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1. Introduction

The relevance of lattice calculations of heavy quark gtiestis derived not only from their
contribution to the extraction of Standard Model (SM) paetens with high precision, but also
from their potential to unveil New Physics (NP) effects amdl gpnstraints on Beyond the Standard
Model (BSM) theories. They are also a good ground to testéatechniques against well known
experimental quantities. This program must be carried agether with and having in mind ex-
isting and future experimental measurements. As an exaihgaew tagged angular analyses of
Bo — J/W@ by the CDF [1] and D@[2] collaborations have allowed the @xtion of theBS mixing
phase that can be compared against SM predictions that Begerhkinputs from lattice calcula-
tions [3]. The disagreement found in that comparison gikiedgrnprovement of those lattice inputs
primordial importance.

Error analysis is crucial to this effort. Experimental esrof most of the relevant quantities
are now at the few percent leveB® mass differences in both tfg€ and Bg systems are known
with less than 1% error [4, 5]. The CLEO-c collaboration hesently improved the determination
of both branching fractions of tHe andDs leptonic decays, including the measurement ofl2ge
decay tot [6]. The experimental error in the extraction of the cormaling decay constants is
now 3-4%. Semileptonic branching ratios of themeson going td and 1T allow the extraction
[Ves| @and [Veq| with 2% and 4% experimental error respectively [7]. For thieaetion of |Vy,| and
|Vep| from B semileptonic decays, experimental errors are 6% and 1é&8pectively [8, 9]. In the
study of heavy flavour observables, the main source of uasiogytis thus the error in the theoretical
predictions of the non-perturbative inputs. In order to &levant for phenomenology, according
to the experimental numbers listed above, those calcukEre needed with accuracy of 5% or
better. For this, realistic sea quarks must be included dnsbarces of systematic uncertainty
must be addressed, with the corresponding errors rigor@ssimated. In addition, the validity of
the Chiral Perturbation Theory (ChPT) techniques usedXwapolating to the physical point and
region of applicability must be checked as discussed atcthiderence by Karl Jansen [10] and
Laurent Lellouch [11]. Now it is possible to perform suchaddtions and a few examples have
already appeared as described at this conference andifidted review.

The heavy flavour sector is currently very interesting dutaéorecent claims of possible dis-
crepancies between SM expectations and some flavour obsesyéor example, the disagreement
in the value of theB? mixing phase reported by the UT collaboration [3] mentioabdve. Two
other parameters for which disagreement between expetriamehSM prediction has been dis-
cussed at this conference are the decay constant ddmeeson [12] and the Unitarity Triangle
(UT) angle siri23) [14]. All these analyses rely on and are very sensitive tickatalculations of
different quantities: decay constants, Blg(3) breaking ratio oB° mixing parameterg - defined
in Section 4, the form factors needed to extract the CabKxdimayashi-Maskawa (CKM) matrix
matrix elementgVe,| and [Vyp| from semileptonic decay experimental data, In the following
sections | summarize the advances in those calculatioclsidimg updates and new studies, which
will be crucial to understand the origin of the discrepagaaigentioned above.
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2. Decay constants

The lattice determination of pseudoscalar decay constogsther with experimental mea-
surements of pseudoscalar leptonic decay widths, can libtasextract the value of the CKM
matrix elements involved in the process VigPap — 1v) = (knownfactor$ f3|Vap|?. On the other
hand, if the corresponding CKM matrix elements are knowmfather sources, the experimental
measurements can be used to test lattice QCD calculations.

2.1 fp and fp,: The fp, puzzle

The charm sector was thought to be able to provide valuabte ¢ lattice QCD techniques,
since, in principle, it is not expected to be significantlieated by NP or, at least, it is not expected
to be the first place where NP would show up. Important pragtess also been made by B-
factories and CLEO-c to reduce the errors in the experinignteeasured branching fractions for
both D and Ds. Fixing Vegq) = Vugd), One can extract the values of the decay constants from
experiment with an error of around-34%. When describing charm quarks on the lattice, one must
take into account the fact that it falls in a regime which doescorrespond to neither the heavy
nor the light regimes. Heavy quark effective theories arealde to describe charm guantities
with the high precision needed by phenomenology and, onttter band, relativistic theories need
improvements in both actions and operators in order to keepft effects under control and get
those needed precisions.

The FNAL/MILC collaboration has presented at this confegethe status of the reanalysis
of their existing data for the decay constants in the charchthe bottom sectors, and their plans
for future runnings [15]. The light quarks in this analysie aimulated with improved staggered
quarks, in particular, the Asqtad action [16], and the hegugrks are simulated following the
Fermilab approach [17]. The simulations are performed oh@/Atonfigurations witiNs =2+ 1
flavours of sea quarks. Three lattice spacings have beewzadah = 0.15,0.12,0.09 fm, with
three or five sea quark masses at each lattice spacing anddretvine and twelve light valence
quark masses at each sea quark mass choice. The smallestebghuark mass simulatedng ~
ms/10.

