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1. Introduction

The twisted mass formulation of lattice QCD (tmQCD) provides a promising framework that
allows for automatic O(a) improvement, infrared regularization of small eigenvalues and fast dy-
namical simulations [1]. Like in our previous work on the light baryon masses [2] we use the tree-
level Symanzik improved gauge action and work at maximal twist to realize O(a)-improvement.

The fermion action for two degenerate flavors of quarks in twisted mass QCD is given by

SF = a4
∑
x

ψ̄(x)
(
DW [U ]+m0 + iµγ5τ

3)
ψ(x) (1.1)

with DW [U ] the massless Dirac operator, m0 the critical bare untwisted quark mass and µ the
bare twisted mass. Together with the Wilson term, the twisted mass term in the fermion action of
Eq. (1.1) breaks isospin symmetry since the u- and d-quarks differ by having opposite signs for the
µ-term. This isospin breaking is a cutoff effect of O(a2).

Nucleon form factors, parton distribution functions (PDF) and generalized parton distribution
functions (GPD) are being and will continue to be measured in experimental programs at JLab and
CERN [3, 4, 5]. Our long-term goal is to evaluate these observables within twisted mass QCD.

2. Lattice techniques

We use the standard interpolating field for the nucleon given by

Jp = εabc
(
uT

a Cγ5db
)
uc

In the evaluation of three-point functions suppressing sufficiently excited state contributions is
crucial in order to obtain accurate results. We apply Gaussian smearing to each quark field, q(x, t):

qsmear(x, t) = ∑
y

F(x,y;U(t))q(y, t) (2.1)

using the gauge invariant smearing function

F(x,y;U(t)) = (1+αH)n(x,y;U(t)) (2.2)

constructed from the hopping matrix,

H(x,y;U(t)) =
3

∑
i=1

(
Ui(x, t)δx,y−i +U†

i (x− i, t)δx,y+i

)
(2.3)

where the U fields are computed from the gauge fields via APE smearing. The parameters α and n
entering the smearing function F(x,y;U(t) are determined by requiring that the root mean square
(r.m.s) radius obtained is in the range of 0.3-0.4 fm [2, 6].

The three-point functions that we need to evaluate are of the form

Gµ(Γν ,~q, t) = ∑
~x,~x f

ei~x·~q
Γ

ν

βα
〈Jα(t f ,~x f )Oµ(t,~x)Jβ (0)〉 (2.4)
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β = 3.9
243×48, Ls = 2.1 fm µ 0.0040 0.0064 0.0085 0.010

mπ (GeV) 0.3131(16) 0.3903(9) 0.4470(12) 0.4839(12)
no. of confs 419 184 346 173

Table 1: Parameters used in our calculation.

where for the evaluation of the axial charge we use [7]

Γ
ν =

1
4
[1+ γ0]γ5γν ν = 1,2 or 3 (2.5)

For the lowest moment 〈x〉 we use

Γ
3 =

1+ γ0

2
1− iγ5γ3

2
(2.6)

The three-point functions of interest here are computed by evaluating the sequential propagator
through the sink. This requires to fix the time separation between the source and sink (12 in our
case) as well as the hadron state at the sink.

For the evaluation of the axial charge we take

Oµ = Aµ(x) = ūγµγ5u− d̄γµγ5d

For the lowest moment 〈x〉 we consider only the isovector combination since this has no contribu-
tions from the quark disconnected diagrams as one approaches the continuum limit. The twist-2
operator that we need to insert to evaluate the lowest moment of the quark distribution function 〈x〉
is given by

O44(x) =
1
2

ū(x)[γ4
↔
D4 −

1
3

3

∑
k=1

γk
↔
Dk]u(x) (2.7)

where Dµ = 1
2(5µ +5∗

µ) with 5µ (5∗
µ ) being the usual forward (backward) covariant derivative

on the lattice. With the above operator, no external momentum is needed in our calculation, which
is advantageous since an external momentum increases the noise to signal ratio.

3. Renormalization

The quantities gA and 〈x〉 that we measure on the lattice need to be renormalized. This is done
with the RI-MOM method, which is a non-perturbative, mass independent, renormalization scheme
proposed in Ref. [10]. As the renormalization is defined by the quark vertex one needs to fix the
gauge to get a non-zero result. In this work we use the Landau gauge. The quark propagators
computed in our previous work are not recalculated but they are gauge transformed to Landau
gauge once the gauge transformation is determined from the gauge fields. Because O44 is a non-
local operator, one additional inversion is needed to get the renormalization constant ZRI′

44 . The
hypercubic artifacts for this quantity have been reduced using the technique described in Ref. [8].
In Fig. 1 we compare this method with the “democratic method” (“cylindrical” cut on the values of
p, keeping only those that are within a prescribed distance of the diagonal).
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Figure 1: Comparison between democratic (red)
and deSoto/Roiesnel (blue) treatment

Figure 2: ZRI′
44 for different quark masses.

The renormalization constant in the RI′ and MS schemes are related by (we omit the index 44

for simplicity)

ZMS = ZRI′ZMS
RI′

where ZMS
RI′ is taken from Eq. (5) of Ref. [11]. Using ΛQCD = 250 MeV and setting the scale at

µ=2 GeV we get ZMS
RI′ (2 GeV) = 0.909. Our lattice results given in Fig. 2 are extrapolated to the

chiral limit. We estimate a value of ZRI′ (2 GeV) = 1.22(18) and therefore ZMS (2 GeV) = 1.11(16).
The same renormalization scheme is used to compute the axial renormalization constant in

Ref. [9]. The value they obtain is ZA = 0.76(1), which we use here.

4. Results

In Fig. 3 we show our result for the renormalized value of gA together with results from the
LHPC [12] and RBC+UKQCD [13] collaborations. Statistical errors are estimated using the jack-
knife method. Our results are compatible with the results from these collaborations. It is important
to note that our values span the light quark region. Our goal is to obtain results for a lighter quark
mass bridging further the gap to the physical point. A chiral extrapolation will then be performed.
An additional merit of our computation is the fact that we use a finer lattice than the other collabo-
rations ensuring small cutoff effects. Our lattice spacing determined from fπ is 0.0855(6) fm [14]
in agreement with the value of 0.0889(12)(14) extracted from the nucleon mass [2].

In Fig. 4, we show lattice results for 〈x〉u−d without multiplying by the ZRI′
44 -factor. Assum-

ing tentatively a fit by a constant we get at the physical point 〈x〉u−d = 0.34(6). If we take into
account the renormalization factor, we obtain 〈x〉MS

u−d(2GeV) = 0.37(8). A recent result [15] gives
〈x〉MS

u−d(2GeV) = 0.282(19). It is well known that with present pion masses lattice simulations
provide values significantly larger than experiment [16, 17].
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Figure 3: Nucleon axial charge as a function of the pion mass squared
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Figure 4: The lowest moment 〈x〉u−d for the proton as a function of the pion mass squared.
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5. Summary

We have shown first results on the nucleon axial charge and lowest moment < x > using two
flavors of dynamical twisted mass fermions. Results are obtained for pion masses as low as about
300 MeV. A chiral extrapolation of these results to the physical point will be carried out once the
statistical errors are reduced and a result at a lighter quark mass is obtained. Since our simulations
are done on a fine lattice we expect cutoff effects to be small thus allowing us to use continuum
chiral perturbation theory.
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