates thus the region of
the diffusive halo from which positrons predominantly originate. The typical diffusion length 8D
gauges how far particles produced with the energy ES travel before being detected at the energy E .
It encodes at the same time the energy loss processes and the diffusion throughout the magnetic
elds of the Galaxy. A rapid inspection of equation (2.39) shows that 8D increases as the detected
energy E decreases, except for energies ES at the source very close to E . The positron sphere is
therefore fairly small at high energies – say above ∼ 100 GeV – whereas it spreads over several
kiloparsecs below 10 GeV. The diffusion length 8D is featured in gure 23 as a function of E for
three different values of the energy at the source. In the case where ES = 100 GeV, it exceeds the
half–thickness L below an energy of ∼ 8 GeV.
The diffusive halo inside which cosmic rays propagate before escaping into the intergalactic medium
is actually nite. Without any boundary condition, the propagatorG̃ would be given by the 3D re-
lation (2.46). However, cosmic rays may escape outside what has been modeled initially as a leaky
box and G̃ should account for that effect. In spite of the boundaries at r = R≡ 20 kpc, we can still
decide that cosmic ray diffusion is not limited along the radial direction and that it operates as if
it took place inside an innite horizontal slab with half–thickness L. Sources located beyond the
radius R should be obviously disregarded since the convolution (2.44) is only performed over the
DH. Because their energy is rapidly degraded as they propagate, positrons are produced close to
where they are observed. Neglecting the effect of radial boundaries on the propagator Ge+ turns
out to be a fair approximation [88] because positrons do not originate from far away on average.
Even in the case of antiprotons for which the galactic propagation range is signicantly larger than
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for positrons, the effects of radial boundaries down at the Earth are not signicant insofar as cos-
mic ray species tend to leak above and beneath the diffusive halo at z = ±L instead of traveling
a long distance along the galactic disc. The innite slab hypothesis allows the radial and vertical
directions to be disentangled and the reduced propagatorG̃ may be expressed as

G̃
(
x, t̃ ← xS, t̃S

)
=

#(?̃)
4'K0 ?̃

exp
{
− r2

4K0 ?̃

}
Ṽ

(
z, t̃ ← zS, t̃S

)
, (2.49)

where ?̃ = t̃− t̃S as before. The radial distance between the source xS and the point x of observation
is dened as

r =
{(
x− xS

)2 +
(
y− yS

)2
}1/2

. (2.50)

Exercise n0 2-g – Level [1] : Should cosmic ray transport be free along the vertical direction, show
that the propagator Ṽ would be given by the 1D solution 1D to the diffusion equation (2.40)

Ṽ
(
z, t̃ ← zS, t̃S

)
≡ 1D

(
z, t̃← zS, t̃S

)
=

# (?̃)√
4'K0 ?̃

exp

{
−

(
z− zS

)2

4K0 ?̃

}
. (2.51)

The vertical boundary conditions denitely need to be implemented. Wherever the source inside
the slab, the positron density vanishes at z= ±L.
(i) A rst approach relies on the method of the so–called electrical images and has been discussed
in [86]. Any point–like source inside the slab is associated to the innite series of its multiple
images through the boundaries at z= ±L which act as mirrors. The n–th image is located at

zn = 2Ln + (−1)n zS , (2.52)

and has a positive or negative contribution depending on whether n is an even or odd number. When
the diffusion time ?̃ is small, the 1D solution (2.51) is a quite good approximation. The relevant
parameter is actually

@ =
L2

4K0 ?̃
≡ L2

8D
2 , (2.53)

and in the regime where it is much larger than 1, the propagation is insensitive to the vertical
boundaries. On the contrary, when @ is much smaller than 1, a large number of images need to be
taken into account in the sum

Ṽ
(
z, t̃ ← zS, t̃S

)
=

+,

*
n=−,

(−1)n 1D
(
z, t̃ ← zn, t̃S

)
, (2.54)

and convergence may be a problem.
(ii) It is fortunate that a quite different approach is possible in that case. The 1D diffusion equa-
tion (2.40) actually looks like the Schrödinger equation – in imaginary time – that accounts for the
behaviour of a particle inside an innitely deep 1D potential well which extends from z = −L to
z= +L. The eigenfunctions of the associated Hamiltonian are both even

An(z) = sin{kn (L− |z|)} (2.55)
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and odd
A ′
n(z) = sin

{
k′n (L− z)

}
(2.56)

functions of the vertical coordinate z. The wave–vectors kn and k′n are respectively dened as

kn =
(
n− 1

2

)
'
L

(even) and k′n = n
'
L

(odd) . (2.57)

The vertical propagator may be expanded as the series

Ṽ
(
z, t̃ ← zS, t̃S

)
=

+,

*
n=1

1
L

{
e−8n?̃ An

(
zS

)
An(z) + e−8 ′

n?̃ A ′
n
(
zS

)
A ′
n(z)

}
, (2.58)

where the time constants 8n and 8 ′
n are respectively equal to K0 kn

2 and K0 k
′
n

2. In the regime where
@ is much smaller than 1 – for very large values of the diffusion time?̃ – just a few eigenfunctions
need to be considered in order for the sum (2.58) to converge.

Exercise n0 2-h – Level [1] : Show that the energies E and ES always come into play in the
reduced propagator G̃ through the diffusion length 8D. Justify then the expression for the positron
propagator

Ge+
(
x,E ← xS,ES

)
=

?E
E0 :

2 G̃
(
x← xS;8D

)
. (2.59)

Like for antiprotons, a background of secondary positrons is produced by the spallation of the
interstellar medium by impinging high–energy particles. In that respect, the Milky Way looks like
a giant accelerator where cosmic rays play the role of the beam whereas the galactic disc and its
gas behave as the target. The dominant mechanism is the collision of protons with hydrogen atoms
at rest producing charged pions '± which decay into muons µ±. The latter are also unstable and
eventually lead to electrons and positrons through the chain

p + H −→ X + '± (2.60)
'± −→ 2µ + µ±

µ± −→ 2µ + 2e + e± .

(a) In order to obtain the differential cross section for positron production, we need rst to derive
the probability for a pion with energy E' to eventually decay into a positron with energy Ee. The
corresponding distribution function > (E' → Ee) is comprehensively built in appendix C of [89].
We recall here the salient features of that construction. To commence, in the pion rest frame, the
muon is produced isotropically with the Lorentz factor

5"
µ =

m2
' +m2

µ

2m' mµ
, (2.61)

and the velocity ;"
µ . The pion moves with the Lorentz factor 5' = E'/m' in the laboratory system

inside which the muon energy is distributed according to the at probability function

(E' → Eµ) =
dNµ
dEµ

=
9

(
5−µ ≤ 5µ ≤ 5+

µ

)

2mµ ;' 5' ; "
µ 5"

µ
, (2.62)
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where the Lorentz factors 5±µ are dened as

5±µ = 5' 5
"
µ

(
1 ± ;' ;

"
µ

)
. (2.63)

The function 9 is set to unity provided that the condition in parenthesis is fullled and to 0 other-
wise. The isotropy of the muon production in the pion rest frame translates in the laboratory system
into a at distribution for the muon Lorentz factor 5µ = Eµ/mµ which is furthermore constrained
to lie in the range extending from 5−µ to 5+

µ . Because weak interaction are left–handed and spin is
conserved, the muon is created fully polarized in the pion frame. A positively (negatively) charged
pion gives rise to a left–handed muon neutrino (right–handed muon antineutrino) and accordingly
to a left–handed positive (right–handed negative) muon. In the muon rest frame, the angular dis-
tribution of positrons (electrons) is asymmetric with respect to the direction along which the muon
spin is aligned and toward which that particle propagates before decaying

"
> (E

"
e ,cos#") =

8E"
e

2

m3
µ

{
3 − 4

E"
e

mµ
− > cos#"

(
1 − 4

E"
e

mµ

)}
. (2.64)

The parameter > is equal to +1 for positrons and to −1 for electrons. In the derivation presented
in appendix C of [89], the muon is also assumed to be fully polarized in the laboratory system so
that the angle # between the positron and muon momenta – as seen in that frame – is related to the
above–mentioned asymmetric angle #" by the Lorentz boost

cos# =
cos#" + ;µ

1 + ;µ cos#"
. (2.65)

Exercise n0 2-i – Level [2] : Show that the positron energyEe as seen in the laboratory system may
be derived from its muon rest frame value E "

e by the Lorentz boost

Ee = 5µ E"
e

(
1 + ;µ cos# "

)
. (2.66)

Compute the Jacobian associated to the change of the variables (E "
e ,cos# ") into the new set (Ee,cos# )

in order to establish the identity

E"
e dE"

e dcos# " = Ee dEe dcos# . (2.67)

Deduce nally that the muon rest frame distribution function "
> (E

"
e ,cos# ") and its laboratory system

counterpart > (Ee,cos# ) are related by

> (Ee,cos# ) =
Ee
E"
e

"
> (E

"
e ,cos# ") . (2.68)

We readily infer that the pion to positron (or electron) transfer function > (E' → Ee) is given in
the laboratory system by the convolution

> (E' → Ee) =
dNe
dEe

=
∫ 5+

µ

5−µ
d5µ mµ× (E' → Eµ)×

∫ 1

cos#L
dcos# > (Ee,cos#) . (2.69)
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The angle #L corresponds to a positron (or electron) energy E"
e in the muon rest frame equal to

the maximal reachable value of mµ/2. If cos#L is larger than +1, the integral over the angle #
in relation (2.69) vanishes whereas it runs from −1 to +1 whenever cos#L becomes less than −1.
At xed muon energy Eµ and Lorentz factor 5µ , these situations arise when the energy Ee in the
laboratory is respectively larger than

E+
e (5µ) =

mµ

2

√
1+;µ
1−;µ

, (2.70)

and smaller than

E−
e (5µ) =

mµ

2

√
1−;µ
1+;µ

. (2.71)

(b) In proton–proton collisions, pions can be produced in two different ways depending on the
energy Ep of the incoming cosmic ray proton in the galactic frame. Below ∼ 3 GeV, one of the
protons is predominantly excited to a 3 resonance which subsequently decays into a nucleon and a
pion according to the reactions

p + H −→ p + 3+ (2.72)
3+ −→ p + '0 (2.73)
3+ −→ n + '+ . (2.74)

Exercise n0 2-j – Level [1] : The neutral '0 and charged '± pions may be folded into an SU(2)
isospin triplet whose eigenvalues with respect to the isospin operator T3 are given by

(
'+,'0,'−)

≡ (1,0,−1) . (2.75)

The proton and the neutron are the two eigenstates of an isospin doublet and can be excited into a 3
resonance which may exist under the four different incarnations of the isospin 3/2 family

(
3++,3+,30,3−)

≡
(

3
2
,

1
2
,−1

2
,−3

2

)
. (2.76)

Assuming that isospin is conserved in 3 decay, show that the branching ratios for the production of
neutral '0 and charged '+ pions are respectively equal to 2/3 and 1/3.

In the galactic frame, the target proton is at rest and the center of mass frame (CMF) of the reaction
is characterized by the Lorentz factor

5c =
√
s

2mp
=

√
Ep +mp

2mp
, (2.77)

and the total available energy √
s =

√
2mp (Ep +mp) . (2.78)

Reaction (2.72) leads in the CMF to an isobar energy of

Ec3 = 5c3 m3 =
s + m2

3 − m2
p

2
√
s

. (2.79)
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To simplify the discussion, we assume that the 3 resonance is produced solely along the beam axis
with an equal probability for each direction. In the galactic frame, isobars moving forward – in the
same direction as the incident cosmic ray proton – and backward – in the opposite direction – are
respectively associated to the Lorentz factors

5±3 = 5c 5
c
3 (1 ± ;c;

c
3) . (2.80)

In this scheme, two values for the isobar energy are possible in the galactic system. In the 3 rest
frame, reaction (2.74) generates a pion with the Lorentz factor

5"
' =

E"
'

m'
=
m2
3 + m2

' − m2
n

2m3m'
, (2.81)

and the velocity ;"
' . In the galactic frame, pions produced by isobars moving forward have Lorentz

factors in the range extending from 5−',F to 5+
',F.

