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LHC phenomenology at NLO QCD

1. Introduction

With the start of the Large Hadron Collider (LHC) at CERN weéegrexiting times in particle
physics. Once the machine is fully operating we will be ablexplore an energy range which has
never been reached in a laboratory. Many people in this aodiare involved in the enormous
challenge to master the huge amount of data which will beyred during collisions. | will focus
in this talk on the theoretical challenge of predicting LH@pomena as precisely as possible using
our good old Standard Model. We all very much hope for a dizaney between well-understood
data sets and sufficiently precise theoretical predictidBsch a discrepancy will be a signal of
new and maybe completely unexpected phenomena which vgldseto push our understanding
of nature.

What should be expected from the LHC? The first and most impoissue is the test of the
Higgs mechanism within the Standard Model which prediatsgtominent Higgs boson. The LEP
experiments set a lower bound of 114.4 GeV on its mass froettdgearches. As a Higgs boson
with a mass higher than about 200 GeV would induce radiatireections which are in conflict
with electroweak precision measurements, the StandarceMéiggs boson is pretty much nailed
down to a low mass window. Ironically, this window is not asy#o close as the mass range
above the two Z boson threshold of about 180 GeV, where twonpadrs would provide a gold-
plated discovery mode for the Higgs boson. The identificatib any signal with the Standard
Model Higgs boson will also entail detailed measuremeniguaintum numbers like spin and CP
properties [1, 2]. This necessary homework might take ewagdr than the time we need to find
new signals (if we are lucky, of course!). The Standard Mdue some deficits, e.g. it does not
contain a natural dark matter candidate, it has no direetticgl to gravity and it is sensitive to
qguadratic renormalisation effects. Although the lattemigrinciple not a fundamental problem
for a renormalisable theory like the Standard Model, a papektension is supersymmetry (susy)
which would not only cure the problem above a sensible susgking scale of about 1 TeV, but
would even allow to view the SM as a low energy limit of soménsfitheory'. Supersymmetric
extensions of the Standard Model have been extensivelyesturd the last years, for an overview
see [3, 4, 5]. Other extensions embed the SM in higher dirmesd6, 7, 8] or view the Higgs
boson as a Goldstone boson to explain its relatively low masdittle Higgs models [9]. A further
possibility is a strongly interacting theory which mightptain the mass of the W and Z-bosons
even without a fundamental Higgs boson. There is of cours¢hen disturbing logical option:
we see neither a hint of the Higgs boson nor any sign of BSMiphy#lthough this would be a
nightmare for experimentalists it is actually an excitirgtion for theoreticians. Such a scenario
can only be realised if something "invisible" disguiseswa foass Higgs boson or if there are some
strange interactions active in or beyond the electroweatosevhich fake a light Higgs boson in
the precision measurements by a yet unknown effect. Eitleghave to add an invisible sector to
the Standard Model or we need to question our quantum fielwr¢kieal description thereof, both
would be truly exciting!

The discovery potential of the Higgs boson has been inastithoroughly in the experimen-
tal studies of ATLAS and CMS [10, 11] and signal significanté&tplike the one in Fig. 1 show

Lititis ever possible to verify phenomenologically whetlsting theory is realised in nature is of course a different
guestion. It is allowed to be sceptical here.
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Figure 1: The signal significance to find the Standard Model Higgs b@ddhe LHC in various discovery
channels for an integrated luminosity of 30910, 11] (for reviews see [12, 13]).

the importance and relevance of different search chanmgleraling on the Higgs mass. Note that
in most experimental studies K-factors, i.e. the effectighbr order corrections, have not been
taken into account yet because higher order correctionsatgyrhackground processes were either
not known or the computer codes of known calculations ardlexible enough. Higher order cor-
rections have been considered where available in recemtriexgntal studies of the LHC physics
potential [14].

Preferably discoveries at the LHC should not depend on ther#tical status of theoretical
simulations. For example the diphoton decay of the Higgehahould lead to a clear peak over
the falling continuous background in the invariant massrithistion. This background should be
measurable from the sidebands. Of course, a precise poadiststill needed for realistic studies
before measurement [15, 16] and apart from that, who knowsther the diphoton channel is not
further contaminated by new physics? Other discovery moelgs theH — W*™W~ discovery
mode [17], has no clear signal and background separatioacktround subtraction has to rely
on extrapolations of background to signal regions which ejethd on the precision of theoretical
input.

In what concerns the evaluation of leading order estimabed HC cross sections based
on tree-level matrix elements the situation is quite sgtigf as many tools have been devel-
oped in the pre-LHC era, e.gAl pgen [18], COVWHEP [19], Amregi c++ [20], COM X [21],
FeynArt s/For mCal c [22], GRACE [23], HELAC[24, 25, 26],Madgr aph/Madevent [27, 28],
Wi zar d [29], and most of them are publicly available. However, aaytgnic fixed order cal-
culation is of limited use for experimental studies whickedeealistic hadronic final states. This
is the reason why merging of partonic amplitudes with pagbowers has been an active field
recently. The standard Monte-Carlo tools which contairiggac showering and include a hadro-
nisation model are currentlpyt hi a [30], Her wi g [31] andSher pa [32]. Evidently, the more
hard matrix elements are included (or better can be realysevaluated) in these tools, the more
accurate is the description of shapes of distributions ahdtjucture. In this respe@her pa is
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especially promising, as it is based on the matrix elemenégeorAmegi c++ [20]. On the other

hand, the overall normalisation is predicted only very liabdy as long as virtual higher order
corrections are not taken into account. This brings us tothén topic of the talk which is the
computation of these higher order corrections.

