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New nonperturbative techniques make possible the calculation of thermodynamic properties of
supersymmetric gauge theories. We apply them to supersymmetric QCD at large N¢, with a
Chern—Simons term included to give mass to the adjoint partons. The theory is solved nonpertur-
batively by the technique of supersymmetric discrete light-cone quantization, which uses a dis-
crete momentum grid in light-cone coordinates to convert integral equations for Fock-space wave
functions to a supersymmetric matrix representation. The spectral distribution of the representa-
tion is computed by Lanczos iteration of the mass-squared eigenvalue problem. Thermodynamic

quantities are then computed from an analytic fit to this spectrum.
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1. Introduction

In order to have a well-defined Fock state expansion for field-theoretic eigenstates, we use
light-cone coordinates [[] defined by a choice of x* = (t +2)/v/2 as the time direction. Spatial
vectors are given by X = (x~,X, ), with X~ = (t —2)/v/2 and X, = (X,y). The light-cone energy is

p~ = (E — p,)/v2 and the light-cone momentum is p = (p*, . ) with, p* = (E+ p,)/Vv2 and

B. = (Px, Py) The mass-shell condition p? = m? then yields p~ = "i;;fﬁ

The mass eigenvalue problem 2P~P*|() = M?|(J) can be solved by expanding |() in Fock

states, with momentum wave functions as coefficients and diagonalizing a discrete approximation
to the resulting coupled system of integral equations. A standard method for discretization is dis-
crete light-cone quantization (DLCQ) [B]. The system is placed in a light-cone box —L < x~ < L,
—L, <Xx,y<L,,and periodic boundary conditions are applied. This yields a discrete momentum
grid, pj — £niand p;; — (ﬁnix, ﬁniy), for integers nj, Nix, and Niy. The integrals in the coupled
equations are replaced by discrete sums. The continuum limit L — oo is exchanged for a limit in
terms of the integer resolution K = 7—LTP+ for fixed total momentum P,

For supersymmetric theories, this procedure does not automatically preserve supersymmetry.
Instead [B], one must discretize the supercharge Q~ and construct P~ from the superalgebra relation
{Q~,Q} =2v/2P~. This form of DLCQ is known as supersymmetric DLCQ (SDLCQ) [f]l. The
equivalence with ordinary DLCQ is recovered in the continuum limit.

Most SDLCQ calculations, including those discussed here, are done in the large-N¢ limit. This
simplifies the calculations by block diagonalizing the mass eigenvalue problem with respect to the
number of adjoint strings in the Fock states. We focus on single trace states, which are simple
glueballs Tr[a1 (ki) .b":  (kn)]|0), and mesons as single strings

ining 1

£ (k) (k) b (ko) .. B (kn)0), (LD)

Ining 1

where fJf and fT create fundamental partons and aT and bT create adjoint partons. Either of these
states could be a boson or a fermion.

The finite temperature properties of the theory are computed [[]] from the partition function
Z = e P/T. One does not use the light-cone analog e P /Ti.c because it does not correspond to a
heat bath at rest. Each mass eigenstate contributes according to its ordinary energy po. For bosonic
states of mass My, in one dimension this yields a free-energy contribution of

VT 2
Fo= 0 / . In(1-e™/T) (1.2)
\/ M
in a volume V. For fermions we obtain
VT 2
FF_—— /M \/ﬁ (1+e*p°/T). (1.3)
n M

In supersymmetric theories, the bosonic and fermionic mass spectra are the same, and we can
readily combine these expressions to obtain the total free energy

F(TV) = (K- )vT? T i iMnKl (21 + 1) M)

T =l (21+1) 14
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Here we have expanded the logarithms, integrated over pg, and included explicitly the contribution
of zero-mass states. The sum over | is well approximated by the first few terms. The sum over n
can be represented by an integral over a density of states [ p(M)dM. We then approximate p by a
continuous function that is fit to the numerical spectrum and compute | dM by standard numerical
techniques. The spectrum is estimated by a Lanczos technique discussed in Sec. f] A similar
approach to the calculation of thermodynamic properties is given by Strauss and Beyer [f]], based
on earlier work by Elser and Kalloniatis [[f].

2. Supersymmetric QCD with a Chern-Simons term

We apply these techniques to N = 1 supersymmetric QCD with a Chern—Simons term [B]. The
action is

1 . _
S= /d3xrr{—ZFqu“V+D“§TD”§+|wDur“w—g[w\£+f'/\w] 2.1
[ u K A P 2i _
+5ATHDEA+ S | AuduAy + T OALAVAY | +KAA o

The adjoint fields are the gauge bosons Ay (gluons) and the Majorana fermion A (gluinos); the
fundamental fields are the Dirac fermions W (quarks) and the complex scalars & (squarks). The
Chern—Simons coupling K provides a mass for adjoint fields and thereby provides a natural limit
on the lengths of strings. The covariant derivatives are defined by

Dy = ouN+iglAy, N, Dyé =0ué +igAué, DY =0,W+igA,W. (2.2)
The associated supersymmetry transformations are
O0A, = i5(?,’Fu/\, ON = %FWF“VE, o0& = iEF:LIJ, oW = —%F“eDuf. (2.3)
The supercharge is
£Q = /dxfdx2 (jzél'aﬁrﬂr (/\FO,B) + %D_ETE“P 24
+i§5*ér+VDvw - %%D*E - %quJF*VeE) :