Exercise n0 2-k – Level [1] : Inspired by the derivation of relations (2.62) and (2.63), show that

5±',F = 5+
3 5

"
'

(
1 ± ;+

3 ;
"
'
)

. (2.82)

Repeat the same analysis for 3 particles moving backward and establish that the pion Lorentz factors
in the galactic system are now limited by

5±',B = 5−3 5
"
'

(
1 ± ;−

3 ;
"
'

)
. (2.83)

Derive eventually the corresponding pion energy distribution in the galactic frame

3(Ep → E') =
dN'
dE'

=
1

4m' ; "
' 5"

'





9

(
5−',B ≤ 5' ≤ 5+

',B

)

;−
3
5−
3

+
9

(
5−',F ≤ 5' ≤ 5+

',F

)

;+
3
5+
3




 . (2.84)

The convolution of the distribution functions 3(Ep → E') and +(E' → Ee) over the pion
energy leads to the differential cross section

d&
dEe

(Ep → 3→ Ee) = &(Ep → 3)×
∫

3(Ep → E')×dE' × +(E' → Ee) . (2.85)

The total 3 production cross section &(Ep → 3) depends on the incoming proton energy Ep in the
galactic system or alternatively on the CMF energy

√
s of reaction (2.72). A parametric form can

be found in [90].
(c) Above ∼ 7 GeV, the pion production (2.60) is well described in the framework of the scaling
model. Various parameterizations are given in the literature [91, 92] for the Lorentz invariant (LI)
cross section

E"
'
d3&
d3p"

'
= E'

d3&
d3p'

≡ 1
p'

d2&
d+' dE'

. (2.86)

The latter depends on the total energy
√
s available in the center of mass frame of the proton–proton

collision and on the transverse p',⊥ ≡ p"
',⊥ and longitudinal p"',‖ momenta of the pion as seen, for

instance, in the CMF.
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Exercise n0 2-l – Level [1] : We would like to compute the maximal energy E "
',max ≡ E0

' which
the pion may reach in the CMF for a xed value of the total available energy

√
s. As shown below,

this energy E0
' increases with

√
s. Thus the problem comes down to the search for the minimal value

of
√
s which can still accomodate a pion with the energy E "

' = E0
' . We need therefore to identify the

nal state conguration whose total energy is the smallest and which contains a pion with the energy
E0
' . Reaction (2.60) gives rise to a pion and a set of particles generically denoted by X . In order to

minimize
√
s, we must nd the state X with the fewest particles and also with the lightest species. This

conguration corresponds to what the series of reactions (2.72) and (2.74) yields – i.e. a proton and a
neutron. Explain then why we may write the CMF energy as

√
s = E0

' +
√
m2

p + k2
p,‖ + k2

p,⊥ +
√
m2

n + k2
n,‖ + k2

n,⊥ . (2.87)

The components of the proton and neutron momenta that are aligned with the pion momentum are
respectively denoted by kp,‖ and kn,‖. What is the value of the perpendicular components k p,⊥ and kn,⊥
that minimize the CMF energy while the longitudinal components k p,‖ and kn,‖ are kept xed ? We
are now left with a conguration where the pion, proton and neuton momenta are all aligned. The
parameter 8 denotes the proton to pion momenta ratio and fullls the identities

kp,‖ = 8 k0
' and kn,‖ = (1−8 )k0

' . (2.88)

Find the value of 8 that minimizes the CMF energy
√
s and establish the relation

√
s = E0

' +
√
m2
X + k0

'
2

, (2.89)

where mX = mp +mn. Derive eventually the maximal pion energy

E0
' =

s + m2
' − m2

X
2
√
s

, (2.90)

and check that it increases with
√
s as announced at the beginning.

In the galactic frame, the differential cross section for pion production can be expressed as

d&
dE'

(Ep → E') = 2' p'
∫ 1

cos%
dcos# ×

{
E'

d3&
d3p'

}

LI
. (2.91)

The angle # between the pion momentum p' and the beam axis is related to the pion Lorentz factor
in the CMS

5"
' = 5c 5' (1 − ;c;' cos#) . (2.92)

The Lorentz factor 5c and velocity ;c of the CMF with respect to the galactic frame have been
dened above. They depend on the energy Ep of the impinging proton. As the angle # increases,
so does 5"

' until it reaches the maximal value of 50
' = E0

'/m' . The corresponding angle in the
galactic system is

cos% =
1

;c;'

{
1 −

(
50
'

5c 5'

)}
. (2.93)

Whenever cos% exceeds +1, the integral (2.91) vanishes. On the contrary, the integration range
extends from # = 0 up to # = ' if cos% turns out to be smaller than −1. The scaling model leads
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eventually to the positron production differential cross section

d&
dEe

(Ep → '+ + X → Ee) =
∫ d&

dE'
(Ep → E')×dE'× +(E' → Ee) , (2.94)

where the convolution of the pion production differential cross section with the pion to positron
conversion function +(E' → Ee) is performed over pion energy.
(d) Positrons may also be produced through kaons generated in proton–proton collisions. The
two main kaon decay modes contribute together a few percent to the total positron production
differential cross section. In the rst chain of reactions

p + H −→ X + K± (2.95)
K± −→ 2µ + µ±

µ± −→ 2µ + 2e + e± ,

the kaon plays the same role as the pion in the set of decays (2.60). The corresponding cross section
is given by relation (2.94) where the pion mass m' has been replaced by the kaon mass mK . The
branching ratio of the K± → 2µ +µ± decay channel is 63.5%. The kaon may also decay into a pair
of pions, hence the series of reactions

p + H −→ X + K± (2.96)
K± −→ '0 + '±

'± −→ 2µ + µ±

µ± −→ 2µ + 2e + e± .

The branching ratio of the two pion decay mode is 21%.

Exercise n0 2-m – Level [1] : Show that the positron production differential cross section is given
now by the same convolution as relation (2.94)

d&
dEe

(Ep → K+ → '+ → Ee) =
∫ d&

dE'
(Ep → K+ → E')×dE'× +(E' → Ee) , (2.97)

where the production of pions through the two pion decay channel can be expressed as

d&
dE'

(Ep → K+ → E') =
∫ d&

dEK
(Ep → EK)×dEK×

9
(
5−',K ≤ 5' ≤ 5+

',K

)

2m' ;K 5K ;
′
' 5 ′'

. (2.98)

Derive the Lorentz factor of the pion in the kaon rest frame

5 ′' =
m2
K + m2

'± − m2
'0

2mK m'±
. (2.99)

The Lorentz factor and speed of the kaon in the galactic frame are respectively denoted by 5 K = EK/mK
and ;K . Explain why the Lorentz factor of the pion in the galactic frame is bounded by

5±',K = 5K 5
′
'

(
1 ± ;K ;

′
'

)
. (2.100)
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Parameterizations of kaon production in proton–proton interactions can be found in [91, 92] in the
scaling regime.

(e)Notice nally that useful parametric expressions for the yield and spectra of the stable secondary
species produced in p–p collisions have been derived from experimental data and summarized in
[93].

Figure 24: The secondary positron background : 3.5
e+ ×/sec

e+ is plotted as a function of the positron energyEe+ .
The blue long–dashed curve corresponds to the interstellar (IS) ux derived with a differential production
cross section borrowed from [93] and the most recent measurements by BESS [94] of the cosmic ray proton
and helium uxes. Once modulated with a Fisk potential =F of 600 MV, it yields the red long–dashed top
of the atmosphere (TOA) ux. The blue hatched region is the envelope of the IS positron spectra computed
with the set of ∼ 1,600 different models found in [50] to pass the B/C test. This band comprises the
theoretical uncertainty associated to cosmic ray propagation. Its TOA counterpart is the yellow strip. The
observations by CAPRICE [95] (green squares), HEAT [96] (blue triangles) and AMS [60] (red dots) are
also indicated. They lie within the yellow region. The agreement between these measurements and the
calculations presented in this section is actually quite good. The black solid line features Moskalenko and
Strong’s results [89] for their model 08–005 without reacceleration as parameterized by Baltz and Edsjö [86].
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Cosmic ray protons with energy Ep induce a production of positrons per hydrogen atom whose rate
is given by

d-sec
e+ (Ee) =

d&
dEe

(Ep → Ee)×;p ×
{
dnp ≡ <p(Ep)×dEp

}
. (2.101)

This leads to the positron production rate per unit of volume and energy

qsec
e+ (x,Ee ) = 4 ' nH(x)

∫
/p

(
x,Ep

)
×dEp ×

d&
dEe

(Ep → Ee) . (2.102)

These relations can be generalized in order to incorporate cosmic ray helium nuclei as well as
interstellar helium. The gas of the galactic disc is generally assumed to be homogeneously spread
with average hydrogen nH and helium nHe densities of 0.9 and 0.1 cm−3. The positron production
rate qsec

e+ (x,Ee) can be eventually folded in relation (2.44) to yield the positron energy density
<sec
e+ (Ee) and the corresponding ux /sec

e+ (Ee) at the Earth.

Exercise n0 2-n – Level [1] : The cosmic ray proton/p ≡ ;p<p/4' and helium/% uxes depend a
priori on the position xS of the source. Secondary positrons are produced inside the galactic disc. Those
detected at the Earth originate mostly from the solar neighborhood. Thus we can safely disregard the
radial dependence of /p and /% in the calculation of the positron source term and take the solar values
which can be found for instance in [51, 94]. The secondary positron source term for proton–hydrogen
collisions becomes

qsec
e+(),Ee ) = 4 ' nH

∫
/p

(
),Ep

)
×dEp ×

d&
dEe

(Ep → Ee) . (2.103)

Use this approximation into relation (2.44) to derive the secondary positron ux

/sec
e+

(
),: ≡ Ee/E0

)
=

;e+
4'

× ?E
:2 ×

∫ +,

:
d:S× Ĩ

(
8D

)
×qsec

e+
(
),:S

)
. (2.104)

The integral Ĩ is the convolution of the reduced positron Green function over the galactic disc alone

Ĩ
(
8D

)
=

∫

disc
d3xS G̃

(
x) ← xS;8D

)
. (2.105)

The method outlined in this exercise has been used to derive the positron ux featured in gure 24.
At 1 GeV, the width of the IS uncertainty strip corresponds to an increase by a factor of ∼ 6 between
the smallest and the largest positron uxes allowed by the B/C constraint. That factor decreases
down to 3.9 at 10 GeV and reaches 2.9 at 100 GeV. Once modulated with a Fisk potential =F of
600 MV, the blue hatched region is transformed into the yellow TOA band. The latter is delineated
by the MAX and MIN congurations of table 4. Quite surprisingly, the MIN model (red solid
curve) corresponds now to the maximal secondary positron ux whereas the MAX conguration
(red short–dashed line) yields the minimal prediction. According to relation (2.104), the positron
ux is given by the convolution over the energy :S of the source term qsec

e+ (:S) with the halo integral
Ĩ(8D). As the energy :S increases from : to innity, the positron diffusion length 8D – which
depends on both : and :S – increases. As long as 8D remains smaller than the disc half–thickness
h of 100 pc, the halo integral Ĩ is equal to 1. However, it drops rapidly below that value and
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vanishes as soon as 8D exceeds h. The diffusion length 8D is proportional to (K0 ?̃)
1/2 so that its

increase with :S – keeping : xed – is dominated by the diffusion coefcient K0. Hence the smaller
K0, the smaller 8D and consequently the more the halo integral Ĩ (8D) contributes to the positron
ux (2.104). The decrease of the DH half–thickness L from the MAX to the MIN models has
the opposite effect but cannot prevent the MIN conguration from providing the largest secondary
positron ux. The various positron measurements fall nicely inside the TOA yellow band. Our
modeling of cosmic ray propagation supplemented by Baltz & Edsjö’s treatment [86] of energy
losses is therefore well supported by observation. The careful reader could nevertheless notice a
small deciency of the data below a few GeV associated to a possible excess above.

