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1. Introduction
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Cosmology is a natural setting to study quantum gravity, which may provide answers to fundamental questions as why is the expansion of the universe isotropic, can the initial singularity be
avoided, why does the vacuum energy “gravitate” so little (Cosmological Constant problem)?
In recent years it has emerged that the asymptotic safety scenario [1–3] could provide the right
framework to address the above questions. According to this approach the ultraviolet (UV) behavior of quantum gravity is controlled by a fixed point at a non-zero value of the (dimensionless)
coupling constant, so that the dimensionful Newton’s constant reduces its strength at higher energies, it is thus antiscreened. The non-perturbative renormalization group (RG) equation employed
in this investigation predicts that the dimensionless cosmological constant reaches a non-gaussian
fixed point (NGFP) in the infinite cutoff limit, so that the full Einstein-Hilbert Lagrangian is renormalizable at a non-perturbative level around this fixed point.
The gravitational antiscreening behavior is very similar to the running of the non-Abelian
gauge coupling in Yang-Mills Theory, but only after the introduction of the effective average action and its functional renormalization group equation for gravity [4] detailed investigations of the
scaling behavior of the Newtons’s constant have become possible [4–19]. The non-perturbative
renormalization group equation underlying this approach defines a Wilsonian RG flow on a theory
space which consists of all diffeomorphism invariant functionals of the metric gµν .
This framework turned out to be an ideal setting for investigating the asymptotic safety scenario in gravity [1–3] and, in fact, substantial evidence was found for the non-perturbative renormalizability of Quantum Einstein Gravity. The theory emerging from this construction (“QEG") is
not a quantization of classical general relativity. Instead, its bare action corresponds to a nontrivial
fixed point of the RG flow and therefore is a prediction. The effective average action [4, 20] has
crucial advantages as compared to other continuum implementations of the Wilson RG, in particular it is closely related to the standard effective action and defines a family of effective field theories
{Γk [gµν ], 0 ≤ k < ∞} labeled by the coarse graining scale k. The latter property opens the door to
a rather direct extraction of physical information from the RG flow, at least in single-scale cases: If
the physical process or phenomenon under consideration involves only a single typical momentum
scale p0 it can be described by a tree-level evaluation of Γk [gµν ], with k = p0 . The precision which
can be achieved by this effective field theory description depends on the size of the fluctuations
relative to the mean values. If they are large, or if more than one scale is involved, it might be
necessary to go beyond the tree analysis.
The qualitative scale dependence of Newton’s constant can be grasped with the help of the
following physical argument. Let us imagine that in the large distance limit the leading quantum
effects of the geometry are described by quantizing the linear fluctuations of the metric, gµν . The
resulting theory is a minimallu coupled theory in a curved background spacetime whose elementary
quanta, the gravitons, carry energy and momentum. The vacuum of this theory will be populated
by virtual graviton pairs, and the problem is to understand how these virtual gravitons respond to
the perturbation by an external test body which we immerse in the vacuum. Assuming that also in
this situation gravity is universally attractive, the gravitons will be attracted towards the test body.
It will thus become “dressed" by a cloud of virtual gravitons surrounding it so that its effective
mass seen by a distant observer is larger than it would be in absence of any quantum effects. This
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e2 (k) = e2 (k0 )[1 − b ln(k/k0 )]−1 ,

b ≡ e2 (k0 )/6π 2 .

(1.1)

The crucial step is to identify the renormalization point k with the inverse of the distance r so that
result of this substitution reads
V (r) = −e2 (r0−1 )[1 + b ln(r0 /r) + O(e4 )]/4π r