2. Framework for QCD computations

The evaluation of production cross sections in hadronitistohs is based on the factorisation
property of QCD. Whenever the hard scale of the processigfgigntly higher than the hadronisa-
tion scale of around one GeV a differential cross sectionb@aobtained by summing incoherently
over the initial partons inside the hadron and can be decsatgpmto long and short distant contri-
butions.

do(HiHz — ¢1+... + N+ X) = Z/dxldxz fi/hy (X0, HE) i/, (X2, )
B
x dg (parton (x,Py) + parton (x2P2) — @1+ ...+ ¢n, as(1), K )

Here¢:+ ...+ ¢n Stands for some partonid-particle final state. The parton distribution functions,
fi/m (X u2), which stand for the probability to find a certain parton iniacoming hadron, have
to be determined experimentally at a certain scale. Theailesdependence on the other hand is
determined perturbatively through the DGLAP-evolutiomaiipns.

The factorisation scalguf) dependence is stemming from the infrared (IR) structureioél
state singularities. In contrast, the renormalisationes@ar) dependence of the strong coupling
constant is an ultra-violet (UV) effect. A hadronic crosstgm in leading order (LO) perturbation
theory is thus plagued by a logarithmic dependence on tluedess This dependence is aggravated
when the number of coloured partons increases due to higiveens ofas. A LO computation
in QCD has thus only limited predictive power. By includingxtrto-leading order (NLO) correc-
tions, the leading logarithmic dependence cancels and bitaéns a much milder dependence on
the unphysical scales.

The evaluation of NLO corrections contains a loop and reassion part. Schematically

YINLO, real ‘ .

The loop contribution has the same particle content andnkaties as the LO contribution.
The real-emission contribution is tree-like but containgdditional parton. Apart from initial state
collinear divergences, which are absorbed by the partdnlmition functions, the IR divergences
cancel between the virtual corrections and the integraiothhe real emission contributions over
the soft/collinear phase space regions. In actual caloankathe IR divergences are typically treated
by subtracting terms which have the same IR limit as the nedgg&ion corrections and do allow
for the analytic soft/collinear phase space integratiorddiAg back the integrated terms allows
to represent the 2> N (NLO virtual) and 2— N+ 1 (NLO real) part as independently finite
contributions, which is mandatory in numerical impleméiotzs.

YNLO, virtual-
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The most wildly used variant of these subtraction methodkdsso-called dipole subtraction for-
malism developed by Catani and Seymour [33] which has bepergksed to the case of massive
partons in [34]. We see that the ingredients of a NLO QCD datmn consist of (i) tree level
amplitudes, (ii) one-loop amplitudes and (iii) dipole saltions termsZ;. As was pointed out
above, many automated tools are available for the evatluafithe tree-level contribution. More-
over, different groups have recently implemented the @igofmalism in a process independent
way [35, 36, 37, 38], and public codes exist which help toqenfthis labour intensive part of an
NLO computation. The real bottleneck of an automated amprdar NLO QCD computations is
thus the evaluation of the one-loop matrix elements. Thisbeithe main subject of the remainder
of this talk.

3. New methods to compute one-loop amplitudes

3.1 Overview of achieved results

The complexity of loop calculations grows rapidly with thanber of external legs. What con-
cerns computations with two initial and two final particlbasically all relevant LHC processes are
evaluated meanwhile at NLO in QCD and public codes, like kanepleMCFM[39, 40], thePHOX
programs for observables including photons[41], affF @NLOfor weak boson fusion processes
[42], are available for experimental studies on the paddewel. Methods to combine fixed order
calculations with parton showers have been worked out apteimented for many important pro-
cesses, see for exampUE@NL O [43], PONHEG [44], GRACE [45] and [46, 47]. Also theSANC
collaboration has promoted their framework to include Q@Bcpsses and progress has also been
reported during this conference [48, 49, 50]. A relevantgbp— 2 processes has been closed re-
cently. The off-shell vector boson pair production crosgisas forgg— W*W*, y*y*, y*Z*, Z*Z*
are available now as public code&2WN[51, 52] andG&E2ZZ [53]. These processes describe a
relevant background componentltio— WW*/ZZ* also below threshold. These processes are in-
duced by loop diagrams but are conceptually of LO type. Teelly one has to square one-loop
amplitudes which is numerically more delicate than commuinterference terms between tree and
loop contributions.