This trend is mildly indicated by the HEAT data [97] which seem to point toward a possible
excess of the positron fraction

e+

e+ + e−
≡

/ tot
e+

/ tot
e+ + / tot

e−
(2.106)

for energies above 10 GeV and with respect to the calculations for the secondary component [89]
available when that analysis was performed. Different astrophysical contributions to the positron
fraction in the 10 GeV region have been explored [97], but only more accurate and energy extended
data could shed light on the effective presence of a bump in the positron fraction and on its physical
interpretation. Alternatively, it has been conjectured that the possible excess of positrons found in
the HEAT data could be due to the presence of DM annihilation in the galactic halo [86, 98].
This interpretation, though very exciting, is at some point limited by the uncertainties in the halo
structure and in the cosmic ray propagation modeling. Equations (2.8), (2.44) and (2.59) can be
combined to yield the positron ux generated by the WIMP annihilations taking place within the
Milky Way DH

/DM
e+

(
),: ≡ Ee/E0

)
=

?E
:2 ×

∫ m"/E0

:
d:S f (:S) ĨDM (8D) . (2.107)

The halo integral ĨDM is the convolution of the reduced positron propagator G̃ with the square of
the DM galactic density

ĨDM (8D) =
∫

DH
d3xS G̃

(
x) ← xS;8D

) {
.(xS)
.)

}2
. (2.108)

The latter has already been given in relation (2.34) and table 6 where extremely different situations
have been grouped together. In particular, the DM density in the solar neighborhood is subject
to large variations between the various models. Following the analysis by [88], we will consider
instead DM proles normalized to a xed solar value .) of 0.3 GeV cm−3. These are generically
given by

.(r) = .)
(r)
r

)5 {
1 + (r)/rs)%

1 + (r/rs)%

}(;−5)/%
, (2.109)

where r) = 8.5 kpc is the galactocentric distance of the solar system. Notice that r denotes here
once again the radius in spherical coordinates. Two proles are featured in gure 25 and the
corresponding parameters are summarized in table 7.
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Halo model % ; 5 rs [kpc]
Cored isothermal [2] 2 2 0 5
NFW 97 [79] 1 3 1 20

Table 7: Parameters in equation (2.109) for the DM halo models considered in gure 25. Values are similar
to those listed in table 6. The solar neighborhood DM density .) is now set equal to the canonical value of
0.3 GeV cm−3 for both the isothermal sphere and the NFW prole.

As shown in gure 25, the half–thickness L of the diffusive halo has a direct inuence on the overall
shape of ĨDM as a function of 8D. In the left panel, an isothermal distribution has been assumed
whereas the right panel features the case of a NFW prole. For small values of L – see the green

Figure 25: The halo convolution ĨDM is presented as a function of the positron diffusion length 8D for
various values of the DH half–thickness L. The left panel features the case of an isothermal DM distribution
whereas a NFW prole has been assumed in the right panel – see table 7. When L is large enough for
the positron horizon to reach the galactic center and its denser DM distribution, a maximum appears in the
curves for 8D ∼ r). Figures from [88].

curve for which L= 1 kpc – the positron horizon is fairly limited. Because the positrons detected
at the Earth merely originate from a very near region, the DM prole which is probed is essentially
uniform. The DH integral ĨDM is unity below 8D ∼ L and collapses for larger values of the diffusion
length. For a thicker slab, the cosmic ray positron ux at the Earth gets sensitive to the center of
the Galaxy. That is why the halo integral ĨDM exhibits a maximum for a diffusion length ∼ 5− 7
kpc, a value close to the galactocentric distance r) = 8.5 kpc of the solar system. In both panels,
the larger L, the more visible the bump. Notice also that the steeper the DM prole, the higher the
maximum.
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Figure 26: The positron fraction e+/(e− + e+) is plotted versus the positron energyE for a 100 GeV WIMP
in the case of the NFW prole of table 7. The four panels refer to different annihilation nal states : direct
e+e− production (top left), bb̄ (top right),W+W− (bottom left) and ?+?− (bottom right). In each panel, the
brown thin solid line stands for the positron background borrowed from [89] and parameterized by [86]. The
red thick solid curve refers to the total positron ux where the signal is propagated with the best–t choice
of the astrophysical parameters – the conguration MED of table 4. The yellow area features the total
uncertainty band arising from cosmic ray propagation. The different models found in [50] to be compatible
with the B/C ratio all yield a positron fraction which is enclosed inside this yellow strip. Experimental
data from HEAT [97], AMS [99, 100], CAPRICE [95] and MASS [101] are also presented for comparison.
Figure from [88].

In gure 26, the positron fraction (2.106) is presented as a function of the positron energy E . The
total positron ux at the Earth

/ tot
e+ = /DM

e+ + /sec
e+ (2.110)

encompasses the annihilation signal and a background component for which the results of [89]
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as parameterized by [86] have been used – see the brown thin solid lines. The mass of the DM
species is 100 GeV and a NFW prole has been assumed. The observations featured in the vari-
ous panels are indications of a possible excess of the positron fraction for energies above 10 GeV.
Those measurements may be compared to the red thick solid curves that correspond to the MED
conguration of table 4. In order to get a reasonable agreement between the DM predictions and
the data, the annihilation signal has been boosted by an energy–independent factor ranging from
10 to 50 as indicated in each panel. At the same time, the positron background has been shifted
upward from its reference value [86] by a small amount of 10%. As is clear in the upper left panel,
the case of direct production offers a very good agreement with the potential HEAT excess. Notice
how well all the data points lie within the yellow uncertainty band. A boost factor of 10 is enough
to obtain an excellent agreement between the measurements and the median ux. A smaller value
would be required for a ux at the upper envelope of the uncertainty strip. The W+W− and ?+?−

channels may also reproduce reasonably well the observations, especially once the uncertainty aris-
ing from cosmic ray propagation throughout the Milky Way diffusive halo is taken into account.
They need though larger boost factors of the order of 30 to 40. On the contrary, softer produc-
tion channels, like the bb̄ case, are unable to match the features of the putative HEAT excess. For
all annihilation channels, the uncertainty strips get thinner at high energies. The typical positron
diffusion length 8D decreases in this regime and the halo integral ĨDM probes mostly the solar en-
vironment with a value of the DM density approximately given by .). With a value of ĨDM close
to 1 in relation (2.107), the primary positron ux /DM

e+ is subject to little variations as the set of
models compatible with B/C is scanned. The uncertainty areas surprisingly tend to shrink also at
low energies, a regime where the positron horizon is the furthest and where the details of galactic
propagation are expected to be the most important. Actually, the annihilation signal /DM

e+ turns out
to be completely swamped in the positron background /sec

e+ . In particular, the signal from direct
production stands up over the background only for energies larger than 5 GeV. The corresponding
uncertainty on the positron fraction is at most of the order of 50% for energies between 10 and
20 GeV. In the other cases, the uncertainty bands are even thinner. Beware nally of the positron
background which also suffers from uncertainties due to secondary production processes and prop-
agation. The latter effect is presented in gure 24 but its joint inuence on both the primary and
secondary uxes has not yet been investigated as I am completing this proceedings.

2.4 High–energy photons and the galactic center

WIMP annihilations also generate high–energy photons whose energy distribution is described
by the function f (E5)≡ dN5/dE5 . The corresponding ux at the Earth – from the direction toward
which the unit vector u is pointing – is given by the product

/DM
5

(
E5 ,u

)
=

7
4'

{
〈&annv〉 f (E5)

m2
"

}

×
∫

los
.2(x) ds . (2.111)

This formula is often seen as the emblem of particle astrophysics insofar as it exhibits two distinct
pieces. The rst part is related to particle physics and encodes informations on the WIMP properties
such as its mass and annihilation cross section. The second term is clearly astrophysical in nature
and deals with the distribution of DM along the line of sight (los) toward which u is pointing.
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Let us rst concentrate on the particle physics aspect and in particular on the gamma ray
distribution generated by WIMP annihilations. Three different contributions to f (E5) need to be
considered.
(i) The dominant source of high–energy photons is related to the production of quarks and gauge
bosons which subsequently fragmentate and decay into secondary gamma rays through essentially
the two–photon decays of neutral pions

"+ " → qq̄,W+W−, . . . → 5+ . . . . (2.112)

For each annihilation channel, this leads to a continuum whose spectrum has been parametrized in
[83] with the generic form

dNcont
5

dx
= x−1.5 exp

(
a+bx+ cx2 +dx3) , (2.113)

where x = E5/m" . This distribution exhibits a characteristic x−1.5 power law behaviour for small
values of x and a smooth cutoff when the photon energy is close to the WIMP mass.
(ii) A particularly clear signal of the presence of DM species inside the Milky Way halo is the
production of monochromatic gamma rays through the reaction

"+ " → 5+ 5 & 5+Z0 . (2.114)

This process gives rise to characteristic line signals which cannot be mistaken for some conven-
tional astrophysical source and which would unequivocally signal the presence of an exotic com-
ponent inside the Galaxy should a peak be detected in the high–energy spectrum.

Exercise n0 2-o – Level [1] : Show that the energy of the photons produced in reaction (2.114) is
equal to E5 = m" and

E5 = m" − m2
Z

4m"
. (2.115)

However, WIMPs have to be electrically neutral and the production of monochromatic photons is
necessarily mediated by loop diagrams. It is generally suppressed and the integrated photon yield
amounts to ∼ 10−3 of the total. This leads to a clear but faint signal which is beyond the reach
of current detectors unless the process is efciently enhanced as in the case of heavy Wino–like
neutralinos – these DM candidates are highly degenerate in mass with charginos [102, 67].
(iii) Finally, as already pointed out in [103], a single photon may be produced through internal
bremsstrahlung as a WIMP pair annihilates. The gamma ray is radiated by the charged particles
that are either exchanged or produced. This process becomes particularly important for a sizable
branching ratio into electron–positron pairs as in the case of MeV dark matter [104] or Kaluza–
Klein inspired models [105]. The nal state radiation spectrum associated to the production of the
charged lepton pair l+l− is, in leading logarithmic order, well approximated by [105, 106]

dNIB
5

dx
=
d(&l+l−5 v)/dx

&l+l− v
* %em

'
(x2 − 2x + 2)

x
ln

{
m2
"

m2
l

(1− x)

}
. (2.116)
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Internal bremsstrahlung produces more photons than fragmentation does near the upper edge E5 = m"

of the spectrum and is thus responsible for a characteristic sharp cutoff there. For Wino–like heavy
DM species, photons are radiated by nal W+W− pairs as discussed in [74].

Exercise n0 2-p – Level [2] : Derive relation (2.111) and show that the gamma ray ux is given by

/DM
5

(
E5 = m" ,u

)
= 1.88×10−13 photons cm−2 s−1 sr−1 ×

〈
&55v

〉
29

m100
2 × J(u) , (2.117)

in the case of the two–photon line. The annihilation cross section
〈
&55v

〉
and the neutralino mass m"

are respectively expressed in units of 10−29 cm3 s−1 and 100 GeV. A Majorana type DM species has
been assumed here with 7 ≡ 1/2. The line of sight integral J(u) in the direction toward which the unit
vector u is pointing has been dened by

J(u) =
{
.2
) r)

}−1 ×
∫

los
.2(x) ds , (2.118)

with a solar neighborhood DM density of .) = 0.3 GeV cm−3. The galactocentric distance r) of the
solar system has been set equal to 8.5 kpc.

