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1. Introduction

The 12C(α ,γ)16O reaction remains an ongoing problem in Nuclear Astrophysics and has thus
drawn lots of attention over the past decades. The reason is for one its exceptional importance for
the nucleosynthesis products and even the dynamics of massive stars. The other reason is that it is
extremely difficult to determine the reaction cross section at astrophysically relevant energies.

The reason for the latter is that the 12C(α ,γ)16O reaction cross section is made up by contri-
butions from several transitions with many wide resonances in the relevant regions. Measurements
show that the ground state transition in 16O is dominant at low energies with some contributions
from cascades. The ground state radiative capture, however, has two electromagnetic components,
an electric dipole and an electric quadrupole one, coherent in the γ-angular distribution, incoher-
ent in the total cross section. All these cross sections need to be extrapolated to low energies, in
particular to a center of mass energy of 300 keV equivalent to static core helium burning.

To constrain the extrapolations one uses the following input:

� The basic nuclear structure of 16O is considered to be sufficiently known. In particular,
tabulated state values can be reasonably trusted and no new states are introduced.

� There are many direct measurements of the 12C(α ,γ)16O reaction that must be taken into
account. Normal procedure is to take them with equal weight.

� α-widths can be frequently determined independent of the radiative capture data, e.g. by
elastic scattering data or the β -delayed α-decay of 16N.

� γ widths of subthreshold have been determined by electron scattering and are quoted with
a small error. In addition, γ-decay branching ratios of the 16O states in question have been
frequently measured by populating these states by several kind of reactions.

� Transfer reactions, ANC methods, and Coulomb breakup, also allow, in principle, to deter-
mine α-widths. However, all these methods are somewhat model dependent and errors are
hard to estimate.

Typically R-matrix fits [1] are used to do the extrapolations to low energies. These allow
to connect the radiative scattering data to the elastic scattering data and the β -delayed α-decay
spectrum of 16N. E.g. the E1 radiative capture data to the ground state are fitted with1

σ 0
E1
�
E ��� 6π

k2 P1

�
E �

�������
∑λ

γλ Γ1 � 2
λγ

Eλ � E

1 � �
S1

�
E �	� B1 
 iP1

�
E ��� R1

�
E �

�������

2

(1.1)

and the energy dependent γ-width

Γλγ � 2E3
γ γ2

λγ (1.2)

1For R-matrix notation, see Ref. [1, 2, 3].
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for the radiative capture and including

W
�
E ��� fβ

�
E � ∑���

1 � 3 P� � E �
������

∑λ
Aλ �

Eλ � � E

1 � �
S � � E � � B � 
 iP� � E ��� R �

������

2

(1.3)

for the fit of the 16N β -delayed α-spectrum. Here the index λ indicates summation over states,
The index 1

�	� � indicating an angular moment of 1 (
�
), the index γ indicates that the symbol refers

to radiative properties. P
�
E � with an energy indicator refers to the

�
=1 penetrability, S

�
E � are the

shift functions and B the boundary conditions. The R-function is given by

R � � E ��� ∑
λ

γλ
�

Eλ
� � E 
 (1.4)

For the ground state E2 transition in 12C(α ,γ)16O is

σ 0
E2 �

5π
k2 �U2

0
�
E � � 2 (1.5)

with the scattering function

U2
0
�
E ��� � ieiΩ2 2P1 � 2

2
k5 � 2

γ


∑
λ µ

γ2
λ γ2

µγ0A2
λ µ 


3�
10

M1 � 2
n e
h̄k

N1 � 2
f

a2F2

�
a � G2

�
a � θ 0

α
�
2200 � 00 � J �2 � 2 � 0 � � E ���

(1.6)
where the Aλ µ are the elements of the state matrix[1], λ µ are state number indices. Ω2 � ω2 � φ2,

ω2 is the Coulomb phase shift, φ2 the hard sphere phase shift [1], P2 the
�
=2 penetrability, kγ � Eγ

h̄c

the radiative wave number, Mn the atomic mass unit, eq the electric unit charge, and F2

�
a � and

G2

�
a � the regular and irregular Coulomb functions at the radius a, respectively. Therein is Mn the

atomic mass unit (931 MeV/c2). The normalization of the wave functions is

N � 1
f � 1 


2
�
θ 0 � 2
a � ∞

a
dr � W0

�
r �

W0

�
a ��� 2

(1.7)

with the dimensionless reduced width amplitude for the α-particle

θ 0
α � γ0 � h̄2 � µa � � 1 � 2 
 (1.8)

WJ

�
r � are the Whittaker functions, i.e. to a very good approximation the continuation of the bound

state wavefunction outside the channel radius a. In similar fashion

J �2 � 2 � 0 � � E � � 1
a3 � ∞

a
dr r2 W0

�
r �

W0

�
a � � F2

�
r �

F2

�
a � �

G2

�
r �

G2

�
a ��� 
 (1.9)

Note the overlap between the Whittaker ground state function (index 0) and the Coulomb scatter
functions (index 2) in the integral J �2 � 2 � 0 � .

