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Due to recent computer and algorithmic improvements, lattice calculations of hadronic quantities are now becoming available at pion masses as low as mπ ≈ 250 MeV. In this talk I review
some of the latest lattice results for electromagnetic form factors of the nucleon, generalised parton distributions of the pion and nucleon, and distribution amplitudes of vector mesons and the
nucleon.
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1. Introduction

2. Electromagnetic Form Factors
On the lattice, we determine the form factors F1 (q2 ) and F2 (q2 ) by calculating the following
matrix element of the electromagnetic current


′ ′ µ
µ
µν qν
′ ′
2
2
hp , s | j (~q)|p, si = ū(p , s ) γ F1 (q ) + iσ
F2 (q ) u(p, s) ,
(2.1)
2mN
where u(p, s) is a Dirac spinor with momentum, p, and spin polarisation, s, q = p′ − p is the
momentum transfer, mN is the nucleon mass and jµ is the electromagnetic current. The Dirac (F1 )
(p)
and Pauli (F2 ) form factors of the proton are obtained by using jµ = 32 ūγµ u − 31 d¯γµ d, while for
isovector form factors jµv = ūγµ u − d¯γµ d. It is common to rewrite the form factors F1 and F2 in
terms of the electric and magnetic Sachs form factors, Ge = F1 + q2 /(2mN )2 F2 and Gm = F1 + F2 .
(p)
(p)
If one is using a conserved current, then (e.g. for the proton) F1 (0) = Ge (0) = 1 gives the
(p)
(p)
electric charge, while Gm (0) = µ (p) = 1 + κ (p) gives the magnetic moment, where F2 (0) = κ (p)
is the anomalous magnetic moment. From Eq. (2.1) with see that F2 always appears with a factor
of q, so it is not possible to extract a value for F2 at q2 = 0 directly from our lattice simulations.
2
2
Hence
qwe are required to extrapolate the results we obtain at finite q to q = 0. Form factor radii,

hri2 i, are defined from the slope of the form factor at q2 = 0.
In Fig. 1 we see results for the isovector Dirac radius from several different fermion actions,
including latest results from the RBC/UKQCD [3] (red circles) and LHP [4] (green right and black
upside-down triangles) collaborations. These latest results are compared with earlier quenched and
N f = 2 Wilson [5, 6] and domain-wall fermions (DWF) [7, 8] results. We observe agreement between the different lattice formulations, while any discrepancies are an indication for systematic
uncertainties, such as finite volume effects, discretisation errors, etc. The overall pattern is typical
of lattice results for r1 , i.e. the lattice results lie below experiment with little variation as a function
of m2π . Investigations using chiral perturbation theory predict that these radii should increase dramatically close to the chiral limit [5, 9]. Current results indicate that in order to see such curvature,
one needs to perform simulations at mπ < 300 MeV.
ri =

2
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Lattice simulations provide a method for obtaining first principle results from QCD. However,
one must have control of systematic effects such as finite volume, finite lattice spacing and large
quark masses. This means that in order to compare with or provide predictions for experiment, we
need to extrapolate the lattice results to the infinite volume and continuum limits, and the physical
quark masses. This is an extremely difficult task, but with the advent of new computers, significant
progress is now being made in getting these systematics under control [1].
In this talk I highlight the progress being made in lattice simulations in several areas of
hadronic physics, including nucleon electromagnetic form factors in Sec. 2, the nucleon isovector momentum fraction, hxiu−d , in Sec. 3, generalised parton distributions, including Ji’s spin sum
rule, impact parameter GPDs and transverse spin densities, in Sec. 4, and finally in Sec. 5, I present
some recent results of moments of vector and nucleon distribution amplitudes. For a comprehensive
review of progress in the past year, see [2].
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Figure 1: Comparison of results for the isovector
Dirac radius, r1 .
Figure 2: Ratio of Dirac radii for u and d-quarks
from QCDSF. Dashed line indicates physical mπ .