The line of sight integral J depends on the galactic DM distribution. The various halo models
of table 6 yield similar values all over the sky except in the direction of the galactic center where
predictions can vary by several orders of magnitude depending on the assumed prole. As shown
in [107] – where it has been averaged over a solid angle of 10−5 sr – the line of sight integral is
respectively equal to 30 and 1.45×104 for the two models of table 7. In the case of a Moore prole
that has been adiabatically compressed by the collapse of the supermassive black hole lying at the
center of the Galaxy – see section 3.2 and gure 32 for a discussion of that effect – J may even be
as large as 3× 108. The astrophysical uncertainties are enormous of course. The possibility of a
strong signal has triggered a febrile activity around the galactic center and motivated observations
focusing in that direction. Let us concentrate for instance on the NFW prole of table 7. For small
galactocentric distances, the DM distribution simplies into

.(r) = B .)
{r)
r

}
. (2.119)

where the normalization constant B is found equal to 2.03.

Exercise n0 2-q – Level [1] : A line of sight is separated from the galactic center by the angle % .
Assume that % is small and show that the integral J simplies into

JNFW (%) = B2 '
%

. (2.120)

Compute then the average value of the line of sight integral J over a disc whose angular radius is # and
establish that

〈J〉NFW (# ) ≡ 1
' # 2

∫ #

0
2' % JNFW (%) d% = B2 2'

#
. (2.121)

Check that this leads numerically to 〈J〉NFW (# ) = 1484× (1◦/# ).
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High–energy photons can be detected by satellite borne instruments orbiting the Earth and
therefore free from the screening of its atmosphere. To quote just a few experiments, let us mention
the Compton Gamma Ray Observatory (CGRO) with its EGRET instrument devoted to the search
for GeV photons [108] as well as the recently launched GLAST satellite [109] and the forthcoming
AMS–02 mission on board the international space station [110]. Because of the reduced payload
which can be carried up in orbit, the collecting area of these instruments is not very large and
statistics are reduced even for a mission of several years. Above a few dozens of GeV, atmospheric
Cherenkov telescopes (ACT) come into play and offer a nice alternative which complements space
observations. The effective detecting area can be actually quite large insofar as a high–energy
gamma ray impinging upon the upper atmosphere generates a shower and is degraded into many
optical photons which ordinary telescopes spread on the ground can detect. The track left in the
focal planes of the latter gives the direction of the shower on the sky so that several telescopes
allow the stereoscopic reconstruction of the direction of the initial particle. The Cherenkov light
illuminates on the ground a disc whose diameter is of order 250 m hence a large effective area of
∼ 0.05 km2 for each telescope, to be compared with the typical square–meter collecting surface of
a space instrument. The intensity of the image depends on the energy of the incident photon. The
ACT technique is thus a powerful tool allowing the observation of the high–energy gamma ray sky.
However, as for any other observation, a gamma ray signal is only detectable as long as it emerges
above the background. More specically, the signal has to be larger than the statistical uctuations
– also called the noise – of the latter. For atmospheric Cherenkov telescopes, the dominant back-
ground arises from cosmic ray electrons that penetrate the atmosphere inside which they produce
electromagnetic showers of the same type as those induced by high–energy photons. It is not pos-
sible to distinguish photons from electrons since both species lead to the same light pattern on the
ground. The cosmic ray electron ux is given by [111]

/e−(Ee) = 6.4×10−2 GeV−1 cm−2 s−1 sr−1 (Ee/1 GeV)−3.3±0.2 . (2.122)

Impinging cosmic ray hadrons also interact with the atmosphere. The showers which they generate
tend to develop at a lesser altitude and are more widely spread on the ground than those of the
electromagnetic type. Stereoscopy is a powerful tool to discriminate hadrons from electrons and
gamma rays since the pattern recognition of the light pool is then possible. Observations performed
between 50 GeV and 2 TeV yield a hadron ux [112]

/had(E) = 1.8 GeV−1 cm−2 s−1 sr−1 (E/1 GeV)−2.75 . (2.123)

A small fraction )cr of the hadron induced showers are mistaken for gamma ray events though.
This is the dominant source of background at high energy as hadrons have a harder spectrum than
electrons. The HESS collaboration quotes a rejection factor of one misidentied event over a
sample of 300 showers generated by cosmic ray protons. Satellite borne instruments do not suffer
from the same aws. However, point sources can still be buried inside a galactic gamma ray diffuse
emission produced above 100 MeV by the spallation of the interstellar gas by cosmic ray nuclei.
The ux of this diffuse emission is given by the convolution along the line of sight of the hydrogen
density nH with the gamma ray emissivity IH per hydrogen atom

/sec
5

(
E5 ,u

)
=

∫

los
nH(x)× IH(x,E5)×ds . (2.124)
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The galactic diffuse emission is therefore made of secondary photons resulting mostly from the in-
teractions of high–energy cosmic ray protons on the hydrogen of the Milky Way disc. This process
has already been discussed for antiprotons and positrons. It has been respectively described by the
source terms qsec

p̄ (x,Ep̄) – see relation (2.15) of section 2.2 – and qsec
e+ (x,Ee) – see relation (2.102)

of section 2.3. The photon emissivity per hydrogen atom is dened as

IH(x,E5 ) =
qsec
5 (x,E5)

4' nH(x) , (2.125)

and may be written as the convolution over proton energy of the cosmic ray proton ux with the
differential photo–production cross section of proton–proton interactions

IH(x,E5 ) =
∫
/p

(
x,Ep

)
×dEp ×

d&
dE5

(Ep → E5) . (2.126)

The emissivity IH is expressed in units of GeV−1 s−1 sr−1 since it is essentially a production rate
per unit of energy and solid angle. In the solar neighborhood, the gamma ray emissivity of each
hydrogen atom illuminated by the local cosmic ray protons may be approximated by the power
law [113]

IH(),E5) = 2×10−35 GeV−1 s−1 sr−1 (
E5/1 TeV

)−2.73
. (2.127)

This galactic diffuse emission dominates over an extragalactic component which has been mea-
sured [114] with the EGRET instrument on board the CGRO satellite

/eg
5

(
E5

)
= 7.32±0.34×10−9 MeV−1 cm−2 s−1 sr−1 (

E5/451 MeV
)−2.10±0.03

. (2.128)

Let us concentrate now on the sensitivity of an atmospheric Cherenkov telescope of the HESS
caliber. Such an instrument has an effective detecting area of order 0.1 km2 with four mirrors
spread on a 300 m × 300 m square. One of the main targets of HESS is the galactic center where the
putative WIMPs might have collapsed, producing a hot spot in the gamma ray sky. We will assume
in what follows that the DM prole is given by the NFW distribution of table 7. The effective time

during which the observation of the galactic center is performed – disregarding the periods of
daylight as well as the nights during which the Moon shines – will be taken to be a month. We
infer an approximate acceptance of

× ≈ 0.01 km2 yr . (2.129)

Let us also assume that our HESS type telescope surveys a circular eld of view with angular radius
# ∼ 1◦ surrounding the center of the Milky Way. The self–annihilation of WIMPs into photon pairs
is the only process in which we will be interested here. It produces monochromatic gamma rays
with energy E5 ≡ m" .

Exercise n0 2-r – Level [1] : Average the ux /DM
5 given by expression (2.117) over the eld of

view and take into account the acceptance of the instrument in order to derive the total number of line
photons collected during the run

NDM
5 (E5 ≡ m") = 840 photons ×

〈
&55v

〉
29

m100
2 ×

{
#
1◦

}
. (2.130)
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These monochromatic gamma rays are detected within some energy bin whose width is set by the
resolution of the telescope. We may safely take an energy resolution &(E)/E of order 10% to be
compared to the value of 15% in the case of HESS. The energy bin that contains the line has thus
a width 3E5 of order 0.2×m" . The better the energy resolution, the narrower the line bin and the
more visible the peak in the photon spectrum. All the bins are lled up predominantly by misiden-
tied hadron and electron events as discussed above. The monochromatic signal from annihilating
DM species is detectable only if it exceeds the statistical uctuations of that background.

Exercise n0 2-s – Level [1] : Electron induced showers are assumed here to be the only source of
background even though this may not be true at high energy where hadrons come into play. Compute
the number of background events collected during the run inside the line bin. The latter is centered on
the line energy E5 ≡ m" . Use the cosmic ray electron ux (2.122) to establish that

Nback
5 = 9.7×105 photons × (m100)

−2.3 ×
{
#
1◦

}2
. (2.131)

The DM line signal NDM
5 is deeply swamped into the background Nback

5 and seems hopelessly out
of reach. However, electronic and hadronic events are homogeneously spread on the sky since these
cosmic radiations are isotropic at the Earth. Changing the direction towards which the telescope
is pointing does not affect the number of background events. On the contrary, the line signal
disappears as soon as the eld of view no longer encompasses the galactic center. By alternatively
pointing the telescope on and off the source makes it possible to detect the line signal provided
that it exceeds the statistical background uctuations. A good estimate for the latter is given by the
Poisson noise

√
Nback
5 . Detection of a signal with a signicance of n is therefore achieved when

the signal to noise ratio is equal to

NDM
5 /

√
Nback
5 = n . (2.132)

Exercise n0 2-t – Level [1] : Show that our HESS like telescope would detect a NFW distribution
of DM species at the galactic center with a signal to ratio ratio of 3–sigma should their mass and
two–photon annihilation cross section fulll the condition

〈
&55v

〉
≥ 3.5×10−29 cm3 s−1 × (m100)

0.85 . (2.133)

The HESS collaboration has recently observed the galactic center with unprecedented accu-
racy [115, 116] above 160 GeV. A strong point–like source called HESS J1745–290 is detected at
the positions of the supermassive black hole Sagittarius A∗ and the supernova remnant Sagittarius
A East. Its spectral index is ∼ 2.25. An important gamma ray diffuse emission is also seen with
a similar spectral index. It is clearly associated with the band of molecular clouds lying in the
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central region and mapped from their CS line. These clouds have been recently penetrated by cos-
mic ray protons and nuclei accelerated by some nearby supernova event. The correlation between
the intensity of the TeV diffuse emission and the gas column density of the clouds is striking and
suggests a uniform density of cosmic rays. No line is observed though. Moreover, the gamma
ray spectrum is too hard to be compatible with a WIMP annihilation signal. As shown in [105],
a Kaluza–Klein DM species could still yield the same at energy distribution if the contributions
from internal bremsstrahlung and ? lepton decays are included. The price to pay however is an
unacceptably large mass of 10 TeV. Notice nally that a contribution from DM annihilation cannot
be ruled out provided that it contributes less than 10% of the signal.
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3. DM substructures and the galactic lottery

In the presence of cold dark matter – which is made in our case of non–relativistic weakly
interacting massive particles or WIMPs – the smallest DM structures form rst. They become
non–linear at a red shift of order 50 to 100 and collapse to form dense virialized clumps which
subsequently gather inside larger and larger objects until the halos of galaxies appear. At the same
time, baryons fall inside the DM potential wells where they lead to the rst stars and globular
clusters. This hierarchical scenario is very reminiscent of matryoshka dolls designed to nest inside
one another in the same way as the smallest DM substructures do inside the larger halos which
they contribute to build. The size of the smallest DM subhalos is xed by the free–streaming
length over which WIMPs have been able to travel freely since the big bang, erasing any primordial
density uctuation. As long as the DM species are thermally coupled with the primordial plasma,
their propagation is severely hampered by the numerous elastic collisions which they undergo. As
thermal freeze–out takes place – as a result of cooling and dilution [117] – the diffusion of WIMPs
stops. The particles become free to move, albeit very slowly since they are already non–relativistic.
A general discussion of these effects can be found in [118]. The free–streaming length sets a lower
bound on the mass of the DM substructures which depends on the nature and properties of the
WIMP [119, 120]. Typical values range from 3× 10−9 M) up to 0.3 M) [121]. As the cosmic
web evolves, the DM structures merge and can also be partially disrupted by galactic tidal forces.
The current cutoff in the spectrum of clump masses corresponds to the smallest surviving objects
and is not yet well understood. According to numerical simulations [122, 123, 124], DM subhalos
as light as 10−6 M) can survive at low red shift whereas analytical considerations [125] point
toward the disruption of objects smaller than 103 M). The possibility that the impulsive encounters
with stars alongside disc shocking and tidal stripping could be a serious threat to the survival of
primordial microhalos has also been hotly debated – see for instance [126, 127] for a discussion of
these effects and [128] for a more optimistic conclusion. It is fair to say that no denite conclusion
has yet been reached as regards the mass spectrum, the morphology and the galactic distribution of
DM substructures. The presence of the latter in DM halos is nevertheless commonly accepted now
with its immediate consequence that the annihilation rate of WIMPs is enhanced.