The γ-width γ2
µγ0 can in principle be divided into internal and external regions

γ2
µγ0 � γ2

µγ0
������� � 
 γ2

µγ0
��� � !"� �#� (1.10)

with the internal part normally dominant and the channel part given by a similar expression to the
direct one, i.e the right part of the sum in Eq. 1.6 [1].

The direct, non resonant part of the cross section is most important in the E2 transitions both
for the ground state as well as the excited states.
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Figure 1: The combined Kunz and Fey E2 ground state data and a fit to them.

2. Analysis of the Stuttgart data

In this section we present a short look on the Stuttgart data as they are available from the Refs.
[4, 5, 6, 7, 8, 9, 10]. As the Stuttgart group places strong emphasis on including the well known 2 �
resonances at E=4.4 and E=5.9 MeV, they have been included here as well. Angular distributions
have been taken from the doctoral theses and are included in the fits.

For a test, if the non-inclusion of the direct capture has any consequence for the absolute value
of SE2(300) as derived in in the above references all data sets quoted in the theses of R. Kunz [9]
and M. Fey [10] (as this should give the best statistical constraint) have been combined and made
subject to a fit. This includes higher lying resonance information and, of course, the DC expression
of Ref. [1], Eq. 1.6. The fit shown in Fig. 1 is obtained. Obviously SE2(300) (11 keV b) is
far outside the range of values allowed in Refs. [4, 5, 6, 7, 9, 10]. As far as one can tell the least
squares parameter χ2 is not considerably different from the fits shown in the article. As noticed, the
total χ2 is largely produced by the data starting at about and above 2 MeV. In fact, the low energy
data seem to be nearly irrelevant to the quality of the fit. As the authors of the above references
also point out correctly, in the 2 MeV energy region the E1 cross sections are quite dominant and
the E2 data in this region can be subject to large systematic errors. In fact, the E1 and E2 data
derived from angular distributions are always correlated, a point not considered in many previous
error analyses, see more in Sec. 5.

3. Phaseshift analysis

Several measurements [11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24] of the elastic
12C(α � α)12C reaction have been made as early as 1953. While there have been some elastic data
taken with a carbon beam on a helium gas target in the context of radiative capture measurements,
all of the explicit elastic scattering measurements employed α (helium) beams on thin carbon foils
and measured scattered α angular distributions. The numbers of angles measured varies from two
to 32; different angles were determined sometimes by rotating the detector table, or by providing
a large number of fixed detectors. A typical experiment is described in Ref. [24]. Normally the
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scattering data have then undergone phase shift analysis and only the derived phase shifts have been
published, sometimes without error bars. Only a few measurements have provided phase shift error
bars [19, 22], and only one [22] has made the primary data available. While phaseshift analyses are
preferred in theoretical modeling (like potential models) as they separate states and partial waves
of different spins, there are inherent problems connected with the non-linearity of the analysis [2].

Ref. [24] describes an elastic 12C+α scattering experiment in which a global R-matrix analysis
has been employed. In the analysis, the reduced width amplitude γ12 of the 2 � subthreshold state
(Ex=6.917 MeV2, E= � 245 keV3). was varied. SE2(300) of the radiative ground state transition
scales approximately with the square of the reduced width amplitude of the 2 � sub-threshold state.
The minimum in the least squares distribution occurred for γ12=0.47 MeV1 � 2, and for the 1 � , 7.1
MeV reduced width amplitude (that was also varied) at γ11 =0.27 MeV1 � 2 (a=5.5 fm). To obtain
an error estimate, fits were obtained for values of γ12 from 0.2 to 0.60 MeV1 � 2, with all other
parameters allowed to vary. The same approach was used to scan γ11 from 0 to 0.60 MeV1 � 2
for the 1 � state. 1σ uncertainties of γ12=0.47

�
0.06 MeV1 � 2, and γ11=0.27 � 0 � 11

� 0 � 27 MeV1 � 2 were
calculated with the previously established [3] guideline χ 2 � χ2

min
�

9χ2
ν . This has to be compared

to γ11=0.18
�

0.02 MeV1 � 2 of Ref. [3]. The best fit has a χ 2
ν of approximately 1.66. Deviations

from an ideal fit occurred at resonances with widths in the keV range where the sensitivity to target
effects and beam energy calibration would be most pronounced.

A detailed description of the Notre Dame experiment including a Monte Carlo based phaseshift
derivation is about to be published [25].

4. The β -delayed α-decay of 16N

Recently two articles have been published [26, 28] describing measurements of the β -delayed
α decay of 16N. They also contain some statements about the β -delayed α-spectrum of 16N mea-
sured at TRIUMF [3]. We have revisited all measurements and have made GEANT4 calculations
of these experiments. The results will be published in Ref. [29].