Adding an additional final state particle increases the derify of one-loop computations
already considerably, and before 2005 only a limited nunubé& — 3 processes had been evalu-
ated and implemented in computer programs. NLO predictiang been existing fopp — jjj
[54], pp— VYYVij [55, 56], pp— Hjj in gluon fusion [57] and weak boson fusion (WBF) [58, 59],
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andpp — Htt [60, 61]. Between 2005 and this date most of the relevant2processes for LHC
have been completed and the list of accomplished tasksinerdiso the processgsp — HHH
[62, 63], pp— VV jj in WBF? [64, 65, 66], pp — ZZZ[67], pp — ttj[68, 69], pp — WW j
[70,71],pp—VVV[72, 73] andpp—>tt_Z,bt_JZ [74, 75, 76]. For the importargp— H jj process
also electroweak [77, 78] and sub-leading interferenamddrave been evaluated [79, 80, 81, 82].
A discussion of the phenomenological importance of theedkffit processes can be found in [83].
Note that the evaluation of the relevant amplitudes is oblyua half of the cake. The implemen-
tation of a full NLO cross section into a reliable computededs also a considerable effort due to
numerical issues which will be discussed below. Furthee tiwit most of the corresponding codes
are not public.

The time-scale of all these calculations were of the ordgres$on-years and it is no wonder
that only a very limited number of results which deal with NI2ZO— 4 LHC processes can be
found in the literature[84, 85, 86, 87, 88]. In the remaindkthis section | will focus on the recent
developments in this direction and report on progress whahbeen achieved by different groups
and different methods recently. The two main approachedased on either Feynman diagrams
or on unitarity cuts. Before discussing these two approacleparately let us shortly comment on
two important commonly used techniques.

3.2 Colour and héicity management

When evaluating gauge boson amplitudes or dealing with lessgermions it is very useful
to work with spinor helicity methods, for an introductionesg9]. It is well known that tree-level
amplitudes are most efficiently represented in this way. Jdmae is true for loop amplitudes. A
massless Dirac spinor is already defined by two helicityestit ) defined by

Kk5) =0 , [k =N%uk) , (K|=vin*® , N*= %(H: ¥5) -
Helicity amplitudes can be written in terms of spinor proguehich are complex numbers:

(ko) = (k7 [a") , [kq = (k"|a").
Massless gauge bosons like gluons and photons can be eeghreseg the same building blocks

1 (g wlk) 1 (g k)
vz k= kg

By construction one works with the two physical degrees ekfiom. The auxiliary vectoy
defines an axial gauge. In full amplitudes its dependencpsdoat due to gauge invariance. The
generalisation to massive particles is also well-understoA public implementation of spinor
helicity methods can be found in [90].

Once the helicity amplitudes are evaluated, the squareditangcan be obtained numerically.
If there areK helicity amplitudes labelled byA;} one only has to evaluat€ products

gy (k,q) =

M:)‘Zd{/\j}j‘df:/\zod{)w}*%{)w} ’ (3.1)
i j

2The six external particles are connected via at most 5-miatloop topologies.
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otherwiseK? terms have to be evaluated. To give an example,Nkgluon amplitude can be
decomposed into"2helicity amplitudes. Due to parity invariance onl)y2 have to be evaluated.
Nonetheless we see an exponential growth of terms in N. Amatburce for exponential growth
in N-point amplitudes is the colour structure. A widely usidour decomposition is based on the
following two elementary rules valid for 88U(N¢) algebra with generatofE2 in the fundamental
representation:

20T = TRTR — TR
1/ 1 .
aTa _ Is)_ = 5ix)
TETE = 5 (dal - o)

Any colour structure can be mapped to simple Kronecker dedthich indicate the colour flow.
This colour flow decomposition, described for example in,[92], is going back tétHooft who
applied a double line notation for gluons in the context @& #iNc expansion. Any amplitude
with Ng fermion lines and\g gluons can be decomposed in term&Nof= (Nr + Ng)! products of
colour flow lines. The different elements are labelled byghemutation groujgy acting on colour
line indices.

of = %%m , Co) = &M 8 gl (3.2)
gc

For gluon amplitudes this leads to an over-counting of imseent colour states, as some singlet
contributions are actually forbidden. The N-gluon ampulguhas(N — 2)! independent colour
states. Still, asymptotically we notice a factorial grovathterms for largeN. A way to fight
the exponential growth both in helicity and colour compdesanay be to resort to Monte Carlo
sampling over these degrees of freedom, see for example [93]

3.3 Theunitarity based approach

The idea to use the analytic structure of scattering ang@ito determine their explicit form
is very old [94, 95]. The well known non-linear relation beiswn the transfer matrix;, implied by
the unitarity of the S-matrixS=1+iT,

Ss=1=2mT) =TT, (3.3)

leads to a relation between the imaginary part of one-loopliaues and sewed tree-level dia-
grams, schematically:

Here the right hand side stands for the sum over all two-gartiuts. The latter correspond
to squared tree-level amplitudes integrated over the odispetwo-particle phase space. Using
the standard Feynman diagrammatic approach it can be shatany one-loop amplitude with
massless internal particles can be decomposed in termsowfrkacalar integrals with two to four
external Ieg%lk:27374, and a rational partZ, which does not contribute to the imaginary part of the

31f masses are present one also has to consider one-poigtdfite
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Figure2: Multiple cuts can be used to fix integral coefficients of anugles.

amplitude. The coefficients of the integra, and the rational term are rational polynomials in
terms of spinor products, see Eg. (3.1), and/or MandelstamnalMes and masses. The imaginary
parts of the different scalar integrals can be uniquelyitatted to a given integral. Subsequently
unitarity implies that the knowledge of the imaginary pdrtree amplitude defines the coefficients
of the scalar integrals.