(1.2)

where the IR reference scale r0 ≡ 1/k0 has to be kept finite in the massless theory. We emphasize that eq.(1.2) is the correct (one-loop, massless) Uehling potential which is usually derived by
more conventional perturbative methods [21]. Obviously the position dependent renormalization
group improvement e2 → e2 (k), k ∝ 1/r encapsulates the most important effects which the quantum
fluctuations have on the electric field produced by a point charge.
The effective field theory techniques proved useful for an understanding of the scale dependent
geometry of the effective QEG spacetimes [22–24]. In particular it has been shown [6, 22] that
these spacetimes have fractal properties, with a fractal dimension of 2 at small, and 4 at large
distances. The same dynamical dimensional reduction was also observed in numerical studies
of Lorentzian dynamical triangulations [25–27] and in [28] A.Connes et al. speculated about its
possible relevance to the non-commutative geometry of the standard model.
In order to extract all the relevant information from the RG evolution, it is thus necessary
to relate the cutoff scale k which corresponds to the resolution of the RG flow, to the spacetime
properties. This procedure is called “cutoff identification" for which the relevant energy scale k is
related to a characteristic length scale where the quanta with energy k propagate. In the case of
massless QED the choice k ∝ 1/r was clearly the only possible one, as there are no other relevant
scales in the problem. When several scales are present the prescription which emerges from the
general theory of the Effective Average Action [20] is that Γk is defined at a scale k which is the
largest one of the various competing scales in the fluctuation determinant of the Average Action,
(2)
Γk , namely
δ 2 Γk
(2)
(1.3)
Γk =
δ Φ2
where Φ is the so-called “blocked” field [29].
The difficulty arises when we decide to apply the same “recipe” in gravity by writing
k ∼ 1/ℓ(xµ )),

ℓ = ℓ(gµν )

(1.4)

being ℓ a characteristic length where the fluctuations with energy k propagate. The reason is that
the flow equation is by construction diffeomorphism invariant at any k so that the RG flow itself
3
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means that while in QED the quantum fluctuations screen external charges, in quantum gravity they
have an antiscreening effect on external test masses. The consequence of this simple Gedanken
experiment entails Newton’s constant becoming a scale dependent quantity G(k) which is small at
small distances r ∼ 1/k, and which becomes large at larger distances.
In QED the screening behavior is well-known but it is interesting to recall how this result is
obtained from the "renormalization group improvement", a standard device, in particle physics, in
order to add the dominant quantum corrections to the Born approximation of a scattering cross
section for instance. One starts from the classical potential energy Vcl (r) = e2 /4π r and replaces e2
by the running gauge coupling in the one-loop approximation:
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∇ · D = J0 ,

ε (E) = 1 −

D = E ε (E), E = −∇A0

(1.5)

e2
log(eE/k02 ) + . . .
12π 2

whose solution reproduces the Uehling potential in the long distance limit, but in general the solutions of Eq.(1.5) include higher loop effects due to the non-linearities of the effective action in the
short distance limit.
The two approaches discussed above are obviously related, at least in some limit. In the case
of Robertson-Walker spaces it will be shown that due to the very high degree of symmetry of the
spacetime, the time-scale defined by “Hubble parameter” behaves essentially like the characteristic
time scale associated to the relevant curvature invariants [38–40]. In the case of spherically symmetric spacetimes [30, 31, 41, 42], near the singularity the proper distance of a radially free falling
√
observer behaves essentially as 1/ Ψ2 , being Ψ2 the “Coulombian” component of the Weyl tensor.
From the above discussion it is then clear that in general there is not a preferred strategy to
perform the RG improvement in gravity. In some case it might be more interesting to RG improve
solutions and to make contact with an emergent spacetime description of the effective geometry. In
some other cases it could be more convenient to work with a RG improvement at the level of field
equations or actions [42–45].
It is important to remark that it is not surprising that different cutoff might provide quantitavely
different evolutions, as usually the β -functions are not “universal” quantities. For instance it is
well known [46] that different realizations of the block-spin RG transformation applied to the Ising
model may provide different values for fixed points, as we are essentially using different type
of “microscopes”1 . On the other hand truly universal quantities, like the critical exponents, are
essentially insensitive to the cutoff choice.
1 From