An important feature of this analysis is the use of a paytiadin-perturbative method to renor-
malize the currents. This reduces the uncertainty in therrealization procedure compared to the
one-loop perturbative approach by a factor of between 2 gjagf3ending on the lattice spacing).
Another important feature is the use of Staggered ChiralRsation Theory (SChPT) [18] to si-
multaneously extrapolate the results to the continuum hadghysical masses. SChPT allows to
remove the dominant light discretization effects, sinae dRpressions explicitly account for the
dominant taste-changing violating effects and dependendge lattice spacing. The downside is
that the SChPT expressions are rather complicated and dlepea large number of parameters
that must be fixed using other simulations or as an outputeg&itrapolation fits. These two ap-
proaches are common to most of all FNAL/MILC calculationsntr@ned in this paper except for
the B® — B? study for which the applicability of the partially non-pembative renormalization is
still under investigation. In those analyses at least NLOISTexpressions are considered and, in
most of the cases, analytic NNLO terms are also includedariitf.
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Figurel: ®© = fDq, /Mpy, and® = qu, /Mg, in r1 units. Hexagons correspond to tBe¢B parameters
plotted as a function of the light valence quark mass wittstfeemasses fixed to the physical values. Crosses
correspond t®s/Bs parameters plotted as a function of the sea light quark nrégsre taken from [15].

The extrapolated values &f and fp are extracted from the same fit, whose results are shown
in Figure 1. The dependence on the light sea quark mass isnighas can be seen in that figure.
The light quark masses are light enough so the lattice data Hie correct behaviour dictated by
the logarithms in the chiral expressions. The results obthfor the two decay constants and the
ratio are

fo =207(11)MeV  fp, = 24911)MeV  fp /fp = 1.200(27). (2.1)

The errors in (2.1) are dominated by the tuningrgfand discretization errors. They are planning
to improve this calculation by performing simulationsaat 0.06 fm, as well as on the extra
configurations generated on the existing ensembles. Iriawldihey are currently retunning the
charm quark mass. These improvements can be applied t@&NAL/MILC analyses discussed
in this paper.

The FNAL/MILC results can be compared with the HPQCD caliafain [19] that employs
the saméN; = 241 MILC gauge configurations. The main difference betweertvloecalculations
is the treatment of the valence quarks, described by the HkSiQn [20] in the HPQCD analysis.
Other differences are the fact that HPQCD has no need ofmai@ation (they use PCAC relations
to extract the decay constants) and instead of using SChipé&rform the extrapolation to the
continuum and the physical masses they perform a Bayesagsaincluding continuum NLO
ChPT plus differenD(a?) functional forms, and second and third order polynomiahiamasses.
In addition, the HPQCD collaboration only studied full QCDBipts. Their results

fo = (208+4)MeV  fp, = (241+3)MeV  fp /fp = 1.1629) (2.2)

agree very well with the FNAL/MILC ones, although with sneallerrors due mainly to the fact
that the valence quark action for thejuark is more improved.

Another interesting on-going calculation, albeit less ptate, of decay constants in the charm
sector is the one by the ETM Collaboration whose prelimimrasults have been presented at this
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Figure 2: Chiral extrapolation for the rati®; defined in the text as a function ofmj; for the three lattice
spacings analyzed and the corresponding continuum exatagra Figure is taken from [21].

conference [21]. They employ a twisted mass (tmQCD) forsmalivith Ny = 2 light sea quarks.
The hadronic quantities like meson masses and decay ctsist@nautomaticallyd(a) improved
using this formalism at maximal twist [22]. In addition, gkanasses are multiplicatively renor-
malized (and the renormalization factor can be determirmdperturbatively) and decay con-
stants do not require to be renormalized. They are extrdobted PCAC relations. In this study
full QCD points for light quark masses betweem/5 andms/2 are analyzed for three lattice
spacingsa = 0.1,0.08550.0667 fm. Simulations are performed for several values of the charm
guark mass around the physical one. A good way of doing thelckktrapolation milder is by
considering ratios of decay constants. The ETM collabomatise the ratio®; = fp./fk and
Re = [fo,+/Mp,/fk] / [ fo/Mp/ fx], and their own results fofx and fx / f; to extract the decay
constants in the charm sector. The chiral extrapolatioeii®pmed together with the extrapolation
to the continuum through a simultaneous fit analogous torles employed by the HPQCD collab-
oration and described above. Together with the continuur® IMeavy Meson ChPT expressions
(HMChPT) explicit dependence ia? is also included in the functional form. The results from
this simultaneous fit foR; are shown in Figure 2. The preliminary results presente@idre

fo = (197+7+12MeV  fp, = (244+4+11)MeV  fp /fp = (1.24+0.04+0.02), (2.3)

where the first error is statistical and the second systemas can be seen in Figure 2, there is a
significant gap between the results for the smallest lagiigeing and the continuum extrapolated
numbers, which translates into a sizable uncertainty éssacwith the continuum extrapolation.
This analysis needs a better control over discretizaticor®r The collaboration is planning to per-
form simulations at a smaller lattice spaciag: 0.06 fmto address that limitation. The results in
(2.3) agree with the ones quoted by the collaborations sitimgiN; = 2+ 1 sea quarks. However,
the effects of including a third sea quarks are missing aadylstematic analysis does not include
the corresponding error.

If we take the most recent lattice results fgrand fp, and compare then with experiment -as
has been done in Figure 3-, it can be seen that the agreemdt fovery good, but forfp, there

1The authors in [21] claim that the strange quark mass coulb®déeavy to be described by ChPT, so they use
SU(2) HMChPT expressions (obtained from the SU(3) ones bfopring and expansion im /ms) and use SU(3)
expressions to estimate the corresponding systematic erro
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is a clear tendency for lattice calculations to give smalldues than experiment. In particular,
the HPQCD result, which is the most accurate one, is more 3oaaway from experiment. The
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Figure 3: Values offp and fp from experiment [23, 24] and recent lattice calculations.

fact that the rest of quantities calculated by the HPQCDutalion with the same actions, config-
urations, input parameters, etty( fk, fz, mMp, Mp,, zz?gsi;nmg’; ...) agree with experiment at the
2% level, strongly supports the reliability of their resubr fp,. In any case, it would be good to
have an independeit; = 2+ 1 lattice calculation with comparable errors of this qun®©n the
experimental side, it would be also interesting that sorsees like the use of unitarity to fix the
value ofVs or the more careful treatment of radiative corrections vegtdressed. On the other
hand, it is possible that this discrepancy is indicatingptessence of NP effects as discussed at this
conference [12].