Lattice simulations of three-point functions are performed at the quark level, and hence they
have an advantage over experiment in that they can directly measure the individual quark contributions to the nucleon form factors. Such simulations can provide insights into the internal distribution of charge and magnetisation in the nucleon. QCDSF have been studing the q2 -dependence
of the individual quark contributions to the nucleon form factors, and in Fig. 2 we see some results for the ratio of the d- to u-quark contributions to the proton’s Dirac radius. Here we clearly
see that r1d > r1u for all simulated quark masses (the same behaviour is seen for r2 ), indicating that
the d (u)-quarks are more broadly distributed than u (d)-quarks in the proton (neutron). Note that
contributions from disconnected diagrams were not considered in this study.
2.1 Accessing small Q2 : Partially twisted boundary conditions
On a lattice of spatial size, L, momenta are discretised in units of 2π /L. Modifying the boundary conditions of the valence quarks [10] ψ (xk + L) = eiθk ψ (xk ), (k = 1, 2, 3) allows one to tune
the momenta continuously ~p + ~θ /L. Momentum transfer in a matrix element between states with
q2 = (p f − pi )2 =
initial and final momenta, ~pi + ~θi /L and ~p f + ~θ f /L, respectively, then readsq
o
n

2
, where E(~p, ~θ ) = m2 + (~p + ~θ /L)2 .
[E f (~p f , ~θ f ) − Ei (~pi , ~θi )]2 − (~p f + ~θ f /L) − (~pi + ~θi /L)
F2 is particularly interesting since it cannot be measured directly at q2 = 0 to obtain magnetic
moments. Hence it needs to be extrapolated from finite q2 which can not only increase the error,
but can also introduce a model dependence into the result. Using partially twisted bc’s to access
small q2 values can help to constrain the extrapolation to q2 = 0 [11]. Additional q2 ’s also allows
us to try to fit the lattice data with more advanced fit forms, such as that proposed by Kelly [12].
QCDSF has attempted to use a form motivated by [12]
F(Q2 ) = F(0)(1 + c1 Q2 + cn Q2n )−1 .

(2.2)

Fits using (2.2) to lattice data of F1n (Q2 ) and Gne (Q2 ) obtained with twisted bc’s are shown
in Fig. 3. Here we clearly see that the F1 form factor of the neutron is negative at small Q2 . For
Gne , we see a hump at small Q2 , similar but smaller than that seen in experimental data. It will be
interesting to see how the “hump” behaves as we decrease the quark mass.
3
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3. Nucleon Momentum Fraction, hxi
Lattice studies of hxiq are notorious in that all lattice results to date at heavy quark masses exhibit an almost constant behaviour in quark mass towards the chiral limit and are almost a factor of
two larger than phenomenologically accepted results, leading many a lattice practitioner to scratch
their head and wonder “Will this thing ever bend down?”, as predicted in [13].
To date, only connected contributions have been simulated to high precision, hence results are
usually quoted for isovector quantities where disconnected contributions cancel.
Dynamical configurations are now becoming
0.35
available at quark masses light enough to enable
calculations in the area where such bending is pre0.3
dicted to set in. Latest results in the MS scheme
at 2 GeV are shown in Fig. 4 from the QCDSF
0.25
[14], LHP [15] and RBC/UKQCD [3] collaborations. In this figure we see excellent agreement
0.2
〈x〉u-d
N =2+1 DWF [RBC/UKQCD] (2.7fm)
MRST 2002
between the older quenched [16, 17] and the latN =0 DWF [RBC] (2.4fm)
0.15
N =2+1 Mix [LHPC] (2.5fm)
est N f = 2 + 1 DWF and N f = 2 clover results,
N =2 Clover [QCDSF] (1.9-2.4 fm)
N =0 Clover [QCDSF] (1.6 fm)
with the possible exception of the lightest clover
0.1
0
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mass. This discrepancy may be attributed to a fi2
2
mπ[GeV ]
nite size effect (mπ L = 2.78), since these effects
are expected to enhance hxi at light masses [18].
Figure 4: hxiu−d from RBC/UKQCD (DWF),
QCDSF (Clover) and LHPC (Mixed)
While we see agreement between the DWF
and Clover results, we observe a gap between
these results and those coming from the mixed action approach. Since the overall pion mass dependence is similar, this suggests that it is a renormalisation effect; a suggestion further enhanced
when we consider that the results from the mixed approach use (non-perturbatively improved) perturbative renormalisation [15], while those from the other approaches use nonperturbative renorf
f
f
f
f
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Figure 3: F1n (Q2 ) and Gne (Q2 ) using twisted boundary conditions and a fit in (2.2). Experimental data for
Gne are denoted by the lighter (cyan) points in the right plot.
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malisation of the operators involved. Of course, for this issue to be fully resolved, the mixed action
results need to be renormalised nonperturbatively.