this point of view the criticism expressed in [47] should not be seriously considered.
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does not know anything about the background field metric gµν that has been used for projecting on
a finite-dimensional subspace of the “theory space”.
There are two possible strategies to overcome this issue. The first one amounts to choose a
fiducial metric which is a solution of the Einstein equations and RG-improve it by substituting the
Newton constant G with the running G(k) together with a cutoff identification of the type (1.4). The
limitation of this approach lies in the fact that in general the improved metric may not be a solution
of Einstein equation, but one can imagine that this is a sort of “Thomas-Fermi” approximation
where only the leading quantum corrections are taken into account [30, 31]. The improved gµν (k)
metric represents then a sort of “emergent” spacetime description of the effective geometry [32–34]
according to the scale dependence of the Newton constant.
A second possibility is to consider the energy scale k associated to the field strength itself
rather than to an observational scale ℓ. This is motivated by the analogy with the QED (and QCD)
case, where higher loop contributions to the Uehling potential are obtained by renormalization
group improvement of the QED action by using the field strength (Fµν F µν )1/4 as a cutoff instead
than 1/r [35–37]. In this case the short distance correction to the static potential is obtained from
the non-linear differential equations
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2. The RG trajectory of our Universe
It is possible to show that there exists a class of RG trajectories obtained from QEG in the
Einstein-Hilbert approximation [4], namely those of the “Type IIIa” [9] which possesses all the
qualitative properties one would expect from the RG trajectory describing gravitational phenomena
in the real Universe we live in. In particular they can have a long classical regime and a small,
positive cosmological constant in the infrared. Determining its parameters from observations, one
finds [40] that, according to this particular QEG trajectory, the running cosmological constant Λ(k)
changes by about 120 orders of magnitude between k-values of the order of the Planck mass and
macroscopic scales, while the running Newton constant G(k) has no strong k-dependence in this
regime. For k > mPl , the non-Gaussian fixed point which is responsible for the renormalizability
of QEG controls their scale dependence. In the deep ultraviolet (k → ∞), Λ(k) diverges and G(k)
approaches zero.
Is there any experimental or observational evidence that would hint at this enormous scale
dependence of the gravitational parameters, the cosmological constant in particular? As it was
stressed before, even though it is always difficult to give a precise physical interpretation to the RG
scale k it is fairly certain that any sensible identification of k in terms of cosmological quantities
will lead to a k which decreases during the expansion of the Universe. As a consequence, Λ(k) will
also decrease as the Universe expands. Already the purely qualitative assumption of a positive and
decreasing cosmological constant supplies an interesting hint as to which phenomena might reflect
a possible Λ-running.
To make the argument as simple as possible, let us first consider a Universe without matter, but
with a positive Λ. Assuming maximal symmetry, this is nothing but de Sitter space, of course. In
static coordinates its metric is ds2 = −(1+2ΦN (r))dt 2 +(1+2ΦN (r))−1 dr2 +r2 (d θ 2 +sin2 θ d φ 2 )
with ΦN (r) = − 16 Λ r2 . In the weak field and slow motion limit ΦN has the interpretation of
a Newtonian potential, with a correspondingly simple physical interpretation. The left panel of
Fig.1 shows ΦN as a function of r; for Λ > 0 it is an upside-down parabola. Point particles in
this spacetime, symbolized by the black dot in Fig.1, “roll down the hill” and are rapidly driven
away from the origin and from any other particle. Now assume that the magnitude of |Λ| is slowly
(“adiabatically”) decreased. This will cause the potential ΦN (r) to move upward as a whole, its
slope decreases. So the change in Λ increases the particle’s potential energy. This is the simplest
way of understanding that a positive decreasing cosmological constant has the effect of “pumping”
5
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In this review recent results obtained with the RG improvement of Einstein theory will be discussed in the framework QEG will be reviewed, with particular emphasis on recent results obtained