The ALPHA collaboration has also presented preliminaryltsgor fp, as well as the charm
guark mass at this conference [13]. Those are simulatiotts Nvi = 2 Wilson fermions which
seems to indicate that cutoff effects are under control duke small lattice spacings used (finest

lattice spacing i = 0.04 fm).

2.2 fgand fBS

The decay constants for leptoriicand Bs mesons are also parameters of phenomenological
relevance. Lattice results for the decay constants inBtheneson sector are needed more than
in the D—meson sector since the corresponding CKM matrix elementse Blleptonic decays
themselves would also be a sensitive probe of effects fraangell Higgs bosons. TH& decay
constants are also used in the SM predictions for procesggssensitive to beyond SM effects,
suchaBs — utu—.

One of the advantages of the Fermilab action is that it carfflaéeatly used to describe both
charm and bottom quarks. This has allowed the FNAL/MILCalodiration to use the same setup
as the one described in section (2.1) to calculgiefs,, and the ratio of both decay constants.
The results from the simultaneous chiral and continuumaextiations forfg and fg, are shown in
Figure 1. After the extrapolations the numbers obtainedfgre (195+ 11)MeV, fg, = (243+
11)MeV and fg,/ fg = 1.25+ 0.04. Statistics is in this case a more important source of énam
for fp, fp,, while in theB sector results are less sensitive to the tuning obthaark mass.

These results agree with tig = 2+ 1 calculation of the HPQCD collaboration [25] using
also the MILC configurations but with quarks simulated with the NRQCD action in [26} =
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(2164 22)MeV, fg, = (260+ 26)MeV and fg,/ fg = 1.20+ 0.03. The errors in HPQCD numbers
are larger by around a factor of two mainly due to the uncettaassociated with the one-loop
perturbative renormalization used for the matching of threessponding currents.

There have been two recent quenched calculatioffig, osingO(a) improved Wilson fermions
but following different approaches, both going beyond théicapproximation. The authors in [27]
performed simulations using a relativistic descriptiothAieavy masses around the charm quark
mass together with simulations in the static approximatidhey interpolated the results to the
physical point using the expressimg{ZC:fTﬁ/\PMjS) = A<l+ ro—ﬁpg) The slope leads to a/ig
correction of about 10% at the physical point. The numbeaiokd isfg, = 191(6), where all
errors except quenching are considered. The other queraatedysis, described in [28], is based
on the use of the Step Scaling Method (SSM) [29] and the HeawgriCQEffective Theory (HQET).
The authors calculate the SS functions for several heavgesagound the charm quark mass and
in the static approximation. They then extract the final bgfgrening an interpolation in Am to
the physicaBl mass. As expected, SS functions were found to be very weadgritlent on the
mass. The result obtained fig, = 193(7). In this analysis, as well as the one in [27], the inclusion
of the static point improves noticeably the control over tigavy quark mass dependence. Both
numbers in [27] and [28] are in very good agreement, whiclegieonfidence to the systematic
error analyses. It is clear from the results obtained inghe® calculations and those from the
Nt = 2+ 1 calculations mentioned above that the effect of the queth@pproximation is quite
noticeable infg,.. However, the quenched results already show that the twiadstare promising
to get accurate values dg,. It would be also interesting to see whether these two ®sugitee
with a pure HQET calculation including/M corrections.

Several collaborations working on static-light studieseharesented preliminary results at
this conference. The RBC/UKQCD collaboration has compldétee one-loop renormalization
calculations needed for itg andB° — B° analyses wittN; = 2+ 1 sea quarks and domain wall
light quarks [30]. The ETMC collaboration is using twiste@ss fermions witiNs = 2 together
with static bottom quarks. They have presented first reoittthe spectrum oBs—mesons [31].
And beyond the static limit, the HPQCD collaboration repdralso at this conference preliminary
results for the calculation @, andBs meson masses with NRQCD and HISQ fermions [32].

3. Semileptonic decays

Semileptonic decays of heavy-light mesons are currenthd ue extract the CKM matrix
elementgVep|, [Vunl, [Vea| and|Ves|. The theory input needed to get those parameters from experi
mentally measured semileptonic widths are the form fadgtotsrms of which the hadronic matrix
elements involved on those decays are parametrized. Forpeafor the decayp — Klv, the
differential decay rate is given bg% = (knownfactorg|Ves|? 2 (q?), where f,.(q?) is the vector
form factor. This vector form factor can be extracted from mhatrix element of the vector current
(KIVHID) = f.(q?)(pp + Pk — A) + fo(P)A# , with A# = (mg —mg)g¥ /q? andq = pp — px.
Analogously, the processes with a vector meson in the fiatd sire described by four form factors.

There are several lattice techniques that are considecalityibuting, or will do in the near
future, to the improvement of the calculations of semilemdorm factors. Animportant reduction
of the errors is got by using double ratios methods [33], wehgmsal is the cancellation of statistical
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and systematic errors as well as chiral corrections betwleaominator and numerator. The use
of ratios often also yields a milder chiral extrapolationnother important ingredient to be con-
sidered when calculating form factors is the parametoratised to describe thg dependence.
Traditional lattice QCD methods are able to calculate foaatdrs in an accurate way only at high
values ofcf?, while experimental values are more precise for tfwOne thus needs a description
of the ¢? dependence to connect both set of results. The optimal eliwia model independent
parametrization, as discussed later in section 3.2. Onttiex band, with twisted boundary condi-
tions [34] the simulations can be performed at smaller feacoimenta than with periodic boundary
conditions, which allows a better resolution of the smatbikregion.