4. Generalised Parton Distributions
A number of recent lattice results on moments of GPDs have been presented by QCDSF/UKQCD
for the nucleon [19, 20] and the pion [21] and by LHPC for the nucleon [15]. Below, we discuss
only a small selection lattice of these results, related to the nucleon and pion spin structure.

The total spin of the nucleon can be decomposed in terms of the quark and gluon angular momentum 1/2 = ∑q Jq (µ 2 ) + Jg (µ 2 ), which is then further decomposed into the quark and
gluon spin and orbital angular momentum contributions 21 = ∑q 21 ∆Σq + ∑q Lq + ∆G + Lg , where
∆Σ and ∆G are the standard gauge-invariant quark and gluon spin fractions, while the orbital angular momentum contributions are defined by Lq = Jq − ∆Σ/2 and Lg = Jg − ∆G. The gaugeinvariant total angular momenta Jq,g are related to the forward values of the (n = 2)-moments of
R
q,g
the GPDs H and E through 2Jq,g = dxx(H(x, ξ , 0) + E(x, ξ , 0)) = (Aq,g
20 (0) + B20 (0)) [22]. Since
q,g are simply the quark and gluon momentum fractions, we have by momentum conAq,g
20 (0) = hxi
servation 1 = ∑q Aq20 (0) + Ag20 (0), hence we have a sum rule for the anomalous gravitomagnetic
moments 0 = ∑q Bq20 (0) + Bg20 (0). Here we stress that although the sum is scale and scheme independent and is equal to zero, this is not the case for the individual Bq,g
20 .
Figure 5 shows preliminary results from
0.4
QCDSF/UKQCD for the nucleon spin decompoJu+d
0.35 su+d
2
sition in the MS scheme at a scale of 4 GeV [19].
0.3
It is remarkable that the u + d-quark OAM contri0.25
0.2
bution is compatible with zero over the full range
0.15
of accessible pion masses. The same behaviour
0.1
has been observed by LHPC [15].
0.05
0
A potential improvement in the determina-0.05 Lu+d
q
tion of B20 from the lattice is in the extrapolation
-0.1
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m π2 [GeV2]
that is required from the simulated points at q 6= 0
to the required point q2 = 0. As seen in Sec. 2.1,
Figure 5: Decomposition of the nucleon spin
this can be achieved through the use of twisted
from QCDSF/UKQCD [19]
boundary conditions, which is currently being explored by the QCDSF collaboration [11]. This may become particularly important at light quark
masses when the data becomes noisier, and hence the extrapolation is poorly constrained.
4.2 Spin Asymmetries
In the past couple of years, QCDSF have been computing the first two moments of vector
and tensor GPDs in order gain an understanding on how quarks are spatially distributed inside the
nucleon [20] and pion [21]. Of particular interest is the strong correlation between the transverse
spin and coordinate degrees of freedom [23].
5
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4.1 Spin Sum Rules
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Impact densities of quarks with longitudinal momentum fraction, x, transverse spin, s⊥ , at a
transverse distance, b⊥ , from the centre of momentum of a pion (ρ (x, b⊥ , s⊥ )) or nucleon with
transverse spin, S⊥ , (ρ (x, b⊥ , S⊥ , s⊥ )), can be directly obtained from the Impact Parameter GPDs,
H(x, b2⊥ ), ET (x, b2⊥ ), etc.
0.6
0.6
3
The lowest two moments of these GPDs
0.4
0.4
have been calculated recently by QCDSF for
2
0.2
0.2
the nucleon [20] and pion [21]. In Fig. 6
0
0
we show the lowest x-moment of the density,
r
1
- 0.2
- 0.2
ρ n=1 (b⊥ , s⊥ ) for up quarks in a π + . Com- 0.4
- 0.4
pared to the unpolarized case on the left, the
0
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-0.6 - 0.4 - 0.2 0 0.2 0.4 0.6 -0.6 - 0.4 - 0.2 0 0.2 0.4 0.6
b
fm
b
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density of quarks with transverse spin in xdirection on the right in Fig. 6 is strongly distorted in the by -direction. A similar picture
Figure 6: Densities of up-quarks in the π + from
QCDSF/UKQCD [21]. The arrow indicates the oriemerged from an analysis of nucleon GPDs
entation of the transverse quark spin s⊥ .
[20] and proves the presence of strong correlations of the form s⊥ × b⊥ between transverse spin and coordinate degrees of freedom of quarks in the pion. This distortion suggests [23]
that the so-called Boer-Mulders function hπ1 ,⊥ (x, k⊥ ) of the pion is large and negative.
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5. Distribution Amplitudes
Results for moments of the light pseudoscalar meson distribution amplitudes (DAs) have been
presented by QCDSF [24] and UKQCD/RBC [25] in the last couple of years. Here we will focus
on some recent results for vector mesons and the nucleon.
5.1 Vector Mesons
For spin-1 mesons, there are two twist-2 DA’s, φ k (ξ ), φ ⊥ (ξ ), as opposed to a single DA for
spin-0 mesons. The lowest moments of φ k (ξ ) are obtained from the local matrix elements
↔