in cosmology [40]. In particular in Sec.2 the RG evolution of the Newton constant and Cosmological constant describing our Universe are described. In Sec.3 a covariant formalism to improve the
Einstein field equation is presented while in Sec.4 the RG improved Robertson-Walker Cosmology
is discussed. In Sec.5 the basic mechanism to produce the entropy of the Universe is presented. In
Sec.6 the properties of a class of solutions of the RG equations are discussed. In Sec.7 a mechanism to produce a power-law inflation is studied. In Sec.8 and Sec.9 the properties of RG improved
Black Hole metric is studied. In Sec.10 the possibility that Quantum Gravity effects are present on
Astrophysical distances is reviewed. Sec.11 is devoted to the Conclusions.
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energy into the matter degrees of freedom. More realistically one will describe the matter system
in a hydrodynamics or quantum field theory language and one will include its backreaction onto
the metric. But the basic conclusion, namely that a slow decrease of a positive Λ transfers energy
into the matter system, will remain true.
We are thus led to suspect that, because of the decreasing cosmological constant, there is a
continuous inflow of energy into the cosmological fluid contained in an expanding Universe. It will
“heat up” the fluid or, more exactly, lead to a slower decrease of the temperature than in standard
cosmology. Furthermore, by elementary thermodynamics, it will increase the entropy of the fluid.
If during the time dt an amount of heat dQ > 0 is transferred into a volume V at the temperature T
the entropy changes by an amount dS = dQ/T > 0. To be as conservative (i.e., close to standard
cosmology) as possible, we assume that this process is reversible. If not, dS is even larger.
In standard Friedmann-Robertson-Walker (FRW) cosmology the expansion is adiabatic, the
entropy (within a comoving volume) is constant. It has always been somewhat puzzling therefore
where the huge amount of entropy contained in the present Universe comes from. Presumably
it is dominated by the CMBR photons which contribute an amount of about 1088 to the entropy
within the present Hubble sphere. (We use units such that kB = 1. ) In fact, if it true that no
entropy is produced during the expansion then the Universe would have had an entropy of at least
1088 immediately after the initial singularity which for various reasons seems quite unnatural. In
scenarios which invoke a “tunneling from nothing”, for instance, spacetime was “born” in a pure
quantum state, so the very early Universe is expected to have essentially no entropy. Usually it
is argued that the present entropy is the result of some sort of “coarse graining” which, however,
typically is not considered as an active part of the cosmological dynamics in the sense that it would
have an impact on the time evolution of the metric.
In [40] it was argued that in principle the entire entropy of the massless fields in the present
universe can be understood as arising from the mechanism described above. If energy can be exchanged freely between the cosmological constant and the matter degrees of freedom, the entropy
observed today is obtained precisely if the initial entropy at the “big bang” vanishes. The assumption that the matter system must allow for an unhindered energy exchange with Λ is essential.
There is another, more direct potential consequence of a decreasing positive cosmological
constant, namely a period of automatic inflation during the very first stages of the cosmological
evolution. It is not surprising, of course, that a positive Λ can cause an accelerated expansion, but
6
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Figure 1: The left panel shows the quasi-Newtonian potential corresponding to de Sitter space. The curve
moves upward as the cosmological constant decreases. On the right panel the “realistic" RG trajectory.
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3. A covariant approach to RG improvement in cosmology
In the following we shall present the improved RG equation in the 3 + 1 formalism. Let gµν
be the space-time metric with signature (−, +, +, +). A “cosmological fundamental observer”
comoving with the cosmological fluid has 4-velocity uµ = dxµ /d τ with uµ uµ = −1, where τ is the
proper time along the fluid flow lines. The projection tensor onto the tangent 3-space orthogonal
to uµ is hµν = gµν + uµ uν , with hµ ν hν σ = hµ σ and hµ ν uν = 0. We denote by a semicolon the
standard covariant derivative and by an over-dot the differentiation with respect to the proper time
τ . The covariant derivative of uµ reads as
1
uµ ;ν = ωµν + σµν + Θhµν − u̇µ uν ,
3