Note that there are many different scalar two-, three- ang-pmint functions present in a given
process. This is not indicated in this schematic equatior. Séé that tree amplitudes and phase
space integrals in D=4 dimensions already fix a large parhefamplitude without ever being
forced to evaluate any one-loop diagram. By turning the gt around we learn that one-loop
diagrams are to a great extent determined by the pole paheointernal propagators which are
nothing but cut propagators. The rational part is actuagmsning from the UV behaviour of
the one-loop amplitude, it comes from teri3— 4) 1P ~ 1. In amplitudes with an improved UV
behaviour, such as susy amplitudes, these terms are abadrihis explains why these amplitudes
are fully determined by the D=4 cut structure. This fact eensmany applications in the last years,
see e.g. [96]. As the rational part is not determined by thd Bat structure, one has to resort to
more sophisticated methods, like for example on-shellmgon relations [97] or D-dimensional
unitarity [98].

This method has been developed and applied to a great extéd¢r, Dixon, Dunbar and
Kosower in the 90s [99, 100], for a recent review see [96]alf keen a renaissance after the Santa
Barbara workshop in 2003 where Witten pointed out a relatietfwveen certain string theories and
QCD amplitudes using twistor methods [101]. The reviveériast lead to new efficient recursive
evaluation procedures for multi-parton amplitudes [1023,1104]. A main feature of recent vari-
ants of the method is that multiple cuts are used to deteriniegral coefficients, which goes under
the name ofgeneralised unitarityf102, 103]. Cutting four lines in an N-point topology amosint
to putting the corresponding four propagators on-shellis finocedure fixes the associated loop
momentum completely and the coefficient of the related bagmim, see Fig. 2(a), is given as a
product of tree diagrams.

. _ 1 (1) A AB) A@
Fig.2(a): = GC4= > a;[ AtreePtreePMreePtree
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Figure 3: The histgrams of the evaluated events are plotted over tlarithmic relative error
log(|Znumeric— “target|/|“target) of the pole and finite parts of the MHV N=6,7,8-amplitudes.eTh
shaded region (blue) relates to the finite contribution, Gihghaded full line region (red) to th¢d pole part
and the dashed to the double-pole part [113].

One has to sum over the two complex solutions of quadratistall- conditions. This fixes the
loop momentum. An important point is that the tree level datagés already incorporate gauge
invariance manifestly. In Feynman diagram computationsyrgraphs have to be combined to
result in a gauge invariant expression. The power of thishogthas been demonstrated by the
analytic evaluation of the cut-constructable part of tixegduon amplitude [104]. Combined efforts
of many groups were needed to compute the different piecdisoamplitude, see [105, 106] for
a collection of all formulae. The rational part has been firsivided by a Feynman diagrammatic
computation [107, 108, 109]. Note that the six-gluon oreplamplitude is part of a full NLO
computation of four jet production at the LHC and thus of pireenological interest. There exists
also a very compact result of the six-photon amplitude whiels obtained using cutting methods
[110, 111]. As has been shown in [112], the rational part is a@this case.

The unitarity method, using multiple cuts, has recentlynbegplemented in a numerical code
by the Bl ackhat collaboration [113, 114] and by Ellis et. al. [115] (discedsbelow). To
this moment theBl ackhat collaboration has provided two remarkable applicatiohs, ¢olour
ordered part of the (N=6,7,8)-gluon amplitudes in a spduidicity configuration,zz——+*-* and
the leading colour contribution @fg — V ggg(this includes crossing related amplitudes) [116, 87].

Important information on the numerical behaviour of the moet could be gained in [116].
The large number of algebraic operations in these complepliardes typically lead to round
up errors in certain exceptional phase space regions. Amynated method has to come up
with a reliable fail-safe procedure if the numerical cafat@ns are spoilt by the finite number
of computed digits. In Fig. 3 a comparison of the MHV 6,7,8ayi amplitudes between the nu-
merical implementation and the known analytical resulthieven. The logarithmic relative error,
log(|Zhumeric— “target |/ | “target), is plotted for the double, single-pole and the finite part of
these amplitudes for 100.000 phase space points in Fig. 8e\Wie bulk of all points is evaluated
reliably using standard double precision, it can be obsgktivat the distribution has a tail which for
a few percent of phase space points indicates a precisisrofa@most all digits. Such a situation
typically leads to an unstable behaviour of adaptive MordddCevent generators, which tend to
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Figure4: The leading colour NLO prediction fggp —V jjj compared to Tevatron data. The leading colour
prediction is expected to match the full result within a fesvgent. As expected the error bands due to scale
variations reduce drastically when moving from LO (bronmNLO (grey) [87].

sample points exactly in regions which induce a large vagaof the result. In the given plot one
observes that the tail is cut at a precision of around®16 10-4. Beyond that point multi-precision
libraries [117] are used to avoid a dangerous loss of pr@&tisi

The evaluation of the loop amplitude t@' — W gggis the necessary ingredient for a pre-
diction of the important Standard Model backgroymp— V jjj. Such multi-jet plus lepton plus
missing energy signals occur for example in supersymmettiensions of the Standard Model.
TheBIl ackhat collaboration has confronted their leading colour pradicfor pp — V jjj [87]
with Tevatron data, see Fig. 4. As expected the stabilityheffirediction under scale variations
is largely improved. The leading colour approximation ipested to be phenomenologically jus-
tified within a few percent for Tevatron kinematics. Tectatiig this approximation simplifies the
calculation considerably, as many topologies are suppdeasd can be neglected in this way.