From our calculations we come to these general conclusions:

� All measured 16N spectra are highly sensitive to target and detector responses.

� These responses can be partially suppressed, e.g. by coincidence methods.

� However, once part of the spectrum they can not be corrected for.

� The corrections applied to the Yale spectra [27, 26] are mathematically incorrect. The final
spectra derived are therefore meaningless.

� The Mainz spectrum [30, 31] is not a ‘zero target thickness’[27] spectrum and has no sup-
pression of responses. Indeed it is visibly broadened by response.

� Simulations show that most spectra measured are consistent with the final TRIUMF spectrum
after background subtraction and energy calibration.

2For conciseness in the subsequent text, state energies will be truncated to two significant figures and may be used
as indices for symbols, e.g. θ 6 � 9

α .
3‘E’ labels the center-of-mass energy in any system discussed in this article.
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Figure 2: Some fits of γ-angular distribution data. Indicated are the energies and the origin of the spectra
(eu: Stuttgart Eurogam, Ou: Ouellet et al. [32], dr: Stuttgart Drehtisch.

� The Argonne spectrum [28] may suffer from background problems.

� The background subtraction used to derive the TRIUMF spectrum does not account for dif-
ferences between spectra.

5. A global fit of most data

A global fit to most of the available data has been performed using in particular the phase-
shifts of Ref. [25] as well as the Stuttgart angular γ-distributions extracted from the theses work.
Some fits to γ-angular distributions of different measurement are shown in Fig. 2 Most fits are of
reasonable quality, but not perfect, as can be expected for a global fit.

The results can be summarized in the subsequent plots: While stepping the reduced width
amplitude γ12 of the 2 � subthreshold state one obtains the least squares dependence shown in Fig.
3. Obviously, high values of γ12 can be excluded, corresponding approximately to SE2(300) of more
than 60 keV b. There are apparently two minima, corresponding to a destructive and a constructive
solution as shown in Fig. 4. It may be noted that both minima occur at approximately the same
absolute amplitude of γ12. This is caused by the inclusion of the elastic scattering phase shift of
Ref. [25] that forces the reduced width amplitude of the 6.9 MeV subthreshold state to values
around the minima, see Sec. 3.

The dependence of the reduced width amplitude γ12 and the dimensionless reduced width of
the ground state (θ10) is shown in Fig. 5. From Fig. 5 it is clear that the destructive interference is
associated with an absolute dimensionless reduced width of the ground state of close to one. From
nuclear structure considerations such a case can be pretty well excluded. Choosing the constructive
interference minimum results in a value of SE2(300)=45 keV b with 60 keV b as an upper limit.
A lower limit is harder to determine and the maximum between the two minima is chosen here
corresponding to SE2(300)=10 keV b, thus resulting in a highly asymmetric error.

In general, the Stuttgart data fitted by themselves result in a low SE2(300) (see Sec. 2). This
forces a lowering of SE1(300), as the angular distribution data fix the ratio between the two cross

6



P
o
S
(
N
I
C
 
X
)
0
0
9

12C(α ,γ)16O Lothar Buchmann

 6000

 7000

 8000

 9000

 10000

 11000

 12000

 13000

 14000

-0.6 -0.4 -0.2  0  0.2  0.4  0.6  0.8  1

ch
i^

2

ga2(1) (MeV^1/2)

 6750

 6800

 6850

 6900

 6950

 7000

 7050

-0.4 -0.2  0  0.2  0.4

ch
i^

2

ga2(1) (MeV^1/2)

Figure 3: The least squares dependence of the parameter γ12 for the fit described in the text. The upper
panel shows the full fitting range, the lower one the region of the two minima.

sections, while the reduced α-width of the subthreshold 1 � state is held close to constant by the
β -delayed α-spectrum of 16N. Thus SE1(300)=70 keV b is found for which we attach an error of
20 keV b as previously done ([3]).

As for cascade transitions, for the transition into the first excited 0 � state of 16O, we assign 25
keV b, with an error of 16 keV b (Ref. [34]). Without further discussion, for the cascade transition
into the 6.9 MeV 2 � state a value of S6 � 9(300)=10

�
6 keV b is chosen.

Added up, the total S-factor at a center of mass energy of 300 keV in 12C(α ,γ)16O can be
estimated to

S
�
300 � � 150 � 57

� 77 keV b (5.1)

which is not a major change compared to the value of Ref. [2].
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Figure 4: Two fits to the combined data (E2 shown, red: Stuttgart data [4, 9, 6, 7, 8, 9, 10], green: other
radiative capture data, for a full reference list see [33].) with a constructive (upper panel) and destructive
solution (lower panel) corresponding to the minima shown in Fig. 3.
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Figure 5: Dependence of the dimensionless reduced width of the ground state from the reduced width
amplitude of the subthreshold state.
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