Another approach to deal with the large discretizationrerad small values off is using a
fermion formulation that address directly the issue. Thihe case of moving nonrelativistic QCD
(mMNRQCD), with which discretization errors can be kept undentrol for small values of?.
Preliminary results for the first calculation of form facarsing mMNRQCD have been presented
at this conference [35]. The statistical errors are stithida but the authors will improve them by
using random wall sources.

3.1 Exclusive B— D*(D)lv: determination of [V¢p|

The reduction in the error &k under 10% [11] has made the error in the determination of the
CKM matrix elementV,| to become a dominant source of uncertainty in the analysig,afhich
measures indirect CP violation in the Kaon system. This CKrix element is also needed in
the analysis of some rare kaon decays, for exaniple; vv.

There are two processes that have been used to extract theofdVe,| using lattice tech-
niques,B — DIlv andB — D*lv. In general, the analysis of these processes depend on anasmb
tion of four form factors which are functions af (the scalar product of the velocities of the meson
in the initial and the final state), but at zero recod € 1) only one form factorh,, is needed. The
experimental results fd — D*lv at zero recoil have smaller errors than thoseHer Dlv, so it
yields a more precise determination|dfp|.

The FNAL/MILC collaboration presented last year at thisfeoance [36] a preliminary result
for its calculation ofha,. This analysis has recently been completed [37]. They parfoNs =
2+ 1 calculation with Asgtad staggered light quarks and heawayks described with the Fermilab
formalism. The analysis introduces a new double ratio mekthioich gives the form factor at zero
recoil directly. There is also a reduction of the computadiocost from previous FNAL/MILC
analyses [38] since the new method does not require sironfatit several heavy quark masses.
The relation between the double ratio and the form factor,

(D*|Cy; ysb|B) (B|by; ysc|D*)

Fa_p- (D> = 1" ,
Fe-0- (1" = 5 54ciD7) (BlbyablB)

(3.1)

is exact to all orders in the heavy-quark expansion in theimoam. Statistical errors in the nu-
merator and denominator are highly correlated and largahcel. Most of the renormalization
also cancels, yielding a small uncertainty for the perttvbamatching. Figure 4 shows the mass
and lattice spacing dependence of the data. In both casestifaolation needed to go to the
physical/continuum limit is very mild. The final result olstad for the form factor after chiral and
continuum extrapolation isa, (1) = 0.921+ 0.013+ 0.021 [37], where the first error is statistical
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and the second one includes all sources of systematic emorét is dominated by heavy-quark
discretization errors. The CKM matrix elemekty,| extracted from this value of the form factor
and the experimental averages in [9]Vgp| = (38.8 & 0.6exp =+ 1.0theo) X 10-8. This value dif-
fers by 2 from the one extracted from inclusive decays [W| = (41.7+0.7) x 1073, In this
FNAL/MILC calculation all the sources of error are under toh) none of them being larger than
1.5% [37], giving to a very clean extraction 8| .

The recent quenched study in [39] calculates the combimatidorm factors needed to de-
scribeB — D*lv for values ofw > 1, FB~P"(w), using the Step Scaling method. These values
of w can be reached thanks to the use of twisted flavour boundamgitmmns. Although it is a
guenched calculation, it is useful to check the rest of tlsesyatics entering in the analysis and to
discuss some technical issues, having in mind the fututasion of vacuum polarization effects.
The results obtained for the prodwe?—P" V| together with different experimental measurements
are shown in the left hand side of Figure 5. There is a very gnadlap between lattice and ex-
perimental data for the region af studied, but in this process it is not so important to go tgdar
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values ofw since forw = 1 experimental data are already good. That is however driccighe
decayB — DIv where, as can be seen in the right hand side of Figure 5, expetal data at zero
recoil are very noisy. That figure corresponds to the quahamalysis oB — DI v in [40], which
follows the same methodology than the one Bor» D*lv in [39]. An interesting feature of the
analysis in [40] is that the authors determine the ratio®(w), which parametrizes the difference
betweenB — De(l)ve(vy) andB — Dtv;. This ratio could be extracted from the experimental
measurement ofi” (B — Dtv;) /dl" (B — De(u)ve(vy)) and it is independent of CKM inputs,
so it potentially constitutes a good way to check latticétégues. The calculation d@P—8(w)

is also relevant because the ratio of partially integratedsBr (B — Dtv;) /Br (B — Deve) has
been claimed to be a good place to look for charged Higgsibaoiizns to low energy observables
[41]. Having results for both channels makes also possfgetform lepton-flavour universality
checks on the extraction ¢fcp)|.

3.2 Exclusve B — mv: determination of |Vyp|

The decayB — v provides a determination d¥,,| that is competitive with inclusive — u
decays. The main problem in studying the exclusive chaniitél lattice techniques is the poor
overlap in the momentum transfep?, between experimental and lattice data, which inflates the
final error. A solution to this problem is using a model indegent parametrization of the shape
of the form factor. This allows the direct comparison of expental and lattice data even with a
poor ¢? overlap.

