PROCEEDINGS

OF SCIENCE

Unit 2.1: Electro-magnetic wave fundamentals and
the equation of radiative transfer

Javier Alcolea*
Observatorio Astronémico Nacional (Spain)
E-mail: j . al col ea@an. es

As a brief introduction, in this chapter | will review the irofiance of the electro-magnetic waves
as astronomical information carriers, and the basic ptaseof them. | will also briefly revise
the basic concepts of the equation of the radiative traniten the definition and properties of
an ideal black-body, to the equation of transfer in the moragex case of the presence of both
true absorption and scattering.

2nd MCCT-SKADS Training School. Radio Astronomy: funddat@and the new instruments
August 26- September 4, 2008
Siglienza, Spain

*Speaker.

(© Copyright owned by the author(s) under the terms of the @e&ommons Attribution-NonCommercial-ShareAlike Licen http://pos.sissa.it/



EMW fundamentals and transport Javier Alcolea

1. Introduction: sources of information in Astronomy

There are several ways in which we obtain information frotnophysical objects and pro-
cesses. We can directly send (manned or unmanned) probest tour neighborhood, but using
this method we have only explored just part of our own Solat&y. We can also probe the as-
tronomical particles that reach the Earth, such as megsoamd micro-meteorites originally from
comets, asteroids and even nearby planets (Mars). We camaasure the energy of the atomic
and subatomic particles that reach us from outside, sucheasdsmic rays (electrons and light
nuclei) from the Sun, our Galaxy and other Galaxies, andtals@eutrinos from our Sun and from
galactic and extragalatic supernova explosions. We cantetd the effects of long range forces,
but since the matter is normally neutral at large scales,reguat left with the Gravitation. Here
we can directly measure the effects of the Sun, Moon, and gianets. We can also measure
the Gravitational field in other bodies by sending probedcivhagain so far is limited to the Solar
System. Our last hope is detecting waves that can propagdte vacuum. Gravitational waves
are predicted but remain yet to be detected, so we are ldftthdtelectro-magnetic waves (EMWSs)
which in fact constitute, by large, the most important eardf astrophysical information. This is
way astronomical observations are mainly (but not onlyliedrout by collecting EMWs of various
types reaching us from above the atmosphere.

2. Electro-magnetic waves: classical approach
Let us write J.C. Maxwell's equations of the Electrieand Magnetic i ) fields:

, - . 10uH ~ 4m. 10:¢E
0-cE=4mp; O-uH=0; OXxE=—=——; OxH=—"J+=-22
w0 H ’ . c ot '’ % c * c ot
In absence of electrical charged (static or in movementjghes (e.g. in vacuum) these equa-
tion can be rewritten as follows:
_ - ~  10H - 10E
O-E=0; O-H=0; OxE=———; OxH=+Z"=
8 c ot x Jrc ot
From these equations, we also have the following relations:

2= 10% oo 10%H
2ot -2 ot2

These are precisely the classical equations of waves, wsasgon is a series of sinusoidal
(wave) functions for botiE andH. However these two fields are not independent. Both waves
should have the same period and phase. In addition both fislds be orthogonal to each other,
and to the direction of propagation of the field. The veloafypropagation only depends on
fundamental physical constants and therefore must beamtristo: this is the speed of light in the
vacuumc = 299 792 458 m'st, which nowadays is a fundamental unit in Physics (the leigth
now defined in terms af and the fundamental unit of time).

Since they travel, EMWs transport the enetdydue to theE y H fields atc speed, which
results in a flux of energ$. These quantities are just given by the expressions:
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1 = C — —
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Classically, EMWs are due to the accelerated movementraeddar random, of electrically
charged particles. Since real bodies mainly consist ingdthparticles (electrons and nucleons),
all these bodies must emit EMWs up to some extent (unlessaieegt the minimum energy level

and at zero absolute temperature).

3. The electro-magnetic spectrum

The wave equation of the EMWs has as possible solution amatlicombination of pure
monochromatic waves, i.e. with a fixed frequency or periodsaifillation. Each of these compo-
nents can be characterized by:

e the frequency, equal to number of oscillations per second of the EM fields heasured
in Hertzs (Hz): 1Hz =13t

¢ the wavelength\, or the distance separation between two adjacent maximai(@ma) of
the value of the EM field. It is measured in units of distancedm, mm,um, A, etc.)