Exercise n0 3-a – Level [1] : Let us consider a domain encompassing a volume inside which DM
particles are not distributed homogeneously. Their number density n "(x) depends thus on the location
x within the volume . As mentioned above, this is typically the case of a clumpy DM galactic halo.
Should WIMPs be homogeneously distributed, their numerical density would be given by the average

〈n"〉 =
1 ∫

n"(x) d3x . (3.1)

Show that density uctuations boost the annihilation rate of DM species by a factor

= 〈n2
"〉/〈n"〉

2 ≥ 1 , (3.2)

where
〈n2

"〉 =
1 ∫

n2
"(x) d3x . (3.3)
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Because clumpiness enhances the annihilation rate of DM particles, it also increases the cor-
responding indirect signatures and leads a priori to better detection prospects. In most studies how-
ever, this effect is taken into account by an energy–independent multiplicative factor called boost
factor by which the signal computed from a smooth DM distribution should be multiplied. The
values quoted are in general put by hand and generous enough to get a detectable ux overcoming
the background – see sections 2.2 and 2.3. This has been shown to be wrong in a recent statistical
analysis [87]. The Green function connecting the production of the various cosmic radiations to
their observation at the Earth introduces actually a dependence on the energy.
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Figure 27: The positron fraction is derived for a 50 GeV Kaluza–Klein inspired particle [129] and compared
to the HEAT excess [97] which cannot be explained by the pure conventional background [89] in black. An
isothermal prole has been assumed for the dark matter halo of the Milky Way, a fraction f = 0.2 of which
lies in clumps with mass 107 M) and intrinsic boost Bc = 200. Two random realizations of that clumpy
DM halo are featured in blue. The distance of the closest substructure has been set equal to 1 kpc in the left
panel and decreased to 0.1 kpc in the right panel. The green curve corresponds to the traditional and wrong
shift by a factor of f ×Bc = 40 of the positron spectrum which a completely smooth DM halo would yield.
Figure from [87].

Moreover, a unique number cannot account for an effect which turns out to be stochastic as a result
of our ignorance. Should we know the exact location of each DM substructure inside the Milky
Way halo, we would be able to derive the corresponding ux at the Earth. However, this is not the
case even if general hypotheses about the statistical properties of the distribution of DM clumps
can be made. In some cases, the expected signal from a given type of DM particle can be quite
sensitive to the precise position of the nearest subhalos relative to the Earth. As an illustration,
the possibility that the positron excess observed by HEAT could be due to a single nearby clump
has been raised in [130, 131]. The corresponding probability was estimated to be of order 10−4 in
the case of a supersymmetric WIMP. In the same spirit, the case of 50 GeV LZP species [129] is
analyzed in gure 27. Each panel corresponds to the same Monte Carlo realization of a clumpy halo
made of 107 M) objects. The only difference lies in the distance of the closest clump to the Earth.
Decreasing that distance from 1 kpc down to 100 pc has dramatic consequences on the positron
excess as is clear in the right panel. Finally, in the case of high–energy photons – and neutrinos –
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the enhancement of the signal depends also on the direction. Subhalos are more easily destroyed
as they wander close to the galactic center [132, 133] and the boost factor should be depressed in
that direction.

3.1 A statistical approach of galactic variance

Should a DM substructure lie in our immediate vicinity, it would emit a strong signal in a
variety of cosmic ray channels. As shown in gure 27, we would observe for instance a signicantly
distorted positron spectrum in the case of a LZP species. But how probable is this ?

To answer that question, a statistical analysis becomes mandatory. We would like to relate
the stochastic distribution of DM clumps within the Galaxy to the indirect signals which these
subhalos would generated at the Earth. In the absence of any substructure, the DM distribution
.smth is smooth and its radial prole (2.34) or (2.109) is specied in tables 6 or 7. The ux at the
Earth yielded by the annihilating DM particles can be expressed as

/smth (),E) = ×
{

I(2)
smth ≡

∫

DH
d3x (x) ← x)

.2
smth(x)
.2
)

}
, (3.4)

where relation (2.8) has been adapted in order to put the stress on the position of the sources. The
multiplicative factor depends on the mass and annihilation cross section of the WIMP and is
dened in relation (2.9). The cosmic ray energy distribution f (ES) at the source as well as the
energy E of detection are now embedded into the effective Green function

(
x) ← xS

)
≡

∫
dES f (ES) G

(
x),E ← xS,ES

)
. (3.5)

In the case of antiprotons for which energy losses and diffusive reacceleration are negligible above a
few GeV, the effective propagator boils down to the function Gp̄(x) ← xS,E) of equation (2.23).
For DM particles annihilating into electron–positron pairs – direct production is presented in the
upper left panel of gure 26 – the effective Green function is identical to the positron propagator
Ge+(x),E ← xS,m") dened in relation (2.59). A continuous energy spectrum f (ES) at the source
arises for the other WIMP annihilation channels and leads to

(
x) ← xS

)
=

∫ m"

E
dES f (ES) Ge+(x),E ← xS,ES) . (3.6)

Whatever the cosmic ray particle, we will keep in mind that the effective propagator varies with
energy E even though we will be more interested here in its dependence on position. In the presence
of clumps, the DM distribution is given by the superposition

. = . ′
smth + (. , (3.7)

where the smooth part corresponds now to .′smth whereas (. stands for the substructures. DM
subhalos are assumed to be quite concentrated. The distribution (. vanishes everywhere except in
very localized regions where it overcomes completely the component .′smth.
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Exercise n0 3-b – Level [1] : The antiproton and positron cosmic ray horizons are much more
extended than the DM substructures. The latter can be considered as point–like objects. Compute then
the ux at the Earth yielded by the distribution 3.7 in order to establish that

/(),E) = /′
smth (),E) +

{
/rand (),E) ≡ *

i
Ai

}
, (3.8)

where the sum runs over the population of subhalos. Show that the contribution from the ith clump
located at xi is

Ai = ×
(
x) ← xi

)
× >i , (3.9)

where the volume >i is dened by

>i ≡
∫

ith clump
d3x

{
(.(x)
.)

}2
. (3.10)

The ith minihalo produces as many cosmic ray species as if its so–called annihilation or solar
equivalent volume were lled with an homogeneous distribution of the same DM species at a
density equal to the local value .). The intrinsic boost factor Bi – with respect to the solar DM
environment – can be dened by

>i =
BiMi
.)

, (3.11)

where Mi stands for the mass of the substructure. The intrinsic boost Bi characterizes the enhance-
ment of the annihilation rate inside the ith subhalo with respect to the situation where that object
would be uniformely spread in the solar neighborhood with the inner density .). The boost factor
of the cosmic ray signal at the Earth is dened as

B(E) ≡ /(),E)
/smth(),E)

=
/′

smth(),E)
/smth(),E)

+
/rand(),E)
/smth(),E)

. (3.12)

It measures the increase of the ux to which clumpiness leads with respect to the smooth DM
distribution .smth. This ratio depends on the energy E through the cosmic ray propagator . It
is also very sensitive to the actual position of the subhalos whose contribution /rand can only be
accessed statistically as a result of our ignorance of their exact location within the Milky Way.
Not only does B depend on the energy of detection E , but it denitely must be analyzed within a
stochastic framework.

To do so, an innite set of halo realizations must be taken into account, each of which produces
a different ux / rand. The boost factor is not unique and must be treated as a random variable. The
procedure to determine the statistical law according to which B is distributed has been thoroughly
discussed in [87]. We will just point out the salient features of this analysis and summarize the
hypotheses on which it is based.
(i) The actual distribution of DM substructures is one particular realization to be taken from the
statistical ensemble made up by all the possible random distributions. The ux contributed by the
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Figure 28: The parameter space is schematically represented in this diagram. A point in that space is
characterized by the position x of the DM substructure within the galactic halo H and by its annihilation
volume > . Each region corresponds to a specic ux which the clump generates at the Earth. The intensity
of the signal is coded with different colors. The probability to get a ux A is given by the integral of the
distribution function p(x,> ) over the domain A of parameter space which yields the required value.

clumps must be averaged over that innite set to yield 〈/rand〉 and the associated variance is dened
by the canonical relation

& 2
rand = 〈/2

rand〉 − 〈/rand〉
2 . (3.13)

This translates into the average boost factor

Beff ≡ 〈B= (///smth)〉 , (3.14)

and boost variance
&B = &rand//smth . (3.15)

(ii) Clumps are distributed independently of each other. This is a strong assumption that generally
holds because the substructure two–body correlation length is smaller than the cosmic ray horizon
size set, for instance, by the propagation range 8D in the case of positrons. We just need then
to determine how a single clump is distributed inside the Milky Way halo in order to derive the
statistical properties of an entire population of NH such substructures. If A denotes the contribution
of a single object, the average contribution of the DM minihalos to the ux is equal to

〈
/rand

〉
= NH×〈A〉 , (3.16)
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while its variance can be expressed as

& 2
rand = NH×& 2 ≡ NH×

{
〈A2〉 − 〈A〉2} . (3.17)

(iii) The set of the random distributions of one single clump inside the Milky Way halo – a domain
H beyond which the signal is no longer detectable at the Earth and large enough to encompass

the DH in the case of charged cosmic rays – makes up the statistical ensemble which we eventually
need to consider. An event from that ensemble consists in the presence of a clump characterized
by the annihilation volume > – up to d> – and located at position x – within the elementary vol-
ume d3x. The distribution function p(x,> ) with which the events are weighted is related to the
probability (A) to get the ux A insofar as

(A) dA = dP =
∫

A

p(x,> ) d3x d> . (3.18)

The region of parameter space, namely the position x inside the galactic halo H and the anni-
hilation volume > , inside which a clump must lie in order to contribute a ux A at the Earth is
denoted by A . We readily conclude that any function of the ux A is given on average by the
convolution

〈 〉 =
∫

(A) (A) dA ≡
∫

H

{A (x,> )}× p(x,> )×d3x d> . (3.19)

This is true in particular for the ux A itself or its square, hence the possibility to compute the
average quantities 〈A〉 and 〈A2〉 which come into play in relations (3.16) and (3.17).
(iv) Once the single clump distribution function p(x,> ) has been determined, we are naturally lead
to the effective boost factor