In 2006 Ossola, Papadopoulos and Pittau (OPP) have proposgder unitarity approach
which was based on the question how to reconstruct one-loggitades from the integrand of
Feynman integrals [118]. Let us consider a sub-amplitudere/hll external particles are ordered.
The full amplitude can be obtained by adding up differentrpgations. The leg-ordered amplitude
can be obtained after summing the corresponding Feynmanadies written such that the sum is
under the integral and has a common denominator of propagao. . Dy with Dj = (k—rj)? —

me

T
A (k)
HoN=S G N~ / ok
1,...N z 1,..N D;...Dn
The fact that general one-loop amplitudes can be writtereims$ of at most 4-point scalar
integrals implies that the numerator can be written schieagt in the following way

N N
AR~ 5 [CatCl] ] Di+ 5 [G+Cak] [] Dj
boxes jebox triangles jétriangles
N
+ [Cz —|—C2(k)] |_| Dj +... (3.5)
bubbles j¢bubbles

10
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In this expression the coefficienty, Cs, Cy, ..., correspond to the actual amplitude coefficients of
the various box, triangle and bubble integrals defined algee Eq. (3.4). While these coefficients
are independent of the loop momentum, the numerator fumedgn contains spurious k-dependent
piecesCa, Cs, Cs, .. ., which have to vanish upon integration over the loop monterikuOPP asked
the question how these spurious coefficients can be defiithdut doing the actual integration.
They concluded that one simply has to evaluate the on-sbetlitons of the various propagators
which is in one-to-one relation to the unitarity cut methagsng multiple cuts. This approach
defines the coefficients of the teris Cs, Cs, ... ., as polynomials itk. The coefficients of the box-

, triangle-, bubble terms are defined by respectively ZHBlynomial coefficients. OPP proposed
to extract these coefficients by numerical interpolatiothefvarious polynomials ik [118]. They
also define a procedure to access the rational part of thetadgs [119, 120]. This method works
also for individual one-loop Feynman diagrams and it has eplemented in a public computer
code,Cut Tool s [121]. The method has been applied successfully to the atiaiuof six-photon
amplitudes with massless and massive internal fermionk|[Illhe method has also been applied
to the QCD corrections of triple vector boson productionhatitHC. Here the amplitude has been
integrated to obtain the total and differential cross sadifor relevant observables [72].

A variant of these numerical unitarity based methods haslaen investigated in [115] and
has been extended to a D-dimensional approach [122, 128]e liatter case also 5-point functions
have to be included in the function basis. The key obsemvasithat by adding higher dimensional
information the rational part of the amplitude is also detieed. A D-dimensional numerator
function of a leg ordered amplitude is of the form

N
N = N+ (D= Np_g= Z [C5+Cs(k)] |_| Dj+[r.h.s. of Eq. (3.5)]
pentagons j€ pentagon

This approach guarantees that the evaluation of the ragarais now on the same footing as the
cut constructable part. The method relies on the evaluati@mplitudes in dimensions different
from four. It can be viewed as a D-dimensional generalisatibthe OPP approach. The authors
observed that the knowledge of tree amplitudes evaluatecbfoplex momenta which are defined
through the on-shell conditions of propagators, or eqenty through multiple cuts, defines the
complexity of the algorithm modulo the number of differemtspibilities to cut a given N-point
topology. The latter scales like N®, as any set of five propagators have to be put on-shell in a
given diagram. The recursive evaluation of tree-amplisusigales approximately like N*. Thus
it can be expected that a colour ordered multi-parton aomgiitcan be evaluated by such a polyno-
mial complexity algorithm, or shoriZ-algorithm, [122, 123]. As was pointed out above, for full
amplitudes one needs to sum over different helicities atmlcstructures which unavoidably turns
on an exponential growth and thus one ends up with an expahent’-algorithm for full ampli-
tudes. Again Monte-Carlo sampling over colour and heésitnight help to single out the relevant
contributions numerically in a more efficient way. If a potynial algorithm can be realised in this
way remains to be shown.

The potential of this variant of the unitarity method hasrbdemonstrated by evaluating single
phase space points of different helicity amplitudes of thlewr orderedN-gluon amplitude for up

11
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Figure 5. Evaluation time of colour ordereN-gluon helicity amplitudes. The dependence of tree- and

one-loop amplitudes oN confirms the expectation of a polynomial growth proporticioa~ N* and N°
respectively [124].

to N = 20 legs [124]. Sampling over a large number of phase spacéspgiiows a good numerical
performance concerning speed.