Obviously, the following relation must also hold:
Av=c

We can also characterize an EMW by its wave numkearhich is the number of oscillations
of the fields comprised in one meter. This number is just therge of the wavelength and it is
measured in units of the inverse of distance (e.g-Hm

Traditionally, different names were assigned to the dififeitypes of EMWSs (visible, X-rays),
depending on the range of frequencies, since this valudinsately related with how light interacts
with matter. We call EM spectrum to all kinds of EMWs, i.e. thdl frequency range, from
decametric radio waves (lowest frequency) up to ghrays (highest frequency). Visible light,
X-rays, radio emission are just EMWs of certain charadiess

4. The quantization of the EM field

Quantum Field Theory states that the energy of the EM fieldhcanake any arbitrary value,
but an integer multiple of a basic quantity. This is valid &my monochromatic component. For
each frequency, this basic, minimum quantum of en&gy is given by the relation:

Emin = hv

whereh is the Plank’s constant, whose value is h = 6.626 068 76 (523*1.Ds
In the EM field, these basic units of energy are known as plsotbhis is way sometimes it is
said that the light (or EMWs in general) has a dual wave-glarmature: as waves, EMWs suffer
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process of interference, refraction and scattering, ascfeg they are quantized and must consist
in an integer number of photons.

Furthermore, the quantum theory of the EM field states thatpnly EMWSs but all electro-
magnetic interactions are due to photons. The electric aaghetic forces between static particles
and currents are due to the interchange of photons betwese garticles (interchange of EMWS).
If there are currents and/or charged particles, photond exist, since they transfer the forces of
the fields. On the contrary, we can have photons without lgaamy static of moving charged par-
ticles, i.e. we can have EMWs traveling in the empty spaceeSoasic properties of the photons
are:

e Energy: E=hv
¢ Lineal momentum (photons are capable of pushing otherghes)i P=hv/c
e Mass (they suffer the gravitational attraction): m= hv/c?
e Spin (intrinsic angular momentum): +1
e Charge (of any kind): 0

Since for any frequency we have a different energy for thdgix we can also characterize
monochromatic EMWSs by that basic unit of energy. This eneayy be given eV, keV o MeV, for
very energetic photons (UV, X-rays, amperays), or in units of absolute temperature (K), taking
advance of the relationshigT = E = hv, wherek is Boltzmann’s constant, whose valuekis-
1.380650324)10~23 JK~L. To convert these scales into frequencies in Hz we can useltbeing
equations:

2.41798949195)10"Hz/eV ; 2083664436)10'°Hz/K

Depending on the wavelength/frequency/energy of the tiadisEMWSs are known with dif-
ferent names, are produced by different physical proceaselsmust be detected with very differ-
ent devices (receivers/detectors). In Astronomy, thesectlers (or telescopes as we call them),
must be placed in very different locations, at high altitud&loons, aircrafts, or even rockets and
satellites, depending on the transparency of our atmosptahe band of interest.

5. The spectrum of physical systems

In general, physical systems (solid bodies, liquids, gapesmas, etc.) emit and absorb
(and diffract and scatter) EMWs. We define the “spectrum ofstesn” as the power radiated by
the system as a function of the frequency/wavelength. Thkste/functions are also called the
“spectral energy distribution” (SED) of the system.

Quantic systems (i.e. those systems which have discregtsle¥ energy), such as gases of
molecules, radicals, atoms, and nuclei, emit (and absdrpps just at some discrete frequencies.
This is because in each change in the energy state of therg)jst& a single photon is emitted or
absorbed, and therefore the energy of this photon, comespp to a precise value of the frequency,
must coincide with the change in energy of the system.
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On the contrary, systems with continuous levels of energsh sis quantized macroscopic sys-
tems (in which the energy levels are so much tightly packatttiere is no discontinuity between
them), or a gas of free electrons, can emit photons (in giecbf any frequency.

If the emission of a system is mainly due to the thermal randuotion of the particles, we
say that the spectrum is of thermal origin. If this is not tlase; we say that the spectrum is
of non-thermal origin. Roughly speaking, non-thermal gardus emission are associated with
relativistic and/or very energetic processes. Not-thémiscrete emissions are due to thermal
guantized systems not in thermodynamic equilibrium, suctasers.

In general, emissions of thermal origin show the followimgperties:

e Depending on the temperature of the system, there is a ¢bastic frequency above which
photons are seldom emitted.

e For similar systems, the hotter the body the more energyitsaanall frequencies. This does
not hold for quantized systems. However if we fix the total iluosity of the system, cooler
media emit more radiation at lower frequencies than hojtstems.

e The hotter the system the higher the maximum frequency athwpthotons can be emitted.
Only very hot systems can emit photons of very high energy.nBo-thermal emissions can
also give rise to very hard (energetic) photons.

