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1. Introduction

Experimental measurements of the mass differences betweenthe heavy and light mass eigen-
states of theB andBs systems,∆Md and∆Ms respectively, have uncertainties of less than 1% [1][2].
The Standard Model expressions for the mass difference depend on the CKM matrix elements|Vtd |

and|Vts|, and hadronic matrix elements which describe the nonperturbative QCD corrections to this
process. Hence, the experimental measurements together with theoretical predictions of the matrix
elements can help test the unitarity of the CKM matrix and provide constraints on the possible
contributions to new physics.

TheBq-B̄q, q = d,s, meson system’s mass difference,∆Mq, is parametrized as

∆Mq =
G2

F

6π2 m2
W ηB(µB)S0(mt ,mW )|VtqV ∗

tb|
2〈B̄q|Q

1
q(µB)|Bq〉, (1.1)

whereηB is a Wilson coefficient,S0(mt ,mW ) is known as the Inami-Lim function, and the scale
µB ≈ mB. The hadronic matrix element is conventionally parametrized as

〈B̄q|Q
1
q|Bs〉 = 〈B̄q|b̄γµ(1− γ5)qb̄γµ(1− γ5)q|Bq〉 =

8
3

m2
Bq

f 2
Bq

BBq, (1.2)

where fBq is the decay constant of theBq meson, andBBq is the bag parameter. The ratio of CKM

matrix elements,|Vtd/Vts|= ξ
√

∆Md
∆Ms

mBs
mBd

, is an important input into unitarity triangle fits, where the

dominant source of uncertainty is contained in the hadronicquantityξ = fBs

√

BBs/ fBd

√

BBd . This
uncertainty can only be reduced using lattice QCD techniques. This report presents our preliminary
calculation of theSU(3) breaking ratio of the hadronic matrix elements,ξ , using 2+1 lattice QCD,
including a careful analysis of the systematic errors.

2. Simulation Details

We perform the calculation on the MILC 2+1 flavor lattices. The MILC gauge action used in
the generation of these lattices has discretization errorsstarting atO(a2αs,a4) [3, 4]. The staggered
Asqtad action is used for the sea quarks and has errors starting atO(a2αs,a4) [5]. The Asqtad action
is also used for the light valence quark propagators, where the staggered propagator is converted to
a naive propagator before construction of the correlation functions. The Fermilab action is used to
construct theb quark propagator, with discretization errors starting atO(αsΛQCD/M,(ΛQCD/M)2)

[6]. To improveQ1
q to the same order as the Fermilab action we rotate theb quark.

We calculate the matrix elements at two lattice spacings,a = 0.12 and 0.09 fm, and at 6 light
sea quark masses and 6 light valence quark masses for a total of 36 mass combinations, summarized
in Table 1. The lightest sea pion mass ismπ,sea ∼ 250 MeV and the lightest valence pion mass is
mπ,val ∼ 240 MeV. To improve our statistics we calculate the correlators on each ensemble and
mass combination at 4 time sources and average them.

3. Correlators

The operatorQ1
q is fixed at the origin with the positions of thēBq andBq mesons varied. The

matrix elements are extracted from the three-point correlators at spatial momentum~p = 0 by fitting
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Table 1: The masses and lattice spacings used in the calculation. Theensembles are labeled by the sea quark
mass content in lattice units, wheremL refers to the mass of the 2 degenerate light sea quarks andmh refers
to the mass of the heavier strange sea quark. The mass of the light valence quark ismq andNcon f igs is the
number of configurations on which the calculations are performed.

amL/amh amq Ncon f igs

a=0.12 fm
0.005/0.050 0.005, 0.007, 0.01, 0.02, 0.03, 0.0415 529
0.007/0.050 0.005, 0.007, 0.01, 0.02, 0.03, 0.0415 833
0.010/0.050 0.005, 0.007, 0.01, 0.02, 0.03, 0.0415 580
0.020/0.050 0.005, 0.007, 0.01, 0.02, 0.03, 0.0415 460

a=0.09 fm
0.0062/0.031 0.0031, 0.0044, 0.0062, 0.0124, 0.0272, 0.031 553
0.0124/0.031 0.0031, 0.0042, 0.0062, 0.0124, 0.0272, 0.031 534

to the expression

CQ1
q
(t1, t2) = ∑

~x1,~x2

〈B̄q(t1,~x1)|Q
1
q(0)|Bq(t2,~x2)〉 = ∑

i, j

((−1)t1+1)i((−1)t2+1) j ZiZ jOi j

(2Ei)(2E j)
e−Eit1−E jt2,

(3.1)
wherei, j number the states andO00 = 〈B̄q|Q1

q|Bq〉 = 8
3M2

Bq
f 2
Bq

BBq. We smear the interpolatingb
quark using a 1S wave-function to improve overlap with the ground state. In order to isolateO00

and extract the quantityβq = fBq

√

MBqBBq , we simultaneously fit the two-point pseudoscalarBq

correlator to the following function,

Cq
2(t) = ∑

~x

〈Bq(t,~x)|q̄(0)γ5b(0)〉 = ∑
i

((−1)t+1)i |Zi|
2

2Ei
e−Eit . (3.2)