In Fig. 5 the polynomial behaviour of tree and one-loop atugdks is shown as a function of
N. The polynomial behaviour of the tree, N4, and the one-loop amplitudes, N®, is confirmed
for the multi-gluon amplitudes. At the moment it seems nasfble to produce such a plot based
on Feynman diagrams ever, as gauge cancellations and aidgomposition are not manifest
and one needs the evaluation of the ordeNbform factors. An independent implementation of
the same method and amplitude, confirming the result, has pesented recently [125, 126].
Other applications of the method are the evaluation of theliaumlesgggt — 0 [123] and the
leading colour contributions tqqW ggg qqqqWg[86, 127]. The latter are also implemented in
theRocket code [124] which handles numerically problematic phaseespaints by using higher
precision libraries. Again, ultimately multi-precisioibiaries are in use to guarantee numerical
reliability [117].

From the fast progress made in the last two years it can beceegbéhat further cross section
calculations for LHC processes with four or more partongigas in the final state will become
available using the discussed unitarity based methods tHat apart from the multiple cut meth-
ods described so far, also single cut techniques are ungelogenent [128].

3.4 The Feynman diagrammatic approach

The traditional method of performing amplitude calculatais by starting from Feynman
diagrams. It is based on representing a one-loop amplitadesam of diagrams sorted by colour
structures

N pmy) = 5 gt
{¢i},a
) dPk A} p
& = /inD/zm: S By
dPk Kkt .. kM=
III\111~~~IJR(pj’mj) — /Wﬁ , Dj = (k—rj)z_mjz, rj =pP1...+ pj . (36)
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Figure 6: Left: Comparison of the scale dependence for the LO (dasted)NLO (full) cross section
pp(qq) — bbtt at LHC. Right: Effect of an invariant mass cut on the b-paireBcale variation is indicated
by the two bands, LO (blue), NLO (red) [84].

The kinematical functions can be represented by tensofaopeintegrals. The latter can be evalu-
ated recursively in momentum space using the Passariricv@BlImethod [129, 130]. Alternatively

one can map the momentum integrals to Feynman parametgrafgavhich also can be reduced
recursively [131, 133, 134, 136, 137].

I =y TR (g7 )'D“m(h, - r)
. . D r® Zj,...2Zj,
R(is.-Je) = (~DMF(N=3) [ szé(l—IZlm CIr.7 2von
S = (i—rj)?—mf—nt.

The end-point of the different recursion algorithms ardacategrals with no numerator structure.
Public program libraries exist to evaluate the latter [1B8), 140, 141, 142].

Over the years quite a few groups have gathered a lot of extpeiin efficiently implementing
Feynman diagram calculations. Cross section calculagtwith up to five external particles, can
generally be mastered now, as is demonstrated by the loingfleccomplished tasks discussed
above. For 2 4 processes only a view NLO computations have been accdregligsing Feyn-
man diagramse* e~ — f1 f, fof, [143], efe- — HHvv [144], andyy— bbtt [145]. Processes of
this complexity relevant for LHC phenomenology are understauction right now. Progress on
the computation of the important LHC procegp — bbtt was reported in 2008 [84], this group
presented the full cross section computation of the quatidad subprocesg — bbtt at NLO in
as. The amplitude can be written in terms of rank three 6-pansbr integrals

< (g — bbtt) ~ ~ Y Ciajais! ,{11<’26’3 . (3.7)

In this calculation the algorithm described in [146] wasdi$er the tensor reduction of 5- and
6-point integrals, otherwise Passarino-Veltman reducti@as used. Note that the gluon induced
subprocesgg — bbtt has a more complicated tensor structure, nonetheless eefullt for this
important Standard Model background can be expected indghefoture.

Another collaboration is currently pressing for an autcedatFeynman diagrammatic evalu-
ation of multi-leg one-loop amplitudes. Ti&L EMcollaboration, where the acronym stands for

13
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General One-Loop Evaluator of Matrix elements, set up aoraated reduction framework which
takes special care of numerical issues by providing altaes for the evaluation of one-loop in-
tegrals in critical phase space regions [135, 147, 141]himapproach rank R N-point functions
are reduced first to 6-point tensor integrals and the lateetreen expressed by Feynman parameter
integrals like

4
> 7)
1

Zj,...Zj
(—32-.7-2—18)3D/2

1 4
RS2 (aenie) ~ [ [] 281
N=34 r Jo il:l |

Spurious numerical problems due to so called inverse Gramerm@ants are avoided by having
the option to evaluate the form factors in two different waggher by numerical means or by
reducing the form factors numerically to a scalar integdib. The method is designed to allow
for an efficient isolation of IR and UV divergences from theul and as such very well adapted
for QCD calculations. The method can be also used to evatheteational part of an amplitude
only [112]. All 6-point form factors are coded infar t r an 95 codegol enB5, which is the first
public library for such form factors [141]. The codm| enB5 relies on the evaluation of scalar
integrals. In the present version only integrals with zetelinal masses are implemented. Another
implementation of 6-point form factors has been presergedntly [148, 149].

A full amplitude evaluation relies on diagrammatic inpuhelGOLEMcollaboration uses pub-
lic tools like QGRAF [150] andFeynAr t s [22] for this step. The colour algebra and the helicity
management is done as outlined above. Subsequently twpedndent strategies are followed.
Firstly, the diagrammatic input is converted to a form factpresentation

AR Y ol o (I N N ol s (T S IS (3.8)

exported to & ort r an code and then linked to the form factor libragpl en®5. Secondly a
fully symbolic representation of the scalar integral caidints is generated usifgORM[151] and
MAPLE

M Cood D78+ Curi1 D74 % + Coupl D=4 % + Cagl P4 % + 7 (3.9)

Using these implementations several computations of aele for the LHC have been performed
[152, 52, 63, 81]. The viability of the approach for2 4 processes was shown by the evaluation
of the 6-photon amplitude mediated by a massless electam [[010]. This amplitude has been

used as testing ground for various methods and perfect mgrehas been obtained in all cases
[153, 111, 154, 155].