6. The Black-Body radiation spectrum

We define a Black-Body as the perfect emitter, i.e., the oagitithermodynamic equilibrium
emits most EM radiation at any wavelength. Of course, in #a world perfect black-bodies do
not exist, the concept is rather a mathematical idealimatiat a god approximation could be a hole
in a cavity covered by mirrors, or a very opaque system. Thetsal energy distribution spectrum
(SED) of a Black-Body at a temperatufeis given by the formulae:

2hé 1 2hvd 1
B/\ (T) = 5 hc BV (T) = \2} hv
A° emr —1 C? err —1

whereB, y B, represent the energy radiated per unit of time, per unit dasa (of the emitting
body), and per unit of solid angle (unit of directions), arat pnit of frequency B8,) or unit of
wavelength B, ), respectively. The factor 2 is due to the 2 possible inddpanpolarizations of
the light (spin= %1, horizontal and vertical, or right- and left-circulalh).is the Plank’s constant
and yc is the speed of light in vacuum (see Fig. 1). These expressiomknown as the Planck’s
law of the Black-Body emission.

For the case of black-bodies, we can derive the temperafute gystem from the shape of
the spectrum of emission, finding the point at which it agahe maximum emission:

max(B,) =A =0.289 cmK'T (v =103 GHzKT)

max(B,) = v =588 GHzK'T (A =051 cmK'T)
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Figure 1: SEDs of several black-bodies of equal size but differenperature. Here we have plot SEDs for
bodies at absolute temperatures (in Kelvin) of 3 (cosmikgeaund), 6, 10, 18, 30, 60, 100, 180, 300 (the
Earth), 550, 1000, 1800 (brown dwarf), 3100 (M-type stafQ@® (the Sun), 10000 (A-type star), 18 000
(B-type star), 32000, 56 000 (O-type star) and 100000 (bl f). Intensity is given in relative units.
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A hotter black-body emits more energy in all the EM spectriiat f1 cooler black-body, as-
suming that both are of the same size. For each temperatnme itha maximum frequency (min-
imum wavelength) above which (under which) the black-bodgctically emits nothing (Wien
region). The higher the temperature of the black-body, igedr the frequency (the lower the
wavelength) at which the black-body can emit photons.

Integrating the power emitted at all frequencies/wavdlesigand multiplying by the total area
of the surface of body and by thetdtereo radians of the full range of possible directions, we
obtain that the total luminosity of a spherical black-body of radil®and temperatur@ is:

L = 4o ReT*

where o is the Stefan-Boltzman’s constant, whose value is 5.6% My m—2K—4. Using this
relationship, we can derive sizes of astrophysical blamitids knowing their luminosity and tem-
perature (that we can derive from the peak of the emissiontspe), under the black-body ap-
proximation.

7. The equation of the radiative transfer

In general electro-magnetic waves (EMWSs) do not propagegeif vacuum, but they travel
across physical systems, more or less diffuse, or more sitr@ssparent. When an EMW travels in
one direction across a medium that is not fully transpaieatiffers a decrease in flux, because of
the photons absorbed by the medium. At the same time, it afers an increase of flux, because
of the photons emitted by the medium in the same directioor. gfnplicity, here we are neglecting,
for the time being, the effects of the possible scatteringpefemission). These processes are ruled
by the so called equation of radiative transfer.

Let us assume that a ray of light with intensity(at v frequency) arrives at a volume of area
do, and lengthdsin the direction of travel of the ray. the incident intensigyl, (s), whereas
the emergent intensity will bk, (s + ds). (Remember that we are assuming no scattering.) The
differential equation controlling the propagation of tlag is:

dl,
ds
wherek,, is called the absorption coefficient per unit of length, @&pds the emissivity of the
medium (see Fig. 2).
For a black-body in thermodynamic equilibrium, the intgénsif the radiation can not change,
since it is given by Planck’s law. Therefore we can conclua: t

dl
d—;zo — kVIV:EV

— _kVIV+£V

Iv:Bv(T) — kav(T):gv

This last equation is known as Kirchoff's law.
Sincek, andg, only depend on the physical properties of the medium, Kiifthéaw must
hold always, even if the medium is not in thermal equilibrjuand even in the medium is not a
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ds

_——
Li(sy) I(s5+ds)
—_— —_—
0 s go
tau,(0) tau, 0

Figure 2: A sketch of the differential equation of the radiative tri@ngsee text).

perfect black-body. However, in these caBgsT) is replaced bys,(T), and the Kirchoff's law

is just a definition of what we call source function of the mediS. We can also express the
"source function” as a function of the Plank l&8y = B, (Tex), but this is just a mere definition
of the excitation temperature of the mediufg, that of course can depend on the frequency:
S =By (Tex(V)).