This is the approach that is being followed by the FNAL/MIL@laboration [42, 43]. The
authors in [42, 43] used the so calledexpansion, which is a model independent parametrization
based only on unitarity and analyticity [44]. Analyticitynitarity and heavy quark symmetry can
be combined together with experimental data to determiaesttape of the form factors. Lattice
simulations must then only provide a normalization that barextracted from the region where
lattice data are most precise. The FNAL/MILC collaboratisrcalculating the form factors for
three different values of the lattice spacing and for full@@oints. The results are extrapolated
to the continuum and physical masses using SChPT. In theafatbee form factorf,, which
dominates the value df, defined above, a NLO description is enough to have good fite ghis
form factor is dominated by thB* pole. Results from the extrapolation are shown in Figure 6.
The extrapolated lattice data are then fitted together vagheixperimental BaBar measurements
[8] using thez—expansion mentioned before and leaviNg,| as one of the three parameters to
be determined by the fit. The output of a preliminary analysikich is plotted in Figure 6, is
Vup| = (2.94+0.35) x 1072 [42]. This value, although still preliminary, is consistemith the
global fits of the CKM matrix [45] but it is & away from the inclusive values [9]. In this analysis
statistics is one of the first things that need to be improugesit is one of the uncertainties
dominating the 12% error ifVp|. The other dominant error is the one associated with thelchir
and continuum extrapolation, which is also enhanced byable ¢f good statistics.

The authors in [46] have recently proposed a new model inttgre parametrization, which
satisfies unitarity, analyticity and perturbative scalig an illustration of their method, they fit
their parametrization of the form factdr. for B — v to experimental, existing lattice and light
cone sum rules results. The form factors obtained yield @laevof|V,| that agrees with the one
by the FNAL/MILC collaboration.
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Figure6: The two figures are taken from [42]. The one in the right hadd shows the chiral and continuum
extrapolation forf, which dominates the value df . The second figure shows the combined z-fit of lattice
and BaBar data from which the preliminary value\dfy,| in [42] is obtained.

The QCDSF collaboration is performing a quenched systersaidy of several semileptonic
decays [47]. They use simulations wi(a) improved Wilson fermions at a single lattice spac-
ing, a=0.04 fm. The small value ofa allows them to simulate at the physical charm quark
mass and bottom masses very close to the physical ones. @&ligkih masses are quite heavy,
mlin — 526MeV. The authors use the Becirevic-Kaidalov (BK) partization [48] to describe
the dependence on the momentum transfer, introducing a Indegendency in their analysis.
The preliminary numbers for the form factors af€~"(0) = 0.23223), fB~K(0) = 0.29(3),
fD—7(0) = 0.668(38), 2K (0) = 0.73338) and f°=(0) = 0.59820); where errors include
both statistic and systematic uncertainties other thancjueg and the one associated to the model
use in theg? extrapolation.

The ratio of form factor2—¥(0)/fB~7(0) is needed as an input in the prediction of the SM
correlation betweeS ok, = (Sin 28) ok, andAyok , the mixing-induced and direct CP asymme-
tries of B® — m°Kg [49]. The current SM prediction, which assumes the ratiog@fual to 1, is
not in agreement with experiment, so it would be very imparta study this channel to have an
accurate determination of this ratio including sea quaidots in a realistic way.

3.3 D — m(K)lv: determination of [Veg(cg |

Good quantities for testing lattice QCD are the ratios of isptonic and leptonic decay
widths

1 dr(D— mv)(e) 1 dr(D—KIv)(@)

r(D+ —1lv) dcg? M(Ds— 1v) def (3.2)

Or, equivalently, ratios of semileptonic form factors aretaly constants. An advantage of using
these ratios is that the chiral extrapolation to the phygian mass is milder than for denominator
or numerator alone.
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Figure 7: Data points for the form factorsP~""V (¢?) and f§ ™" (¢?) for different values ofj? together
with the corresponding BK parametrizatiofg’(%) (¢°). Figure courtesy of S. Simula.

On the other hand, the$2 semileptonic decays can be used to extract the CKM matrix ele
ments|Ves| and [Vqq|. In fact, the experimental measurement of the branchirig Bat(D — Kev)
and the lattice calculation of the corresponding form fexctyy the FNAL/MILC collaboration [50]
are the inputs of the current best determinatiofVgf] = 1.015+ 0.015+ 0.106. The semileptonic
decayD — rrev has also the potential to provide the most accurate resulV/fgl if errors in the
lattice calculation of the form factors are reduced to th#16vel or less.

The ETMC collaboration is calculating the form factors b 11(K)l v usingN¢ = 2 twisted
mass QCD at maximal twist. The main new techniques applietthishcalculation are the all-
to-all propagators obtained with a stochastic method anstdal boundary conditions. The main
limitations of the preliminary results in [51] are the fabtat the simulations are performed at a
single lattice spacing and the use of a BK parametrizatiodescribe theg® dependence. The
preliminary results obtained f@ — v as a function ot can be seen in Figure 7. The physical
pion masses are achieved by an extrapolation of the datédoratio of the form factorf, (g?)
and the decay constarfiy with 0.3 < m;(GeV) < 0.6. They reached the physicBl mass by an
interpolation of results at four different heavy quark negsaroundn.