Currently the NLO corrections for the procegp — bbbb are under construction using the de-
veloped computational tools. Because the 4b-quark baokgroeeds to be known as precisely as
possible in the context of two Higgs doublet models, thixpss was included in the Les Houches
“experimentalist wish-list” [83]. The amplitude consisittwo different initial stategiq — bbbb
andgg — bbbb. The first can be represented by about 250 Feynman diagramsgawhich 25
pentagon and 8 hexagon diagrams can be found, see Fig. 7 &eaisn of LO and NLO dia-
grams. Note that only the pentagon and hexagon diagramarputationally challenging. The
other topologies are relatively simple and do not presembllem apart from book keeping which
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Figure7: LO and NLO topologies for the procegg — bbbb.
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Figure 8. Comparison of double (full) vs. quadruple precsion (dajtedluation of the local K-factor
function and the single/double pole zero coefficient as ddfin the text [88].

is not an issue in automated approaches. The total numbeagfadhs is thus not a good mea-
sure of the complexity of a calculation. All one-loop Feynmtiiagrams have been evaluated in
two completely independent ways, by symbolic reductiorctdas integrals and by using the form
factor decomposition in combination with tlgel en®5 library as discussed above. The virtual
O (as) correction is a interference term between the LO tree and Mlop amplitude. After UV
renormalisation, IR divergences in form ofé single and double poles remain. The IR structure
of one-loop amplitudes is well-known and a finite functiom dze obtained after adding an ad-
equate IR compensation term, as defined for example by thenicaeymour insertion operator
(e 0|l (€)|.44.0) [33]. In this way one can define a finite local K-factor funatio

_ |02+ 2 Re( ' ALovint ) — UVI/IR subtractions

K
| A 0l?

(3.10)

To investigate the numerical performance of the approa®,@®0 random phase space points
have been evaluated using double and quadruple preciserkig. 8. In the figure the numeri-
cal precision of the evaluation of the local K-factor and taacellation of the IR single/double
pole are compared. The result indicates that the size of iite -factor is a good indication of
the numerical accuracy of the evaluation. Large K-factoesmostly induced through numerical
round-up errors. The cancellation of single and doublegaihich is used by other collaborations,
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Figure 9: Renormalisation scale dependence of the LO cross sectidiirgtl) and including the UV/IR
subtracted virtual correction term (dashed black) [88].

can also be applied to decide about the quality of the evaluaut seems to be less indicative. In
Fig. 9 the improvement of the scale dependence is showrg Bubtracted virtual correction term,
as defined in Eq. (3.10), is included. The cross sections lbese evaluated using the experimental
cutsn < |2.5|, AR > 0.4, pr > 25 GeV and the NLO pdf set CTEQG6.5. A further improvement
of the behaviour is to be expected, because the logarithactorisation scale dependence is not
yet compensated. To obtain the full NLO result one has to hdddipole subtracted NLO real
emission corrections. For the full procesg — bbbb, the gluon induced sub-process also has to
be included. These parts of the calculation are in progress.

Note that the evaluation strategy of the virtual NLO cori@ts differs from the conventional
approach of integrating a NLO cross section directly. Inghen example the LO cross section
has been evaluated first to produce an unweighted event saiitpd subtracted virtual correction
term defines a finite K-factor function which is simply useddweight these LO events. In this
way interference effects between adaptive Monte-Carlegiration and numerical round-up errors
are completely avoided. For a more detailed discussion8&e A similar strategy has also been
applied in [67, 72].

The goal of theBOLEMcollaboration is to provide an automated framework for tyags am-
plitude computations. Th&OLEMimplementation is sketched in Fig. 10. The input files which
contain process and model dependent information are pedesith apyt hon script which con-
trols QGRAF and FORM codes. The diagrammatic output, including UV and IR sulimac is
defined in terms of form factors and writtenftor t r an 95 code. The latter is linked to the form
factor librarygol enB5. At the moment the code can be compiled in double or quadipnaei-
sion but in the future a more dynamical solution will be a@aoptThe resulting computer program
provides a function to reweight LO event samples stemmiamfiree level event generators. For
the shown resultghi zar d [29] has been used.