As we see, there is a tight relationship between the emitiimdyabsorbing properties of all
physical media. A perfectly transparent system can notemiation. On the contrary, if a medium
emit radiation at a certain frequency, it can not possibljulig transparent at this same frequency.
Nevertheless, Kirchoff's law does not prohibit that a systmuld be transparent at some frequen-
cies, being, at the same time, an emitter at other frequendikis is in practice what happens in
real media.

Let us define the opacity, as a physical magnitude, whose total derivate, in the dinect
in which the ray is propagating, is precisely the absorptioefficient, but with the reversed sign:
—ky. Then:

S s
dt, = —kyds = Tv(s):—/ kas:/ kods
S So

and the equation of radiative transfer can be rewrittenarfolowing form:
1dl dl
v _ZV _ l,—S,
k, ds drt,
whereS, is the already mentioned “source function”. Now we can stheedifferential equa-
tion of the radiative transfer:

Ty ()
(9 = (e ™+ [ s dr,
0

If S, is constant along the travelled path (and therefore indégreroft, (s) and ofs), we can
integrate the equation, resulting in the widely used sifiggliversion of the (integrated) equation
of the radiative transfer:

lu(s) = 1,(0)& ™ +S,(Tex(v)) (1— & ™)

In the end, the emergent radiation is the incident radiatidtenuated by the opacity of the
medium by a factoe (), plus the source functioB, (Tex(v)) of the medium multiplied by the
factor one minus the opacity attenuatidin-— e (%)),
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8. The emission spectrum of a grey-body

According to the equation of transfer, for the black-body ta hold, we need to have a very
large opacity at all frequencies and in all directions. Onlyhis case, and if the system is the
thermodynamic equilibrium, we will have:

Ty(s) —inf = 1,(5)=S,(T)=By(T)

In practise, real systems are not perfectly opaque at alel®agths, this is way we speak
about the spectrum of emission of a grey-body.

As an example we will have a look at a semi-realistic case akg-gody spectrum: a dusty
envelope around a cool giant star. We will assume that tHaiof the star is a perfect black-body
characterized by a stellar temperature of 5600 K, and th#teldust in the circumstellar cocoon
is at a constant temperature 1800 K. We will also assume hiataidius of the dust cocoon is 10
times that of the star (100 times in surface). We will alsoleetthe contribution from the cosmic
background at 2.7 K.

The absorption coefficient of dust grains is not constart, ibuthe Mie approximation, de-
pends on the wavelength as follows (of course real circutasgrains are much complex):

k=05 for A <Ap ; ky=05A/A for A > A

We will assumelg equal to 0.5um. (The real value of this parameter depends on the size of
the grains. In this case we are taking grains relatively méh a diameter of about im.) The
emergent spectrum will be

l,(s) = B, (5600 e ™ +100x B, (1800 (1—e ™)

Assuming a total opacity on the dust shell of 10 o= Ao, we obtain the spectrum shown on
figure (see Fig. 3). The dashed line shows the spectrum otéinénsthe absence of dust grains.
In blue, we show the spectrum of a black-body at 1800 K and déineessize as the dust cocoon
(exactly what would happen if the opacity of the dust wergdaat all wavelengths).

9. Equation of transfer with scattering

To conclude this chapter, let us now take into account trectffof the scattering in the equa-
tion of transfer. We will now defink2Sas the true absorption coefficient, &kjffas the scattering
coefficient, which measures the probability of scatteriegymit of travel length.

Normally, k;@ can take different values depending on the arfgleetween the incident and
scattered photon. We can define an average value of theringitteefﬁcienﬂ?ﬁcaas:

;sca 1 am C
Rsea_ = / K4 Q)dQ
0

VT 4

With these definitions, the equation of transfer can we amitn its differential form as fol-
lows:
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Figure 3. SEDs of a star surrounded by a dust cocoon as explained irxhén yellow). The blue line
shows the black-body spectrum of a system with the same tatope and size as the dust cocoon. The
dashed line shows the spectrum of the star in absence of dust.
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dly (w)
ds

R 4t
= k39, (w) — k5, (w) + &, + %T/ KY w— )y (w)do
0

where nowl, (') is the intensity of the radiation traveling in a differentedition /. Usually a
total extinction coefficienkS is defined a&$®+ k3 The albedo is simply the ratio between the
pure scattering and total extinctick§c®/kext,
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