Bayesian fitting techniques are used [7]. The states oscillating in Euclidean time are due to the
temporal doublers from the naive light quark in the operatorand are straightforward to remove [8].

The lattice data forβq are shown in Fig. (1). Some characteristics of the data relevant to the
chiral fits are the following: mild sea quark mass dependence, mild lattice spacing dependence,
and statistical errors that vary between 2-5%.

4. Chiral Fits and Extrapolations

We fit our numerical lattice data for the parametersβq and their ratioξ to expressions derived
in heavy meson staggered Chiral Perturbation Theory (HMSχPT) [9]. We work to lowest-order in
the heavy quark mass,O(1/mb), and next-to-leading order (NLO) in the light quark masses and
lattice spacing. We determine the light quark mass dependence and then extrapolate to the physical
u- andd-quark masses and interpolate to the physicals-quark mass. Because we have data at two
lattice spacings, we can also determine the size ofO(a2) taste-breaking light quark discretization
effects and largely remove them. The NLO HMSχPT expression for theBq-B̄q mixing matrix

3
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Figure 1: The fit results forβq. The results are plotted versus the mass of a pion constructed from the
light valence quarks. The data from different ensembles arelabeled by their sea quark content,mL/mh. The
circular data points are from ensembles with lattice spacing 0.12 fm and the square data points are from
ensembles with lattice spacing 0.09 fm. The results are converted from lattice units tor1 units [11].

element is [10],

〈

B̄q|Q
1
q|Bq

〉

QCD
=

8
3

m2
Bq

f 2
Bq

Bq = mBq

〈

B̄q|Q
q
1|Bq

〉

HQET = (4.1)

mBqβ
[

1+(Qq +Wq +Tq)+ Lvmq + Ls(2mL + mh)+ Laa2] .

The low-energy constantsβ , Lv, Ls, andLa are determined from the lattice data, andmq, mL, and
mh denote the light valence, light sea, and strange sea quarks respectively. The light sea quarks are
treated as degenerate, so the isospin average is used,mL = mu+md

2 .
The chiral logs,Tq, Wq, Qq, due to the tadpole, wavefunction renormalization, and sunset

diagrams respectively, each have a similar structure,

Wq = −
3g2

B∗Bπ
16π2 f 2

{

1
16

[

∑
Ξ=I,P,4V,4A,6T

h̄q
Ξ

]

+
1
3

hq
I + a2(δ ′

V hq
V + δ ′

Ahq
A)

}

, (4.2)

Tq = −
1

16π2 f 2

{

1
16

[

∑
Ξ=I,P,4V,4A,6T

h̄q
Ξ + ĪΞ

]

+
2
3

hq
I + a2(δ ′

V hq
V + δ ′

Ahq
A)

}

,

Qq =
3g2

B∗Bπ
16π2 f 2

{

1
16

[

∑
Ξ=I,P,4V,4A,6T

Īq
Ξ

]

+
1
3

hq
I

}

.

The labelsI, P, V , A, andT refer to the taste of the meson in the chiral logarithm. For staggered
quarks the taste-nonsinglet pseudoscalar meson masses aresplit

M2
i j,Ξ = µ(mi + m j)+ a2∆Ξ, (4.3)
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wheremi, m j are quark masses and the sixteen meson masses are labeled by their taste repre-
sentation,Ξ = P,A,T,V, I. The parametersµ and∆Ξ are determined from lattice calculations for
pions and kaons [11]. TheB-B∗-π coupling, g2

B∗Bπ , is constrained by the CLEO measurement,
g2

D∗Dπ = 0.35± 0.14, since heavy-quark symmetry impliesg2
B∗Bπ ≈ g2

D∗Dπ [12]. For the parame-
ter f we use the PDG value for the pion decay constant,f ∼ fπ ≈ 130 MeV. In the actual fits all
dimensionful parameters are made dimensionless by multiplication of appropriate powers ofr1 as
explained in Ref. [11]. The prior values and widths forδ ′

V andδ ′
A are also determined from lattice

calculations for pions and kaons [11].
Next-to-next-to-leading order (NNLO) analytic terms are also included in our fits, with priors

and constraints estimated by power counting in HMSχPT. TheNNLO analytic terms are included
because thes quark mass breaks the chiral symmetry to a large enough degree thatNNLO terms
may be important. The error associated with leaving out theNNLO chiral logs and higher order
terms is estimated by including and excluding all combinations of theNNLO analytic terms, using
the extremes of the range in fit results as our light quark discretization and chiral extrapolation
Ansatz error.