(λ )

k

h0|q̄(0)γ{ρ Dµ } s(0)|V (p, λ )i = mV fV p{ρ εµ } hξ 1 iV ,
↔ ↔

(λ )

(5.1)
k

h0|q̄(0)γ{ρ Dµ Dν } q(0)|V (p, λ )i = −imV fV p{ρ pµ εν } hξ 2 iV ,

(5.2)

where mV and fV are the mass and decay constant, respectively, of the the vector meson, V , and
k
εµ is a polarisation vector. The moments, hξ n iV are extracted by constructing ratios of lattice
two-point functions [26, 27] and the bare lattice results are then renormalised.
k
In Fig. 7 we see some preliminary results from the RBC/UKQCD collaborations for hξ 1 iK ∗
k
and hξ 2 iρ calculated with N f = 2 + 1 DWF configurations with 4 values of the light quark mass
and 2 volumes [27]. The results indicate that there are no clear signs of finite volume effects. After
renormalising to the MS scheme at µ 2 = 4 GeV2 , they find
k

k

k

hξ iK ∗ ≈ 0.0359(17)(22) hξ 2 iρ ≈ 0.240(36)(12) hξ 2 iK ∗ ≈ 0.252(17)(12) ,

(5.3)

which compare well with the preliminary results from QCDSF [26]
k

hξ iK ∗ ≈ 0.036(3) , hξ i⊥
K ∗ ≈ 0.030(2) .
6
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Figure 8: Nucleon decay constant, fN , (top/left) and difference between ratios of moments (bottom/left) indicating an asymmetry between φ 200 and φ 020 . Right: Barycentric contour plot of the leading-twist nucleon
distribution amplitude. All results are in the MS scheme at 2 GeV.

These results show the SU(3) f -breaking effects in the K ∗ DAs in a similar way to that observed for
the K DAs in [24, 25].
5.2 Nucleon
For the proton, there are three twist-2 distribution amplitudes, V, A, T . In a similar way
to the case of mesons above, their moments (V lmn , Almn , T lnm ) can be obtained from hadronto-vacuum matrix elements of local operators [28]. It is useful to construct the combination,
φ lmn = 31 (V lmn − Almn + 2T lnm ). In the asymptotic limit, ϕ (xi , Q2 → ∞) = 120x1 x2 x3 and we have
2
, hence it is useful to
φ 100 = φ 010 = φ 001 = 31 , φ 200 = φ 020 = φ 002 = 71 , φ 110 = φ 101 = φ 011 = 21
100
010
look for asymmetries, such as φ − φ .
QCDSF have calculated first two moments [29] using an improved constrained analysis which
considers ratios of correlators together with nonperturbative renormalisation of the appropriate 3quark operators [30]. By considering the difference between two such ratios, as shown in Fig. 8,
the asymmetry is pronounced and increases as one approaches the chiral limit.
7
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Figure 7: Unrenormalised results for hξ 1 iK ∗ and hξ 2 iρ using N f = 2 + 1 Domain Wall Fermions on two
different volumes [27].
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These asymmetries are visualised in the right plot of Fig. 8, where the lattice moments have
been used in a polynomial expansion of the full nucleon DA. Here x1,2,3 refer to momentum fractions of the three quarks in the proton and the asymmetries indicate that the u-quark with spin
aligned with the proton spin has largest momentum fraction (x1 ). Interestingly, the asymmetries
are less pronounced than for QCD sum rules [31] and other phenomenological determinations [32].

6. Conclusions
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