(3.1)

where ωµν = hα µ hβ ν u[α ;β ] is the vorticity tensor, σµν = hα µ hβ ν u(α ;β ) − 13 Θhµν is the shear tensor,
Θ = uµ ;µ is the expansion scalar and u̇µ = uµ ;ν uν is the acceleration four-vector; square and round
brackets denote anti-symmetrization and symmetrization, respectively.
One can introduce a representative length ℓ along the particle world-lines by the equation
1
ℓ̇/ℓ = Θ
3

(3.2)

In fact ℓ represent completely the volume behavior of the fluid as any comoving volume element is
proportional to ℓ3 . The net effect of Θ is in fact to change fluid sphere into another fluid sphere with
the the same orientation but with different volume. One can then define the “Hubble parameter”
and the deceleration parameter by
q ≡ ℓ̈/ℓH 2

H ≡ ℓ̇/ℓ,

(3.3)

The Einstein equations read
h
i
Rµν uµ uν = 4π G(ρ + 3p) − Λ, Rαβ hα µ hβ ν = 4π G(ρ − p) + Λ
7
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in the classical context the problem with a Λ-driven inflation is that it would never terminate once it
has started. In popular models of scalar driven inflation this problem is circumvented by designing
the inflaton potential in such a way that it gives rise to a vanishing vacuum energy after a period of
“slow roll”.
There will thus be reviewed generic RG cosmologies based upon the QEG trajectories which
have an era of Λ-driven inflation immediately after the big bang which ends automatically as a
consequence of the RG running of Λ(k). Once the scale k drops significantly below mPl , the
accelerated expansion ends because the vacuum energy density ρΛ is already too small to compete
with the matter density. Clearly this is a very attractive scenario: no ad hoc ingredients such as an
inflaton field or a special potential are needed to trigger inflation. It suffices to include the leading
quantum effects in the gravity + matter system. Furthermore, it will be shown that asymptotic
safety offers a natural mechanism for the quantum mechanical generation of primordial density
perturbations, the seeds of cosmological structure formations.
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where Λ = Λ(xµ ) is the position-dependent cosmological term and G = G(xµ ) the position-dependent
Newton parameter. The energy-momentum tensor is assumed to have the the perfect fluid form
T µν = (p + ρ ) uµ uν + p gµν . The Bianchi identities lead to the conservation law along uµ
i
1 h
8π Ġρ + Λ̇ ,
8π G

(3.5)

i
hµν h
hµν p;ν
Λ,ν − 8π pG,ν
=
ρ+p
8π G

(3.6)

ρ̇ + Θ(ρ + p) = −
and onto the orthogonal hypersurface

The Raychaudhuri equation is obtained with the help of the Einstein field equations and of Eq.
(3.1),
1
µ
(3.7)
Θ̇ + Θ2 + 2(σ 2 − ω 2 ) − u̇ ;µ + 4π G(ρ + 3p) − Λ = 0,
3
where 2σ 2 ≡ σµν σ µν and 2ω 2 ≡ ωµν ω µν . The scalar curvature of the tangent space is given by
2
K ≡ (3) R = R + 2Rµν uµ uν + 2σ 2 − 2ω 2 − Θ2 ,
3

(3.8)

which leads, by using the field equations (3.4), to the generalized Friedmann equation
2
K = 2σ 2 − 2ω 2 − Θ2 + 16π Gρ + 2Λ.
3

(3.9)

In homogeneous spaces, Eq.(3.6) is identically satisfied, while Eq.(3.9) reduces to the familiar
Friedmann equation which is coupled to the energy balance equation (3.5). In order to integrate
the previous equations in a general spacetime, the evolution equations for shear and vorticity are
needed, together with the dynamical equations for G and Λ which are obtained by the RG equations. The latter are obtained in the Einstein–Hilbert truncation as a set of β -functions for the
dimensionless Newton constant and cosmological constant, g and λ ,
k∂k g = βg (g, λ ),

k∂k λ = βλ (g, λ ),

(3.10)

and the link with the spacetime dynamics is provided by the cut-off identification
k = k(τ , ρ , ρ̇ , Θ, Θ̇, ...).

(3.11)

The dots stand for all possible physical or geometrical invariants which can act as IR regulators
in the fluctuation determinant of Γk . The knowledge of the precise functional dependence in Eq.
(3.11) would then provide a dynamical evolution which is consistent with the full effective action
at k = 0. In Ref. [48] the simple choice k ∝ 1/t can be justified on the ground that, if there are no
other scales in the system when the Universe had age t, fluctuations with frequency greater than
1/t may not have played any role as yet, and the running must be stopped at k ∝ 1/t. On the
other hand, recent works [38–40] have argued that the Hubble parameter defined in Eq.(3.3) is a
physically meaningful cutoff as it measures the curvature of the spacetime, and it also reproduces
the 1/t cutoff for any power-law dependence of ℓ(t) in Eq.(3.2). In fact the scalar curvature R, the
8
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square of the Ricci tensor R = Rαβ Rαβ and the Kretschmann invariant K = Rαβ γδ Rαβ γδ can all be
expressed in terms of the Hubble parameter and its derivatives,
R = 6(2H 2 + Ḣ),

R = 12(3H 4 + 3H 2 Ḣ + Ḣ 2 ), K = 12(2H 4 + 2H 2 Ḣ + Ḣ 2)