Beff =
{
/′

smth
/smth

* 1
}

+
〈/rand〉
/smth

= 1 + NH× 〈> 〉
I(2)

smth

, (3.20)

and to the boost variance
&B
Beff

=
&rand//smth

1+ 〈/rand〉//smth
*

&rand
〈/rand〉

. (3.21)

The relative variance of the random part of the signal can be derived from the generic expre-
sion (3.19) which, together with the denitions (3.16) and (3.17), leads to

{
&rand
〈/rand〉

}2
=

1
NH

×
{
〈> 2 2〉
〈> 〉2 − 1

}
. (3.22)

This statistical method has been applied in [87] to congurations where the clumps are as-
sumed to be identical objects. To simplify the discussion and without loss of generality, we will
consider hereafter subhalos with the same mass Mc, the same annihilation volume >c and thus the
same intrinsic boost

Bc =
>c.)
Mc

. (3.23)

In the example featured in gure 27, each substructure has a mass of 107 M) and its intrinsic boost
Bc is equal to 200.
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Exercise n0 3-c – Level [2] : We will also consider that a fraction f of the completely smooth DM
distribution .smth has actually collapsed in substructures which follow the same pattern. What remains
of the smooth component is given by

. ′
smth ≡ (1− f )×.smth , (3.24)

whereas the density of the subhalos is equal on average to

〈(.〉 ≡ f ×.smth . (3.25)

The Milky Way halo H contains a large number NH of identical DM clumps which are characterized
by their mass Mc and intrinsic boost Bc. The distribution function that describes the position and
annihilation volume of a single minihalo may be expressed as

p(x,> ) ≡ p(x)× ( (> − >c) . (3.26)

Show that the average number density of clumps within the galactic halo can be expressed as

n(x) = NH p(x) =
f .smth(x)

Mc
. (3.27)

The ratio /′
smth//smth is smaller than 1 and is in general negligible with respect to 〈/ rand〉//smth.

Express that ratio in terms of the fraction f and establish that the effective boost is equal to

Beff = (1− f )2 + f Bc×
I(1)

smth
I(2)

smth

, (3.28)

where the integral I (n)
smth is generically dened as

I(n)
smth ≡

∫

DH
d3x

(
x) ← x

) {
.smth(x)
.)

}n
. (3.29)

Show that the relative variance of the boost is given now exactly by

&B
Beff

=
&rand//smth

(1− f )2 + 〈/rand〉//smth
*

&rand
〈/rand〉

. (3.30)

The product of the fraction f by the intrinsic boost Bc is in general much larger than 1 whereas the
ratio I (1)

smth/I(2)
smth is of order unity. Remember that subhalos have the same annihilation volume > c and

demonstrate that {
&B
Beff

}2
*

{
&rand
〈/rand〉

}2
=

1
NH

×
{
〈 2〉
〈 〉2 − 1

}
. (3.31)

Apply this relation to our case in order to derive the boost variance
{
&B
Beff

}2
* Mc

f .)
×J (1)

smth ×
{

I(1)
smth

}−2
− 1

NH
, (3.32)

where the integral J (n)
smth is given by

J (n)
smth ≡

∫

DH
d3x 2 (

x) ← x
) {

.smth(x)
.)

}n
. (3.33)
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The discussion will be focused on DM species annihilating directly into electron–positron pairs.
The latter particles are monochromatic at the source as they are produced with the energy ES ≡m" .
The positron line is indeed a prototypical example. It leads to a cosmic ray horizon whose extension
around the Earth is gauged by the diffusion length 8D and depends on whether the energy E of
detection is close to ES or not. Moreover, the effective Green function which comes into play
in the integrals I(n)

smth and J(n)
smth can be replaced by the positron propagator Ge+ whose construction

is completed in section 2.3. After a close inspection of relations (3.28) and (3.32), we may even
substitute with the reduced propagator G̃ of equation (2.59). The relevant energy variable of
the integrals I(n)

smth and J(n)
smth is thus the positron diffusion length 8D. The same remark applies to

the effective boost Beff and to the variance &B. Both depend on the energies E and ES through the
length 8D.
The case of a 100 GeV positron line is shown in gure 29. A fraction f = 0.2 of the DM halo is in
the form of substructures whose intrinsic boost Bc is equal to 100. In the numerical simulations of
[122], such a value for the fraction f would correspond to a minimum mass scale of 104 M). As
for the boost Bc, the values quoted in the literature vary from a few [125] up to over two orders of
magnitude [122]. The black central curve features the effective boost Beff of our clumpy halo with
respect to the NFW prole of table 7 whose scale factor rs has been raised to 25 kpc. The increase
of Beff with positron energy is clear. Near the positron line, in the region where E is close to the
input energy ES, the reduced Green function G̃ probes only a small region of the Milky Way halo
around the solar system. The ratio I(1)

smth/I(2)
smth boils down to unity and expression (3.28) simplies

into ∼ f Bc. That is why the effective boost reaches a value of ∼ 20 as E approaches the injection
energy of 100 GeV. If now E is varied from its upper limit ES downward, larger portions of the halo
are taken into account in the integrals I(1)

smth and I(2)
smth whose ratio is found numerically to decrease.

Regions located close to the galactic center come into play, with a much larger density .smth than in
the solar neighborhood. At xed intrinsic boost Bc, neutralino annihilation inside DM substructures
is relatively less enhanced in these dense regions than in our vicinity, hence a lower value of the
effective boost at low energy than near the positron line. Another characteristic feature of gure 29
is the tulip shape of the 1–& range of the effective boost uctuations. That range extends from
Bmin = Beff−&B up to Bmax = Beff +&B. Three values of the clump mass Mc have been considered.
At xed clump mass, the tulip opens up as E approaches the injection energy ES. The uctuations
in the signal increase signicantly just below the positron line. Notice also the broadening of the
boost uncertainty band as the clump mass is varied from 104 up to 106 M).
In order to understand the enlargement of the tulip of gure 29 as the subhalo mass Mc is varied, we
need to develop the hard–sphere approximation discussed in [87]. As long as 8D is small compared
to the half–thickness L of the cosmic ray diffusive halo, the reduced propagatorG̃ is given by the
particularly simple Gaussian function (2.46)

G̃(x) ← x;8D) =
1

'3/28 3
D

exp
{
−
r2
⊕
8 2

D

}
. (3.34)

This form applies strictly for values of E close to the injection energy ES. It nevertheless provides
the qualitatively correct behaviour of G̃ even for detection energies as small as a few GeV. Let us
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Figure 29: Positrons are injected with the energy ES = 100 GeV and detected at energy E. The effective
boost factor Beff (black solid line) accounts for the average enhancement of the positron signal resulting
from DM clumpiness. Although it has been so far considered to behave as a constant, the boost actually
depends on the energy. Furthermore, as E approaches ES, the boost variance &B increases signicantly. The
region from which the positrons detected at the Earth originate shrinks and the number N S of clumps which
it contains decreases. Figure from [87].

simplify even further our analysis by substituting the step function

G̃(x) ← x;8D) =
#
(
rS− r⊕

)

VS
(3.35)

for the Gaussian form (3.34). The distance between the clump and the Earth is denoted by r⊕ ≡
|x−x)|. According to this hard–sphere approximation, the Green function G̃ is characterized by
a constant value of 1/VS inside the sphere S of radius rS and volume VS and vanishes elsewhere.
Both expressions (3.34) and (3.35) are normalized to unity. The integral over the full 3D space of
the square of those Green functions should also be the same.
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Exercise n0 3-d – Level [1] : Show that this condition implies that

1
VS

=
∫
G̃2 d3x , (3.36)

and leads to the horizon volume
VS =

(√
2' 8D

)3
. (3.37)

In the limit where 8D is small with respect to L, the hard–sphere model provides a quantitatively
correct framework and the integrals J(1)

smth and I(1)
smth simplify. The positron horizon is limited and

the DM smooth density .smth(x) can be taken equal to .) everywhere inside S. The integral I(1)
smth

is equal to unity whereas J(1)
smth is given by the ratio 1/VS as shown in the previous exercise. We

may thus calculate directly the boost variance from relation (3.32) and get
{
&B
Beff

}2
* Mc

f .)VS
− 1

NH
. (3.38)

The DM density in the form of substructures is equal on average to f .) in the solar neighborhood.
The subhalos lying within the positron sphere contribute on average a total mass MS ≡ f .)VS and
their number is given by

NS =
f .)VS
Mc

. (3.39)

This number refers to the objects contributing effectively to the positron signal at the Earth. It is
very small with respect to the total number NH of DM clumps contained in the Milky Way halo
H . The boost variance simplies into

&B
Beff

*
&rand
〈/rand〉

=

√
Mc

f .)VS
=

1√
NS

, (3.40)

and may be interpreted as the Poisson noise associated to the random presence of subhalos inside
the positron sphere. The broadening of the tulip in gure 29 is associated to the decrease of the
number NS of minihalos which contribute to the signal. As E approaches ES, the positron sphere
shrinks. It contains fewer sources and the Poisson noise increases. The enlargement of the tulip as
the clump mass is varied can also be explained in the same way. It translates the proportionality
between &B and

√
Mc. The heavier the subhalos, the fewer within the positron horizon and the

larger the variance.
In spite of its crudeness, the hard–sphere approximation turns out to be an excellent tool to under-
stand the statistical properties of both the clump distribution and its ux. The probability p that a
subhalo lies inside the positron sphere S – from which it may yield a signal at the Earth – is just
the ratio NS/NH of the average number NS of objects conned in that region over the total number
of substructures NH contained in the entire domain H . For an injected energy ES = 100 GeV and
a positron energy at the Earth E = 50 GeV, we nd a probability p ∼ 2× 10−3 when the domain
H is chosen to be the above–mentioned NFW halo with a radial extension limited at 20 kpc from
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the center of the Milky Way. Because p is vanishingly small and the total number of clumps NH ex-
ceedingly large, the limit of Poisson statistics is reached. The probability to nd n subhalos inside
the positron sphere S is given by

P(n) =
NS

n

n!
exp

(
−NS

)
, (3.41)

where 〈n〉 ≡ NS is the average number of clumps contributing to the signal. That expression has
already been established in section 1.3 – see relation (1.90). The Poisson distribution (3.41) is
associated to the variance

& 2
n = 〈n2〉 − 〈n〉2 = NS . (3.42)

In the hard–sphere approximation, the random part /rand of the positron ux at the Earth – the con-
tribution which the entire constellation of substructures generates – is proportional to the number
n of clumps lying inside the sphere S. That is why the relative variance &rand/〈/rand〉 is exactly
equal in this regime to the variance &n/〈n〉 associated to the Poisson law (3.41). Departures from
the latter occur of course in the case of a realistic positron propagator and require a careful investi-
gation. But the statistical behaviour of the number of subhalos which effectively contribute to the
signal can still efciently drive our intuition.