In the continuum limit the chiral logarithms̄hΞ, ĪΞ, andhI combine to form the continuum chi-
ral expression, and the taste violating chiral logarithms,hV andhA, are set to 0. When extrapolating
to the physical results we set∆Ξ = δ ′

A,V = a = 0, mL → (mu +md)/2, andmh → ms. We then obtain
〈B̄0

d |Q
1
d |B

0
d〉 and〈B̄0

s |Q
1
s |B

0〉 by settingmq → md orms. We fit the data simultaneously to all 6 sea
and 6 valence quark masses (36 lattice data points) to determine the low energy constants.

The fits and extrapolations forξ ′ = fBs

√

MBsBBs/ fBd

√

MBd BBd are shown in Figs. (2)-(3).
The perturbative matching corrections have not yet been included in these results. At one-loop the
operator〈B̄0

q|b̄(1− γ5)qb̄(1− γ5)q|B0
q〉 mixes withQ1

q. The one-loop correction toξ is expected to
be at the less than 1% level, which is much smaller than most other uncertainties in our calculation.

5. Results

Our preliminary results forξ ′ are shown in Table 2. This table also lists the error budget for
βd andβs. We find forξ = ξ ′

√

MBd/MBs ,

ξ = 1.205(52). (5.1)

Our largest sources of uncertainty inξ ′ are from statistical errors in the chiral extrapolation, and
the light quark discretization and Ansatz errors in the chiral fit and extrapolation. The smaller
higher-order matching and heavy quark discretization errors are estimated using power counting.
The uncertainties due to the chiral fits’ input parameters,r1, gBB∗π , and light quark masses, are
estimated by individually varying the input parameters within their range of uncertainty determined
in Ref. [11]. The largest sources of uncertainty inβd andβs are due to statistical errors in the chiral
extrapolations, higher-order matching terms, and the determination of the scale. The uncertainties
due to these parameters are estimated in the same way as thoseof ξ ′.

We find no significant uncertainty due to the determination ofκb in our preliminary estimates.
As a conservative estimate we quote the same uncertainty as in the Fermilab Lattice and MILC
collaborations’ calculation offB and fBs [13]. The negligible finite volume errors were estimated
using the procedure described in Ref. [9].
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Figure 2: The fit and extrapolation is presented in the sea mass plane, where data is plotted versus the sea
quark mass ratiomL/ms. The blue circles correspond to the coarse lattice data, andthe green circles to the
fine lattice data. The same colored lines are the fits to the data. The red line is the continuum extrapolation
with the red diamond and error bars corresponding to the physical mass point. The errors are 68% confidence
intervals and statistical only.
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Figure 3: This is the same fit as above shown in the valence quark mass ratio plane. The different colors
and fit lines correspond to the different ensembles and fits tothem. The red line and diamond correspond to
the continuum and mass extrapolations.
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Table 2: The total systematic error budget for theB mixing matrix elements calculation. We do not include
central values forβd andβs. The uncertainty due toκb is negligible in our preliminary estimates, and the
same uncertainty as in the Fermilab Lattice and MILC collaborations’ calculation offB and fBs is used.

Parameter ξ ′ βdr3/2
1 βsr

3/2
1

Central Value 1.215 N/A N/A

Source of Uncertainty % Error

Statistical 3.1 4.0 2.7
Higher Order Matching ∼ 0.5 ∼ 4.0 ∼ 4.0

Heavy Quark Discretization 0.2 1.8 1.8

Light Quark Discretization + Ansatz 2.8 2.5 0.4
scale uncertainty (r1) 0.2 3.1 3.0

gBB∗π 0.3 0.6 0.3
input parameters:mL,md ,ms 0.7 0.5 0.3

finite volume < 0.1 < 0.1 < 0.1

κb < 0.1 1.1 1.1

Total Systematic 3.0 6.1 5.4

Total % Error 4.3 7.3 6.1
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