3.5 Isthereapreferred method?

We have seen that both the unitarity based and also the Feydimgrammatic method are
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Figure 10: Flow chart of theGOLEMimplementation [88].

sufficiently well developed meanwhile to allow for crosstsmt calculations with more than five
external legs. While the unitarity based methods wereailhjtiused to obtain compact analytical
expressions for helicity amplitudes, the quest for autionalead recently to various numerical
implementations. Higher precision libraries play a proemitrole in the related computer programs
which shows that any given method seems to be doomed to ddalewieptional phase space
regions in one way or the other. Higher precision librariesrs to be a natural cure for numerical
problems. As the number of problematic phase space poitgpisally only a few percent of all
points, increased evaluation times are not a severefissue

Different methods will soon provide cross section preditsi for partonic 2- 4 processes rel-
evant for LHC phenomenology. As was explained above thégrptoperties of one-loop N-point
amplitude computations seem to indicate that the unitdndtyed methods are clearly preferable.
The factorial growth in diagrammatic computations has tetm@pared to polynomial algorithms
now. For example, the evaluation of a colour ordered multeg helicity amplitudes scales lik¢®
whereas a Feynman diagrammatic calculation would invobaua?" leg ordered diagrams with
roughly I'(N) = (N — 1)! form factor evaluations each. However, let us ask the dqorestvhether
the asymptotic behaviour gives a guideline which methodaggpable for phenomenological appli-
cations. The logarithmic ratio of the asymptotic behavitag(N®/(I" (N)2V)) is plotted in Fig. 11.
The figure indicates that for phenomenological relevanttiplidities, sayN < 8, the asymptotic
scaling behaviour is not a good measure for the questionhwhiethod is preferable. Furthermore
the true complexity of a method should be measured with foitesses, taking into account all he-
licity amplitudes, relevant colour structures and subepsses. It is important to note in this respect
that especially for background cross sections severe emnpstal cuts will be applied. Experience
shows that any approximation or assumption might be inatgid in that way. For the full task no

4As discussed during this conference a hardware implenientaf quadruple precision in processors is not yet in
sight although technical standards have been already defimesuch a step. The particle physics community would
surely be grateful for such a development. Unfortunatehdhmental science issues do not play the role they deserve in
business plans of computer chip producing companies, athanost technological developments are essentially based
on progress in fundamental science!

17



LHC phenomenology at NLO QCD

—64

Figure 11: The logarithmic ratio of the asymptotic behaviour, (dg /(I (N)2N)), is plotted versusl.

Z-algorithm exists.

ForN < 8, implementation issues, like efficient caching and these-of recursive information
can still be improved in Feynman diagram calculations. Togewith the increasing computer
power it can be expected that both methods will deliver what theympse, namely cross section
predictions for LHC phenomenology at the next-to-leadindeo level.

At the end of this section | would like to add the comment thalyfnumerical approaches
for Feynman diagram calculations have also been investigay several groups [156, 157, 158,
153, 159, 155]. Given the huge world-wide computing resesiany reliable integration method of
multi-parameter integrals containing threshold singtits could lead to a solution of the one-loop
problem without using any algebraic overhead. At the montigege methods are not competitive
with the discussed approaches but there is certainly roorafge improvements.

4. Conclusion and Outlook

In this talk | have argued that the LHC needs and deservedaen t&f predict prominent sig-
nal and background processes at the next-to-leading aederih QCD. Especially multi-particle
amplitudes have a high power af(u) which induce large scale variations. Absolute rates thus
can not be predicted reliably with leading order Monte-Gddols and eventually this will ham-
per the understanding of LHC data and the discovery of nevsiphy Many relevant Standard
Model processes with three final state particles are medevakailable in the literature beyond
the leading order. Unfortunately the results are not alwagslable as a public code which would
be most beneficial for the experimental community. The tbigoal community is at the moment
enormously active to go beyond the given level of compleaitgd NLO predictions for processes
like pp— jjji, pP—Wijjj, pp—WW jj, pp— bbtt, pp— jjtt, pp— bbbb, which are highly
relevant for various Higgs and BSM search channels, arerwmhstruction. Many different meth-
ods have been developed and are applied for the virtuala@ns. Unitarity based methods look

SWe learnt at this conference that the “multi-core” compuaterwill change to the “many-core” era were the number
of idle and available processors will increase enormously.
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very promising in this respect but for the required level ofnplexity both, the Feynman diagram
and the unitarity based approaches, will provide valuaggeilis for phenomenology. The avenue
to fully numerical approaches to one-loop amplitudes isrmstit fully explored, but given the ever
growing computer power this might be a promising directieniding any kind of algebraic ma-
nipulations of initial expressions.

Most groups move at the moment towards automated approadtiels will provide platforms
to do many computations with the same set-up. To cure thelgsmobf numerical instabilities
multi-precision libraries seem to be the accepted way out nid would be highly appreciable,
if the community could agree on a standardisation of in- amhuat formats for NLO codes and
would make computer programs publicly available. The s$tmecof one-loop computations is
indeed very modular and a minimal agreement on colour aridityelnanagement and on passing
IR subtraction terms, which are basically universal anyhoould result in transportable modules
for virtual corrections. This would allow to use computatoof different groups interchangeably
by combining them with public tree level matrix element gewers which should of course also
contain the functionality of IR subtractions. In a next stee combination with parton showers
could be obtained. Here the inclusion of NLO precision i® al®ll understood, but again a focus
on modularity and transportability would help to use syresdetween different groups.

The main conclusion of this talk is that the developmentheflast few years are spectacular
and point towards Monte Carlo tools at full next-to-leadimmgler QCD level, at least as long the
number of final state particles is not excessively high. Tomidant and most relevant processes
for Higgs and new physisc searches will certainly be avélabform of flexible and reliable public
computer programs and the analysis of LHC data beyond tliinigarder inas will eventually
become the standard.
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