Becirevic, Haas and Mescia also presented preliminanjtsesitheir calculation of the form
factors forD — mlv with Ny = 2 flavours of sea quarks, employing the configurations by the
QCDSF collaboration in [52]. They ug®(a) improved Wilson fermions at a single lattice spacing
a~ 0.08 fm, pion massem,; = 770,585 380 MeV and a fixed value of the charm valence quark
mass around the physical one. The method employed is thdedmatip strategy 1 described in
[53], where theD meson is at rest and the momentum is injected to the pion. tdevizoundary
conditions are also used in this work. The preliminary rssaibtained foif . are collected in Figure
8 for the different light quark masses simulated. In thisuFég one can appreciate a qualitative
change in the shape of the the form factor, that also occur§favhenm;,; goes to the physical
value. That corresponds to the better resolution of ther pp@laaviour due tonp- when the data are
moving closer to the physical kinematic region and pointtbatimportance of having light masses
small enough. The chiral extrapolation in this work is alemel for the ratio of the semileptonic
form factor and the decay constant. The authors performéd dextrapolation using HMChPT
and a linear extrapolation, since they didn’'t observe angiigity of their data to the logarithms.
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Figure 8: Results for the form factofEﬁ"“’(qz) from simulations using three different values of the light
guark masses. Figure courtesy of B. Haas.

Reference [fP=T(¢? = 1GeVP)/ fp+|GeV 1
ETMC [51] 4.39+ 0.31g4t
Becirevicet al (linear fit) [52] 376+0.54
Becirevicet al (HMChPT fit) [52] 432+0.56
CLEO [23, 54] 451+0.53

Table 1: Results for[fP~"(q? = 1Ge\?)/ fp+]GeV ! from theN; = 2 calculations described in the text
and CLEO experimental results.

The difference between the results coming from the two fitkb@iadded as a source of systematic
error.

The results from both works, together with the correspapdixperimental number obtained
from CLEO-c results in [23] and [54] (using the z-expansi@ngmetrization) are in Table 1. Both
analyses need to have a better control over the extrapolatihe physical masses. They also need
to explicitly study discretization errors with simulat®at several lattice spacings.

4. B°—B® mixing

The mixing in theBg— B_g system is an interesting place to look for NP effects. The BSM
effects can appear as new tree level contributions, or ¢irdle presence of new patrticles in the
box diagrams. In fact, it has been recently claimed thaktiea disagreement between the direct
experimental measurement of the phasBdrhixing amplitude and the SM prediction [3]. Possible
NP effects have also been reported to show up in the compabistween direct experimental
measurements of i8B) and SM predictions usinB® mixing parameters [14]. Studies of neutral
B meson mixing parameters can also impose important contsramn different NP scenarios [55].
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In the SM, theB® — B? mixing is due to box diagrams with exchange of tWebosons. These
box diagrams can be rewritten in terms of an effective Hami#in with four-fermion operators
describing processes wiliB = 2. The matrix elements of the operators between the neugsbm
and antimeson encode the non-perturbative informatiomemixing and can be calculated using
lattice QCD techniques. Those matrix elements are paraeétby products oB decay constants
and bag parameters, which provide the value of quantitipsraxentally measurable, like the mass
differencesAMs g, and decay width differenceaf s 4, between the heavy and ligf andBj mass
eigenstates. For example, the mass difference is given by

AMs(d) |theor O |Vt>g(d)vtb|2 fés(d) BBs(d) 5 (41)

with (B2IQ7”|BY) = §MZ,, 13 | Ba,, () andO;® = [byu(1— )s (d')] [bIy#(1 - y)s)(d))].
Many of the uncertainties that affect the theoretical dakon of the decay constants and bag
parameters cancel totally or partially if one takes theor&fi = féSBBS/ féd Bg,. Hence, this ratio
and therefore the combination of CKM matrix elements relateit, \% , can be determined with
a significantly smaller error than the individual matrixralents. The ratid is also an important
ingredient in the unitarity triangle analyses and the sefocBSM effects [14].
The first lattice calculation of thB° mixing parameters withl; = 2+ 1 sea quarks, which only

studied theB? sector, was performed by the HPQCD collaboration in [56f &bthors obtained

AMs=20.3(3.0)(0.8)ps ! and Arg=0.10(3)ps !, (4.2)

which is compatible with experiment.

The FNAL/MILC [57] and HPQCD [58] collaborations are curtignworking on a more com-
plete study oB° — B® mixing, includingB andB} parameters. The main goal of both projects is
obtaining the rati& fully incorporating vacuum polarization effects. The atwbf actions and the
setup is the same as for thdj, fg, calculations described in Section 2.2.

Figures 9 and 10 show some examples of the preliminary vaitiés, , /Mg Bg, obtained as
function of light valence mass and light sea quark massg®ctigely. The renormalization of
the matrix elements is done in both cases perturbativelynetleop. However, the FNAL/MILC
collaboration results for the matching coefficients ark gteliminary, so only bare results from
this collaboration are shown in Figure 9.

The dependency on the light sea quark mass is in both stueigsnild as can be seen in the
Figures, so only the chiral extrapolation in thguark mass foBg parameters is expected to be a
significant source of error. Figure 10 also shows that thdtsfor the two different lattice spacings
are very similar, which indicates small discretizatioroesr The statistical errors in both cases and
for parameters in both the2 andBY systems are in the range 1-4%. Relativistic correctiorer aft
power law subtractions are under control in the HPQCD stlitiey are around 5-6% for the coarse
lattice and 3-4% for the fine lattice.

A comparison of the preliminary results from the two colledimns for the raticf is shown
in Figure 11. Again, FNAL/MILC results are non-renormatizenes, but in the case éfa strong
cancellation of perturbative corrections is expected betwnumerator and denominator, so renor-
malized results are going to be shifted by less than a 1% ed#peact to the bare ones. This has been
explicitly checked in the HPQCD analysis and in the FNAL/MIlanalysis with the preliminary
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Figure 9: Bare values ofquJMBqBBq in
lattice units as a function of the light va-

lence quark massy normalized to the value
of the physical strange quark mass from the
FNAL/MILC collaboration. The results cor-
respond to one of the three lattice spacings at
which the FNAL/MILC's study is performed.
The bottom valence quark is fixed to its physi-
cal value and the strange valence quark is very
close to its physical value. The strange sea
quark mass is also very close to its physical
value.