Fermionic quantities are written in terms of components as

AT
A=(AA) v=we', Q=(@Q.Q)". @5)
In light-cone gauge (A* = 0), the nondynamical fields satisfy the following constraints:
3 ig T i
0_A = i —i , 2.6
G (A% A] +igy’ —igE") (2.6)
o= -9p0p1 D as_Kka/v2, 3PA =g, 2.7)

Vit
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with

J=i[A%,0_A’| + \%{A A} KON —ihd_EET +iE0 & +V2yy'. (2.8)

The (2+1)-dimensional theory is reduced to 1+1 dimensions by assuming fields to be indepen-
dent of the transverse coordinate X>. The reduced supercharge is

Q =g / dx~ {23/4 (i[AZ,aAZ] KO- A2+7{)\ )\}> (2.9)
R P t ) L
_ﬁ<' 280_E" —iV20_EE wa)a,}\
2 (ETNY+PTAE)} .
The mode expansions for the dynamical fields are
1 21 I N
A% (0,7) = Iy (aij(k)e""”x b 1 al (kg™ /L) , (2.10)
k=1
12 o ke
Aij(0,x7) = T (bi,-(k)e*'k"x I+ by (k)™ /L) : (2.11)
E(0,x7) = \/%1 S \%( (ci(k)e*”‘”X’/L+c?(k)ék"x’/L) , (2.12)
k=1
Wi(0,x7) = 21\1/1 i (di(k)e—“‘”x’/L+d?(k)ékﬂx’/L> . (2.13)
4 k=1

The creation and annihilation operators satisfy commutation relations, which for finite N are
_ 1
vl = (800 - o) ot} = (@8- Gad) . e
C C

|:CI7 J] dij, [cn } aj, {dh J} Gj {dh J} aj - (2.15)

In addition to supersymmetry there is a Z, symmetry [[] a&;(k,n") — —aji(k,n*), bij(k,nt) —
—bji(k, nt). This further block-diagonalizes the Hamiltonian by dividing states between even and
odd numbers of gluons.

3. Lanczos algorithm for density of states

To compute the free energy, we need the density of states for the mass spectrum of the the-
ory, which is generally given by p(M?) = ¥,,dnd(M? — M3) where dy is the degeneracy of the
mass eigenvalue M. It is the derivative of the cumulative distribution function (CDF) N(Mz) =
M dM2p(M?),

The density can be written in the form of a trace over e P X

p(M%) = %zdné(Mz/thPn‘) (3.1)

_ 1 / e|M2x+/2P+Zde Py XF gyt

4TP+

— 4nlp+/ dM*X /2P e iPX gt (3.2)
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The trace can be estimated by an average over a random sample of vectors [[[(]. Define a local
density for a single vector |S) as

ps(M?) = / VX /2P (gl TPX g iyt (3.3)

47'[P+

so that the average can be written

S
Z 3.4

The sample eigenstates |S) can be chosen as random phase vectors [[[1]], where the coefficient of

U) |

each Fock state in the basis is a random number of modulus one.
The matrix element <S| e P X"|s) is estimated by Lanczos iteration [[2]. Let D be the length
of |s), and define |u;) = \/— |S) as the initial Lanczos vector. Then

ps(M?) = / VX /2Py 1P X |y Y (3.5)

4mP+
and (u;|e P X" |u;) can be approximated by the (1, 1) element of the exponentiation of the Lanczos
tridiagonalization of P~.

To construct the exponentiation, let Py~ be the tridiagonal Lanczos matrix and solve

PG = Ms, g (3.6)
Shoopt ™ '
A diagonal matrix Ajj = §j % is related by the usual similarity transformation Py = UAU !,
where Ujj = (C7)i. The (1, 1) element is given by
( LY x*) Z| ‘2 —iM2 Xt /2Pt (3.7)

We note that We, = D|(c$);|? is the weight of each Lanczos eigenvalue in the spectrum, and the
local density is

12

ps(Mz) 47.[?3+ /eiM2X+/2P+ z ’(Cﬁ)1|2e7iM§qx+/2P+dX+

| Z

np+ z\ )1122m8(M? /2Pt — M2, /2PT) ~ ;Wsné(Mz -M2), (3.9
Although only the extreme Lanczos eigenvalues are good approximations to eigenvalues of the
original P~, the other Lanczos eigenvalues provide a smeared representation of the full spectrum.

The contribution to the CDF is Ns(M?) = szsz (M?) ~ 5, Wen6(M? —M2)). The full
CDF is then approximated by the average N(M?) ~ & L5sNs(M?). The theta functions are averaged,
starting with the first sample as a template for the values M i at which to evaluate N. The contribu-
tions to N of the other samples are estimated at these values by linear interpolation in cases where
the Lanczos eigenvalues M2, are not the same as those in the first set. In cases where duplicate
eigenvalues are generated by the Lanczos iterations, only one is included in the template, and the
associated weights are added together.
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The convergence of the approximation is dependent on the number of Lanczos iterations per
sample, as well as the number S of samples. Comparisons with explicit diagonalizations showed
that the recommended value [[I]] of 20 samples is sufficient. The number of Lanczos iterations
needs to be on the order of 1000 per sample; using only 100 leaves errors on the order of 1-2%.

A sample of results obtained for the free energy are given in Figs. [[ and P Additional results
can be found in [f]].
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Figure 1: Free energy at fixed Yang—-Mills coupling g as a function of temperature T for resolution K = 14.
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Figure 2: Free energy at fixed temperature T = 0.5k as a function of the Yang—Mills coupling g for a
sequence of resolutions K.
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