The large NS regime
When the number NS of clumps involved in the ux at the Earth is large, the Poisson law (3.41)
becomes the Gaussian distribution

P(( ) =
1√

2'NS
exp

(
−( 2/2NS

)
, (3.43)

where ( ≡ n−NS denotes the departure of the number n of substructures inside the positron horizon
S from its average value NS. The associated variance is &n =

√
NS. We therefore anticipate that

the ux /rand will also be randomly distributed according to a Gaussian law with mean value
〈/rand〉 and variance &rand. In order to determine the distribution of probability

(
/rand

)
that

drives the ux generated by the entire constellation of the clumps lying inside the reservoir H , we
ought to compute the product of convolution of the NH distributions of probability (A) associated
each to the ux A of a single substructure. Such a task may seem desperate. However, in the large
NS regime, the central limit theorem may be fruitfully applied to solve that puzzle. It states that
the above–mentioned inextricate product of convolution boils down indeed into a mere Gaussian
distribution with mean value 〈/rand〉 ≡ NH ×〈A〉 and variance &2

rand ≡ NH ×
{
〈A2〉 − 〈A〉2}. We

recognize expressions (3.16) and (3.17) which can be computed as soon as the distribution function
p(x,> ) is known. The probability to measure a ux /rand at the Earth may thus be expressed as

{

/rand ≡*
i
Ai

}

=
1√

2' &2
rand

exp

{

−
(
/rand −〈/rand〉

)2

2&2
rand

}

. (3.44)
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Exercise n0 3-e – Level [1] : Derive the probability for the total positron ux / at the Earth to be
enhanced by a factor B with respect to the completely smooth DM distribution . smth and establish that

{
B≡///smth

}
=

1√
2' & 2

B

exp

{
−

(
B−Beff

)2

2& 2
B

}
, (3.45)

where the boost variance &B can be obtained from relation (3.32). Show that the reduced boost
7 ≡ B/Beff follows also the same type of Gaussian law

{
7 ≡ B/Beff

}
=

1√
2' & 2

7

exp

{
− (7−1)2

2& 2
7

}
, (3.46)

with an average value of 〈7〉 = 1 and a variance &7 = &B/Beff not too different from &rand/〈/rand〉 as
featured in formula (3.21).

In order to check these theoretical considerations, a Monte Carlo simulation of a clumpy Milky
Way halo has been run in [87]. A thousand different realizations have been generated at random
assuming a NFW DM galactic halo with a fraction f = 0.2 of its mass in the form of 105 M) clumps
with intrinsic boost Bc = 100. In gure 30, the number of realizations is plotted as a function of
the reduced boost 7 for a positron energy at the Earth of 80 GeV. This distribution is the Monte
Carlo counterpart of the Gaussian law (3.46) with a mean value of 7 actually very close to 1. The
rms value of the histogram is equal – within half a percent – to the variance &7 = &B/Beff = 0.1097
which is derived from relation (3.32). With an average number NS of 78 subhalos inside the positron
horizon at 80 GeV, the hard–sphere approximation (3.40) yields a value of 1/

√
NS = 0.1132 which

is also in excellent agreement with the other results. For completeness, the histogram has been
independently tted by the Gaussian distribution

(7 ,µ ,&) =
K√

2' &2
exp

{
− (7−µ)2

2&2

}
. (3.47)

The amplitude K, mean value µ and variance & are displayed in gure 30 and the corresponding
tted Gaussian is featured by the red curve. The width of each bin is 37 = 0.04 and since 103

Monte Carlo realizations have been generated, a value of K = 0.04×103 = 40 is expected for the
amplitude. This is actually the case since the t yields K = 39.76± 1.26. The mean value µ of
the Gaussian is basically equal to 1 whereas its variance & = 0.1096±0.0026 is very close to the
Monte Carlo rms value and to &7 . Because the clumps that are involved in the positron signal at the
Earth are numerous – with an average number NS = 78 in this example – the central limit theorem
applies and the Gaussian distribution (3.46) is an excellent description of the statistical uctuations
of the positron ux. The question arises now to understand how the distribution of probability

(7) is modied in the limit where NS becomes smaller than 1.

80



P
o
S
(
c
a
r
g
e
s
e
)
0
0
9

Indirect and direct dark matter detection Pierre Salati

Figure 30: In this Monte Carlo simulation, substructures contribute a fraction f = 0.2 to the mass of the
Milky Way DM halo. The initial distribution .smth follows a NFW prole with a scale radius of 25 kpc.
Each clump has a mass of 105 M) and an intrinsic boost Bc = 100. A thousand different realizations of the
DM halo have been generated here, each of them involving 271,488 objects. The positron injection energy
is ES = 100 GeV. The number of realizations has been plotted as a function of the boost ratio 7 = B/B eff.
The rms value of 0.1101 yielded by the Monte Carlo for 7 is in excellent agreement with the anaytic value
&7 = &B/Beff = 0.1097. Figure from [87].

The small NS regime
When the diffusion range 8D is small – for energies close to the emission energy – the positron
sphere shrinks and contains on average very few subhalos. If the previous Monte Carlo analysis
is performed with a clump mass of 107 M), the number NS of objects yielding a signal at 90 GeV
is equal on average to 0.242. When a substructure is very close to the Earth, its ux A reaches a
maximal value Amax which depends on the properties of the clump through its massMc and intrinsic
boost Bc as well as on the specic features assumed for the WIMP through the factor

Amax = × (x) ← x))× BcMc

.)
. (3.48)
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Without any loss of generality, the discussion can be signicantly simplied by considering the
ratio

<(x) = {A(x)/Amax} = { (x) ← x)/ (x) ← x))} . (3.49)

Because we are interested in the production of monochromatic positrons, this ratio may be further
simplied into

<(x) =
{
G̃(x) ← x;8D)/G̃(x) ← x);8D)

}
≡ exp

(
−r2

⊕/8 2
D
)

. (3.50)

Exercise n0 3-f – Level [2] : In this regime, work out the analytic density of probability for the
reduced ux of a single clump and show that

(<) = 2' 8 3
D

.)
NHMc

√
− ln<
<

. (3.51)

Relation (3.51) suggests that the individual probability distribution 1(<) ≡ (<) is strongly
peaked for small values of the signal < . As a result, the probability distribution for the total ux
< tot ≡/rand/Amax generated by the N ≡ NH subhalos of domain H can be approximated by

N(< tot) = N× 1(< tot) , (3.52)

as long as 0 < <tot < 1 and in the regime where 〈<tot〉 is vanishingly small. The proof is straight-
forward. The probability N is given by the product of convolution

N(< tot) =
∫ 1

0 1(<)× N−1(< tot −<)×d< . (3.53)

When N−1(< tot) behaves qualitatively like 1(<) and is also strongly peaked at a value close to
0, two regions dominate the contribution to the previous integral when <tot is less than 1, namely
< close to 0 where 1(<) is large, and < close to <tot where N−1(< tot −<) is large, so that

N(< tot) ≈ N−1(< tot) + 1(< tot) . (3.54)

If the same operation is repeated until we are only left with the single clump distribution 1(<),
relation (3.52) is proved.

In gure 31, a hundred thousand realizations of the same clumpy DM halo as before have been
simulated with now a substructure mass of 107 M). On the horizontal axis, the histogram features
the boost ratio 7 ≡ B/Beff which is proportional to <tot. The red curve which is superimposed on
the Monte Carlo results corresponds to the product

NH 1(A)dA ≡ f
Mc

∫

A

.smth(x) d
3x , (3.55)

with the same values of f and Mc as in the simulation. On a large portion of the range extending
from ∼ 0 up to B ∼ 11Beff, therefore for a total ux /rand smaller than Amax, relation (3.52) is a
quite good approximation. This regime corresponds to the situation where a single clump happens
to contribute signicantly more than the others. Most of the realizations of gure 31 correspond to
small values of the ux ratio /rand/Amax. Remember that the number of clumps effectively implied
in the signal is on average very small.
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Figure 31: Same Monte Carlo simulation as before but with a clump mass of 10 7 M). Each simulated halo
has a hundred times less substructures than in gure 30 and 10 5 realizations have been generated. Their
distribution is plotted as a function of the boost ratio 7 = B/B eff and corresponds to the black histogram.
The red line features the product of the total number NH of subhalos lying inside the Milky Way halo H by
the single clump probability distribution 1(A) ≡ (A). Figure from [87].

3.2 Dark matter mini–spikes around black holes

Recenty, a new scenario has been discussed in the literature, where the formation of interme-
diate mass black holes, i.e. black holes with mass M in the range 102 ! M/M) ! 10 6, leads to
the formation of DM overdensities called mini–spikes, which might be observed as point sources
of gamma rays [134] and neutrinos [135]. Although somewhat speculative, the scenario has the
undisputed virtue of making specic predictions on the number and luminosity of these objects,
that could be observed or ruled out in the near future with the upcoming generation of space and
ground based experiments. The statistical analysis discussed in the previous section has been ap-
plied [136] to these DM mini–spikes in the case of antiprotons and positrons. Antimatter uxes are
dramatically enhanced. Typical boost factors Beff ∼ 104 bring them within the reach of current and
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upcoming experiments.
Intermediate mass black holes (hereafter IMBH) span the gap between stellar mass black holes

whose mass does not exceed ∼ 100 M) and super massive objects with mass larger than 106 M).
The discovery of extremely bright X–ray sources [137] suggest that IMBHs do exist. They are
naturally invoked from a theoretical point of view as the building blocks of the super massive
black holes believed to power the active nuclei of many galaxies. In one of the scenarios proposed
in [134], the formation of black holes with typical mass ∼ 105 M) is associated to the virializa-
tion of the rst DM substructures. The gas which they contain cools, collapses and may form
pressure–supported discs at the centers of halos that are massive enough to contain a large amount
of molecular hydrogen. In halos which do not experience any major merger over a dynamical time,
a protogalactic disc forms and can evolve uninterrupted. At this stage, an effective viscosity due
to local gravitational instabilities in the disc leads to an inward mass transfer and outward angular
momentum transfer, until supernovae in the rst generation of stars heat the disc and terminate
this process. By the time the process ends, a baryonic mass of order ∼ 105 M) loses its angular
momentum and is transferred to the center of the halo, leading to the formation of an object that
may be briey pressure–supported, but which eventually collapses to form a black hole. If the
latter forms at the exact center of the DM distribution – which is believed to be already highly con-
centrated at the core of the embedding halo – dark matter drifts inward and is further compressed.
The effect of the formation of a central object on the surrounding distribution of matter has been
investigated for the rst time in the framework of DM annihilations in [138]. It was shown that the
adiabatic growth of a massive object at the center of a cusp, i.e. a power–law radial distribution
with index 5

.h
i 4 r−5i , (3.56)

induces a redistribution of matter into a new power–law called spike

.h
f 4 r−Af , (3.57)

with an index A> 5 .

Exercise n0 3-g – Level [1] : In order to relate simply the indices 5 and A, we will assume that
the DM species move only along circular orbits around the center O of the initial cusp . h

i . The angular
momentum with respect to O of some particle P with unit mass and velocity v is dened as

L = r∧v , (3.58)

where r denotes the vector pointing from O to P. The gravitational eld experienced by the orbiting
WIMPs is always directed toward the center of symmetry O of the matter distribution. Show that the
angular momentum L remains constant however rapidly the black hole forms.

Should the collapse of the central object be sudden, a WIMP with an initial circular orbit with
radius ri would undergo a strong dynamical impulse and would be forced to migrate on a very
excentric trajectory. In spite of the conservation of its angular momentum L, the particle would
enventually orbit on an elongated trajectory. If, on the contrary, the black hole forms very slowly
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– on a much longer timescale than the typical orbital period of the surrounding matter – our test
WIMP keeps on rotating on a circle whose radius gradually decreases until it reaches the nal value
of r f .

Exercise n0 3-h – Level [1] : Show that the conservation of the angular momentum of the WIMP
leads to

riMi(ri) = r f Mf (r f ) . (3.59)

The total mass which the DM particle feels at a distance r from the center O is denoted by M(r). Infer
that

riM
h
i = r f MBH . (3.60)

The mass Mh
i corresponds to the DM species which initially orbit within a distance r i from the center

O and build up the cusp (3.56). After the collapse has taken place, the mass within the radius r f is
dominated by the central black hole. Establish then that r i and r f are related by

r f 4 r4−5
i . (3.61)

The DM sphere around which our test particle orbits undergoes a contraction as a result of the
collapse of the black hole at its center and its radius decreases from the initial value ri down to
r f . The DM species do follow that sphere which contains always the same amount of dark matter
during the compression process.