Figure 10: Values of fg_\/Ma_Bg, in GeV®/?

as afunction of the light sea quark mass normal-
ized to the physical strange quark mass from the
HPQCD collaboration. The data include statis-
tical, perturbative and scale errors. The bottom
valence quark is fixed to its physical value and
the strange valence quark is very close to its
physical value. The strange sea quark mass is
also very close to its physical value.

matching coefficients. The differences between fine andsedattices in Figure 11 are small. This
suggests small discretization effects. Another obsemadbout that figure is that there is a very
good agreement between the results from the two collalbotiHence, heavy quark discretization
effects, which are different for the two collaborations,snbe small.

Figure 11 also contains the curve corresponding to the gotition to the physicainy after
ms is fixed to its physical value and the continuum limit is takéom the FNAL/MILC collab-
oration. That is done using SChPT at NLO plus analytic NNLfn&e The preliminary result
from this collaboration after extrapolations are perfodneé = 1.211+ 0.038+ 0.024, where the
second error is the sum in quadrature of the systematic tamses some of which are still under
investigation.

The ALPHA collaboration has completed the computation efribn-perturbative renormal-
ization and renormalization group running of the compledsi$® of four fermion operators with
AB = 2 usingN; = 2 dynamical Wilson fermions [60]. Heavy quarks are descriipethis analysis
in the static limit. Using Wilson actions with suitable ttaéd mass terms, the mixing parameters
can be related to matrix elements of parity-odd operataas dhe protected from extra mixings
under renormalization due to the breaking of chiral symymefhe precision of the final study of
BY — B? parameters using these results is however limited due yn@iut-off effects. That could
be improved in the future by simulating at smaller valueshef lattice spacing and/or improving
operators at orde.

The RBC/UKQCD collaboration presented last year at thisex@mce preliminarN; =2+ 1
bare results for th&® — B° parameters [59]. This year the collaboration has discugsdkis
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Figure 11: Product of the ratio§ andMg,/Mg, as a function of the down quark mass normalized to the
strange quark mass. Results for both FNAL/MILC and HPQCDabalrations including only statistical
errors are shown for two different values of the lattice épga. Only the full QCD points are shown for
the FNAL/MILC collaboration.

conference the values of the renormalization coefficieatsutated to one-loop [30]. The renor-
malization could partially correct the differences found539] between the results using different
smearings.

4.1 B° — B® mixing beyond the Standard M odel

The effects of heavy new particles in the box diagrams thatritse theB® mixing can be
seen in the form of effective operators built with SM degreefeedom. The NP could modify
the Wilson coefficients of the four-fermion operators thiagady contribute ta® mixing in the
SM and gives rise to new four-fermion operators in 2= 2 effective Hamiltonian -see [61, 62]
for a list of the possible operators in the SUSY basis. Theutation of those Wilson coefficients
for a particular BSM theory, together with the lattice cddtion of the matrix elements of all
the possible four-fermion operators in the SM and beyondexpérimental measurements Bf
mixing parameters, can constrain BSM parameters and heipderstand NP.

To date, there does not exist an unquenched determinatitve afomplete set of matrix el-
ements of four-fermion operators in that genek8l = 2 effective Hamiltonian. However, both
FNAL/MILC and HPQCD collaborations are working on exterglitneir analysis to BSM oper-
ators in the near future. Actually, the HPQCD collaboratims already calculated the one-loop
matching coefficients needed for such an analysis [63].

5. Heavy quark masses

5.1 Charm quark mass

A new method to extract the charm quark mass has been proploisegear in [65]. The
method is analogous to the extractionmf from dispersion relations using perturbative deter-
mination of zero-momentum moments of current-currentetators and experimental data from
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et e~ — hadrons[66]. In [65], experimental data are substituted by latte¢a. The methodology
proposed in [65] is interesting in several ways. First afiafprovides a way of calculatingy, that
does not rely on lattice perturbation theory but continuwentyrbation theory, for which higher
orders in the expansion are known. The precision achieviuligsbetter than with the traditional
methods. It also constitutes a way of checking the latticerdtization and techniques used in
the calculation, since the result can be compared agaiasirte coming from the pure continuum
calculation. That would give confidence to apply the samerdization formalism and techniques
to other charm quantities, like decay constants. Findily,same methodology can be applied to
different correlators to extract other masses, condessate.

The charm quark mass is extracted in [65] from moments ofcliprark correlators calculated
with the HISQ action orNs = 2+ 1 MILC configurations. The moments are defined&s=
Si(t/a)"G(t), where the correlation functioB(t) is given by

G(t) =a°y (amc)*(0]js(%,t)j5(0,0)[0), (5.1)
X

with j5 = . \5:. On the other hand, those moments can be calculated in thi@@am through

the expressiol, = % wheregn(ays(H), 1/me) is evaluated perturbatively and for
anS(u
some values afit is known to four loops. The normalization factors in (5atg such that the lattice

and continuum expressions can be matched in the continumity dillowing the extraction of'S

from that matching relation. Appropriate ratios of the moseR,, are defined so systematic
uncertainties like thé@ ((am;)") errors and the one associated with the tuningmf: and the
lattice spacing are suppressed. The resulting dependentieedattice spacing is very mild, in
particular for moments witlm > 8, as can be seen in Figure 12. The authors in [65] tested the
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Figure 13: Values ofm:(3GeV) from different
moments of correlators and different lattice op-
erators. The grey band is the final result for the
mass. Figure from [67].