(3.12)

On the other hand, the second functional derivative of the effective average action reads [14]
(2)
Γk [g, g]µν ρσ = 2κ 2 ZNk [−K µν ρσ D2 +U µν ρσ ] where
(3.13)

and
1
1 µ
µ
U µν ρσ = [δρ δσν + δσ δρν − gµν gρσ ](R − 2λ̄k ) + [gµν Rρσ + gρσ Rµν ]
4
2
1 µ
1
µ
µ
µ
− [δρ Rν σ + δσ Rν ρ + δρν Rµ σ + δσν Rµ ρ ] − [Rν ρ σ + Rν σ ρ ]
4
2

(3.14)

which clearly shows the Ricci scalar, the Ricci tensor and the Riemann tensor enters in the fluctuation determinant as mass-type regulators. As from (3.12) all those terms are essentially expressible
in terms of the Hubble parameter, it is then clear that one can conveniently parameterize the field
strength dependence in terms of the single scalar H. It is important to stress that this is a consequence of the very high degree of symmetry of our spacetime, but in a generic spacetime the actual
cutoff can be different.

4. The improved Robertson-Walker cosmology
Let us now specify our spacetime to describe a spatially flat (K = 0) Robertson-Walker metric
with scale factor ℓ(t), so that the shear, rotation and acceleration are identically vanishing. We can
take Tµ ν = diag[−ρ , p, p, p] to be the energy momentum tensor of an ideal fluid with equation of
state p = wρ where w > −1 is constant.
Then the improved Einstein equation boils down to the modified Friedmann equation and a
continuity equation:
H2 =

1
8π
G(t) ρ + Λ(t)
3
3

ρ̇ + 3H(ρ + p) = −

Λ̇ + 8π ρ Ġ
8π G

(4.1)
(4.2)

The modified continuity equation above is the integrability condition for the improved Einstein
equation implied by Bianchi’s identity, Dµ [−Λ(t)gµν + 8π G(t)Tµν ] = 0. It describes the energy
exchange between the matter and gravitational degrees of freedom (geometry). For later use let
us note that upon defining the critical density ρcrit (t) ≡ 3 H(t)2 /8π G(t) and the relative densities
ΩM ≡ ρ /ρcrit and ΩΛ = ρΛ /ρcrit the modified Friedmann equation (4.1) can be written as ΩM (t) +
ΩΛ (t) = 1.
It is possible to obtain G(k) and Λ(k) by solving the flow equation in the Einstein-Hilbert
truncation with a sharp cutoff [4, 39]. It is formulated in terms of the dimensionless Newton and
9
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1 µ
µ
K µν ρσ = [δρ δσν + δσ δρν − gµν gρσ ]
4
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cosmological constant, respectively: g(k) ≡ k2 G(k), λ (k) = Λ(k)/k2 . Quantum corrected cosmologies are computed by (numerically) solving the RG improved evolution equations. The cutoff
identification
k(t) = ξ H(t)
(4.3)
where ξ is a fixed positive constant of order unity will be employed. As discussed in the previous section this is a natural choice since in a Robertson-Walker geometry the Hubble parameter
measures the curvature of spacetime which is related to the actual regulator. Thus we have
g(ξ H(t))
,
ξ 2 H(t)2

Λ(t) = ξ 2 H(t)2 λ (ξ H(t))

(4.4)

Let us briefly review how the type IIIa trajectories of the Einstein-Hilbert truncation can be
matched against the observational data. This analysis is fairly robust and clearcut; it does not
involve the NGFP. All that is needed is the RG flow linearized about the Gaussian fixed point
(GFP) which is located at g = λ = 0. In its vicinity one has [40] Λ(k) = Λ0 + ν Ḡ k4 + · · · and
G(k) = Ḡ + · · · . Or, in terms of the dimensionless couplings, λ (k) = Λ0 /k2 + ν Ḡ k2 + · · · , g(k) =
Ḡ k2 + · · · . In the linear regime of the GFP, Λ displays a running ∝ k4 and G is approximately
constant. Here ν is a positive constant of order unity [39], ν ≡ 41π Φ12 (0). These equations are valid
if λ (k) ≪ 1 and g(k) ≪ 1. They describe a 2-parameter family of RG trajectories labeled by the
pair (Λ0 , Ḡ). It will prove convenient to use an alternative labeling (λT , kT ) with λT ≡ (4ν Λ0 Ḡ)1/2
and kT ≡ (Λ0 /ν Ḡ)1/4 . The old labels are expressed in terms of the new ones as Λ0 = 12 λT kT2 and
Ḡ = λT /2 ν kT2 . It is furthermore convenient to introduce the abbreviation gT ≡ λT /2 ν .
When parameterized by the pair (λT , kT ) the trajectories assume the form
i
h
i
h
1
(4.5)
Λ(k) = λT kT2 1 + (k/kT )4 ≡ Λ0 1 + (k/kT )4
2
G(k) =