Exercise n0 3-i – Level [1] : Translating that condition into

Mh
i (ri) = Mh

f (r f ) , (3.62)

show that
r3−5
i 4 r3−A

f . (3.63)

As in the very pedagogical analysis by [139] which has inspired these exercises, use the conditions
relating ri and r f to establish that

A =
9−25
4− 5

. (3.64)

The adiabatic compression of an initial DM cloud requires very specic conditions which may not
be necessarily satised. The black hole needs to form very slowly. It must also collapse at the exact
center of the initial DM distribution in order to drag it inward. We will assume hereafter that both
conditions are met in some of the rst DM halos whose virial mass is ∼ 108 M) at the time of the
IMBH collapse. One should keep in mind that adiabatic spikes are indeed rather fragile structures
which require ne–tuned conditions to form at the centers of galactic halos [139]. They can be
easily destroyed by dynamical processes such as major mergers [140] and gravitational scattering
off stars [141, 142].
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Figure 32: Radial section of a typical DM mini–spike around its central IMBH. Inside the core of radius R c,
the WIMP annihilation rate is limited by the age ? of the object. The mantle refers to the region extending
from Rc to Rsp where the DM cloud has been dragged inward by the collapsing black hole. Adiabatic
compression does not act beyond a radius r = R sp where we nd the pristine DM distribution of the initial
surrounding halo. Figure from [136].

In the case where the DM prole before the formation of the IMBH follows the commonly
adopted NFW distribution [79], the nal DM density around the central object will be described by
a power law .(r)4 r−7/3 within a region of size R sp. The inner structure of a typical mini–spike is
featured in the schematic representation of gure 32. At larger distances, the DM distribution has
not been modied by the accretion onto the black hole and the density still falls down as r−1. This
envelope does not contribute signicantly to the DM annihilations and its associated production
of positrons and antiprotons. On the contrary, the DM density steeply increases below Rsp and
annihilations themselves set an upper limit to it

.max ≈
m"

〈&annv〉?
, (3.65)

where ? is the time elapsed since the formation of the mini–spike. The cutoff radius below which
the mini–spike core extends with uniform density .max is denoted by Rc. For a typical value of
? = 10 Gyr, we nd

.max = 8.752×1015 M) kpc−3 ×
{ m"

1 GeV

}
×

{
〈&annv〉

10−26 cm3 s−1

}−1
. (3.66)
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The relative extension of the mini–spike mantle (Rc ≤ r ≤ Rsp) with respect to the core (r ≤ Rc) is
given by

Rsp

Rc
=

{
7 ≡ .max

.sp

}3/7
, (3.67)

where .sp = .(Rsp) is the DM density at the surface r = Rsp of the mantle.

Exercise n0 3-j – Level [1] : Integrate equation (3.10) over the inner structure of a mini–spike and
establish that the annihilation volume is given by

> =
12
5
' R3

sp

{
.sp

.)

}2 {
14
9
75/7 − 1

}
. (3.68)

On average, the mini–spike radius is equal to R sp = 2.84 pc with a density .sp of 48.51 M) pc−3.
Assuming a benchmark cross section 〈&annv〉 of 3× 10−26 cm3 s−1 and a WIMP mass m" of 1 TeV,
show that the annihilation volume > reaches a value of ∼ 3.3×10 6 kpc3. The solar neighborhood DM
density .) is set equal to the canonical value of 0.3 GeV cm−3

Should we know the exact location and annihilation volume of each mini–spike, we would
unambiguously derive the positron and antiproton cosmic ray uxes at the Earth. This is not the
case. These signals are actually affected by some sort of galactic variance whose analysis requires
the statistical tools developed in section 3.1. A representative set of different halo realizations
including mini–spikes has been built in [136]. Monte Carlo simulations have been performed
on the basis of the ∼ 200 different realizations of the mini–spike population which have been
obtained in [134] by evolving an initial distribution of IMBHs orbiting in the Milky Way halo and
by allowing the associated DM minihalos to be tidally destroyed during close encounters. The
distribution of the number NBH of surviving mini–spikes follows a Gaussian distribution with a
mean value of ∼ 100 objects within a galactocentric radius of 100 kpc – of which ∼ 60 populate
the DH – and a rms &N equal to ∼ 21. No signicant correlation was found between the position
x and annihilation volume > of the mini–spikes in the simulations of [134]. These characteristic
quantities are respectively distributed according to the probability functions q(> ) and p(x) specied
in [136] and which allow to dene the average values

〈 n〉 =
∫

DH
d3x n (x) ← x) p(x) , (3.69)

and
〈> n〉 =

∫ +,

0
> n q(> ) d> . (3.70)

Exercise n0 3-k – Level [2] : Generalize relation (3.22) to the case where the number NBH of
mini–spikes may vary and show that

&2
rand

〈/rand〉2 =
1

〈NBH〉

{
〈> 2〉
〈> 〉2

〈 2〉
〈 〉2 − 1

}
+

&2
N

〈NBH〉2 . (3.71)
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Figure 33: A 1 TeV positron line has been assumed. The boost factor is computed with respect to the NFW
distribution of table 7 with a scale radius of 20 kpc. Its distribution is featured for two values of the positron
energy E at the Earth. In both panels, the black solid curve features the results of the full Monte Carlo
where the number NBH of objects per realization, their positions x and annihilation volumes > are chosen at
random. The red solid line is obtained by setting > to its average value. The black long–dashed curve is the
theoretical expectation based on the analytical analysis of section 3.1. Figure from [136].

The pedagogical case of a 1 TeV positron line is featured in gure 33. The distributions of the
boost factor at 1 GeV obtained with the Monte Carlo simulations of [136] are displayed in the left
panel. The red histogram corresponds to the case of identical mini–spikes with xed annihilation
volume. It can be compared to the dashed curve, which is the analytical estimate of the boost factor
distribution in the limiting case where an innite number of IMBHs are present in the Milky Way.
If it were so, the central limit theorem would apply and the distribution of the boost factor would
be a Gaussian. This is actually almost the case for identical objects. The statistical distribution
obtained in the general case is plotted in black. Having different annihilation volumes for different
mini–spikes shifts the distribution away from the Gaussian behaviour. The distribution of the boost
factor for positrons detected at the Earth at 300 GeV is displayed in the right panel. Again, the
red histogram corresponds to identical objects and should be compared to the black long–dashed
analytical estimate. The latter includes only one IMBH inside the positron horizon at 300 GeV
so that the extra events of the red line correspond to the (very) rare situations in which two mini–
spikes contribute to the signal. This feature is not present when the full Monte Carlo is run. It is
erased by the random choice of > .
The antiproton signal has been derived in gure 34 for two realistic and very different WIMP mod-
els which both match the constraints from collider experiments and relic density. In the left panel,
the case of a 140 GeV Bino has been examined in the framework of the minimal supersymmetric
standard model (MSSM) with a gravity driven supersymmetry breaking (mSUGRA). That particle
is characterized by an annihilation cross section 〈&annv〉 of 0.26×10−26 cm3 s−1 and a branching
ratio of 91% into b b̄ pairs and 9% into ?+?− pairs. Relation (3.68) leads to an average annihilation
volume 〈> 〉 of 4.66×106 kpc3. The Kaluza–Klein inspired model of [129] is presented in the right
panel. It is based on warped extra–dimensions in the context of a SO(10) GUT. The DM species is
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Figure 34: Antiproton uxes as a function of kinetic energy for a 140 GeV Bino (left panel) and a 50 GeV
LZP species [129] (right panel). The black short–dashed curve is the background of secondary antiprotons
whereas the red dotted line is the signal from a completely smooth DM halo following the NFW distribution
of table 7. The yellow area corresponds to the 1–sigma uncertainty band arising from galactic variance and
has been derived by a Monte Carlo simulation of the mini–spike population. The blue solid curve is the av-
erage signal including the background and the contribution from the smooth DM distribution. Observations
collected by various experiments [57, 58, 59, 60] are featured for comparison. Figure from [136].

a right–handed Dirac neutrino. Its stability arises from the conservation of a Z3 symmetry, hence
its name LZP for lightest Z particle. Setting the Kaluza–Klein scale MKK at a value of 6 TeV leads
in the case of a 50 GeV LZP to an annihilation cross section of 2.04×10−26 cm3 s−1 and ensures
a correct relic density. Such a value is ∼ an order of magnitude larger than is the Bino case. The
quark channels amount to 74% of the annihilations whereas the branching ratio into neutrino pairs
is 17%. Charged lepton pairs l+l− are equally produced with a branching ratio of ∼ 3% each.
The LZP provides thus an illustration of a WIMP with a positron line. With an average value of
5.14× 105 kpc3, the LZP annihilation volume is much smaller than for the Bino. In the case of a
smooth halo, the exotic contribution (red dotted line) is always much lower than the background of
secondary antiprotons (black short–dashed curve). When IMBH mini–spikes are included and their
galactic population modeled with a Monte Carlo, the average antiproton ux (blue solid curve) at
10 GeV is always ∼ two orders of magnitude above the background. The yellow band features
the 1–sigma uncertainty of the signal arising from the variance in the galactic distribution of mini–
spikes. Notice how similar the two panels are in spite of very different values for the cross section
and the annihilation volume.

Exercise n0 3-l – Level [2] : The individual contributionAi of a mini–spike scales as ×>i. Show
that it is proportional to

Amini−spike 4 〈&annv〉2/7 ×m−9/7
" . (3.72)

The antiproton signal depends weakly on the annihilation cross section since a decrease of the
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latter is partially compensated by a higher annihilation volume. Below 20 GeV, the mini–spike
uxes have a very large scatter because the antiproton horizon tends to shrink. As explained at the
beginning of section 2.2, galactic convection is no longer negligible at low energy. The formation
of mini–spikes around intermediate mass black holes generates dramatic enhancements of the DM
density and of the annihilation signals at the Earth, with a typical increase of order 104. For a
typical mini–spike population, the ux of primary positrons and antiprotons turns out to be one
to two orders of magnitude larger than the measured ux, and is fairly insensitive to the specic
properties of the DM species. As shown above, the annihilation cross section has little inuence
because of the presence of an annihilation plateau in the cores of mini–spikes. As the average ux
exceeds the data so far collected, we could naively conclude that the entire scenario is already ruled
out by observation. However, because of the small number of objects, the variance associated to
the positron and antiproton signals is enormous and no denitive conclusion can yet be reached.
Further investigations are required to estimate the condence level at which the mini–spike scenario
may still be acceptable.

3.3 The boost factor of !–CDM clumps as a conclusion

To conclude these lectures on indirect detection, I would like to mention a recent and very im-
portant piece of work [143]. Using the tools presented in section 3.1, the boost factor for positrons
and antiprotons has been derived in the case of the DM substructures found in numerical simu-
lations. A large variety of models have been considered. The mass distribution of clumps is a
power law whose index ∼ 1.8 to 2. The low mass cutoff has been varied and values as low as
10−6 M) have been assumed. The galactic distribution of subhalos is not well known since tidal
disruption could prevent them from populating the central regions of the Milky Way. Finally, the
inner DM proles of clumps – below their scale radii – may be described either by a NFW or a
Moore distribution with an index comprised between 1 and 3/2. The crucial result is that even
in the best possible case, the boost factor does not exceed a value of ∼ 10 to 20. The antimatter
cosmic ray signature of DM species cannot be enhanced very much above what a smooth NFW
halo yields. Unless the annihilation cross section is increased by resonant effects – as in the case
of heavy Wino–like neutralinos – we should not expect much from antiprotons and positrons. The
gamma ray signature is more promising insofar as it is possible to focuse the observation on any
hot spot in the sky but WIMPs need to be very concentrated though.
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