Figure 12: Extrapolation to the continuum for
some of the momenfR, analyzed to get the fi-
nal value ofm.. Figure from [65].

impact of systematic errors and taste-changing effectstalube use of staggered fermions by
calculatingm. with different moments and different vector and axial clat@s. Lattice artifacts
enter in a different way in those calculations, so the agesgrbetween them, shown in Figure 13,
indicates that those artifacts are very much under cormirthlis study.

Updated results from this analysis was presented at thiei@rce [67] and later appeared in
[65]. The updates include new simulations at a fourth, sendhttice spacinga= 0.06 fm) and
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higher order terms in the continuum perturbative expan&osome of the moments. The updated
value of the charm quark massn®/S(3GeV) = 0.986(10)GeV. This agrees perfectly with the
one obtained from the purely continuum calculation usihg~ — hadronsdata,m'S(3GeV) =
0.986(13)GeV.

The same methodology can be applied to the calculation obottem quark mass. This is
being done by the same collaboration and preliminary resvdre also reported in [67]. They used
the NRQCD action for thé quarks. In this case, currents are not conserved and exioa of
moments must be taken in order to cancel the renormalizédictors. Their result i%m(%) =
4.20(4)GeV, that again agrees very well with the continuum mi?,s(rm) =4.16(3)GeV.

The HPQCD collaboration is also calculating with HISQ fermions o\ = 2+ 1 MILC
configurations in a more standard way, using two-loop pbkdtion theory based on traditional
methods and higlf-techniques. The preliminary valumcm(36ew =0.983(25)GeV, [68] agrees
with the one obtained from the current-current correlatoethod, but with significantly larger
errors. The main goal of this calculation is obtaining anuaate determination afn./ms that,
together with a precise value af., will allow getting a value ofmg with a very small error. It
will be interesting to compare this value wk with the one obtained in a direct way by the same
collaboration with Asqtad fermions in [69].

Another on-goingNs = 2+ 1 determination ofn. and my, is the one by the FNAL/MILC
collaboration, whose preliminary results were presentédisiconference last year [70]. The main
error there is the one associated with the truncation of énubative series.

5.2 Bottom quark mass

An accurate determination of the bottom quark mass is drimianany continuum perturba-
tion theory studies of heavy flavour observables. For exantpé inclusive determination ofp|
is very sensitive to the value af, used in the theoretical analysis.

Besides the preliminary results presentediigby the HPQCD collaboration using the current-
current correlators method and mentioned in the last sgatioly quenched determinations of this
parameter have appeared recently.

The ALPHA collaboration calculated this parameter in thenrfework of HQET including
1/m corrections in [71]. The result iBBWS(%) = 4.347(48)GeV, very much compatible with
the number quoted in [ZSMWS(%) = 4.42(6)GeV. That second result is also obtained in the
guenched approximation and in the framework of HQET goingphd the static limit, but it is
based on the SS method. The setup is the same as that distursgeifs_ in section 2.2. Again,
it is important that these two different approaches agreeab unquenched calculation is needed
to have reliable results.

A completely different approach is followed by the TWQCDIabbration in [72]. That ref-
erence describes an exploratory study in the quenched xpyation based on the use of rel-
ativistic domain wall fermions simulated in a very small wmwmle (very small lattice spacing).
They gotnS(m¢) = 1.16+ 0.04GeV andmb'\"_s(rrb) = 4.65+ 0.05GeV, where the errors are es-
timates which do not include all the systematics. In [72¢ &uthors predicted a mass of tig
my, = 93834)(2)MeV which agrees with the subsequent experimental measunteny the BaBar
collaboration [73]m,, = 93889731 +2.7MeV.
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6. Conclusions

The non-perturbative input coming from lattice calculai@f hadronic matrix elements in the
heavy flavour sector is needed to extract Standard Modehpeas and test the model itself by
overconstraining the values of those parameters. Thenr#ton encoded in such heavy flavour
observables is complementary to direct searches in LHQuysind constrain New Physics ef-
fects. Hints of discrepancies between SM predictions aperxental measurements have started
to show up in some CP violating observables [64, 14] in BAe- B® system and charm meson
leptonic decays [12]. The precise determination of the CK&trir elementsV,p| and |Vep|, and
the accurate calculation of parameters l&edecay constants, ., involved in those analyses, is
crucial in order to discern the origin of those disagreemamd fully exploit the potential of the
CP violating observables on constraining NP. Those caionis must be prioritized.

In order to be able to get the around 5% accuracy required egghenology, vacuum polar-
ization effects must be included in the simulations in aiséalway, i.e.Ns = 2+ 1, and a rigorous
study of systematic errors, including an analysis of theditglof the ChPT techniques used, must
be performed. Such calculations are now possible. The usbhiques like double ratio meth-
ods, twisted boundary conditions and model independemnpetrizations of the?® dependence of
form factors have allowed (and/or will allow) to make imgort progress in achieving those goals.

New precise results have been presented at this conferentteefD and B decay constants,
the form factor describin@ semileptonic decays and the charm quark mass. Additioreyses
of those parameters from other collaborations, togethér fivial results foB° mixing parameters,

D semileptonic decay form factors, the bottom quark masd,sedn be available with errors at
the few percent level. The extensionBff— BC studies in the SM to include BSM operators and to
study short-distance contributions B9 — D° mixing in the SM and beyond are being pursued by
the HPQCD and FNAL/MILC collaborations.
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