λT
gT
≡ 2
2
2 ν kT
kT

or, in dimensionless form,

λ (k) =

1 h kT 2  k 2 i
λT
,
+
2
k
kT

g(k) = gT

 k 2
kT

(4.6)

As for the interpretation of the new variables, it is clear that λT ≡ λ (k ≡ kT ) and gT ≡ g(k =
kT ), while kT is the scale at which βλ (but not βg ) vanishes according to the linearized running:
βλ (kT ) ≡ kd λ (k)/dk|k=kT = 0. Thus we see that (gT , λT ) are the coordinates of the turning point
T of the type IIIa trajectory considered, and kT is the scale at which it is passed. It is convenient to
refer the “RG time” τ to this scale: τ (k) ≡ ln(k/kT ). Hence τ > 0 (τ < 0) corresponds to the “UV
regime” (“IR regime”) where k > kT (k < kT ).
Let us now hypothesize that, within a certain range of k-values, the RG trajectory realized in
Nature can be approximated by (4.6). In order to determine its parameters (Λ0 , Ḡ) or (λT , kT ) we
must perform a measurement of G and Λ. If we interpret the observed values Gobserved = m−2
Pl , mPl ≈
1.2 × 1019 GeV, and Λobserved = 3 ΩΛ0 H02 ≈ 10−120 m2Pl as the running G(k) and Λ(k) evaluated at
a scale k ≪ kT , then we get from (4.5) that Λ0 = Λobserved and Ḡ = Gobserved . Using the definitions
of λT and kT along with ν = O(1) this leads to the order-of-magnitude estimates gT ≈ λT ≈ 10−60
10
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5. Primordial entropy generation
Let us return to the modified continuity equation (3.5). After multiplication by a3 it reads

where we defined

f
[ρ̇ + 3H(ρ + p)] a3 = P(t)



f ≡ − Λ̇ + 8π ρ Ġ a3
P
8π G
Without assuming any particular equation of state eq.(5.1) can be rewritten as
d
d
f
(ρ a3 ) + p (a3 ) = P(t)
dt
dt

(5.1)

(5.2)

(5.3)

The interpretation of this equation is as follows. Let us consider a unit coordinate, i.e. comoving
volume in the Robertson-Walker spacetime. Its corresponding proper volume is V = a3 and its
energy contents is U = ρ a3 . The rate of change of these quantities is subject to (5.3):
dU
dV
f
+p
= P(t)
dt
dt

(5.4)

f ≡ 0 this equation together with the standard thermodynamic reIn classical cosmology where P
lation dU + pdV = T dS is used to conclude that the expansion of the Universe is adiabatic, i.e. the
entropy inside a comoving volume does not change as the Universe expands, dS/dt = 0.
Here and in the following we write S ≡ s a3 for the entropy carried by the matter inside a unit
comoving volume and s for the corresponding proper entropy density.
f is nonzero and we interpret (5.4) as describing the
When Λ and G are time dependent, P
process of energy (or “heat”) exchange between the scalar fields Λ and G and the ordinary matter.
This interaction causes S to change:
T

dS
d
f
= T (sa3 ) = P(t)
dt
dt

(5.5)

The actual rate of change of the comoving entropy is

d
dS
= (sa3 ) = P(t)
dt
dt

(5.6)

where
f
P ≡ P/T
11
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and kT ≈ 10−30 mPl ≈ (10−3 cm)−1 . Because of the tiny values of gT and λT the turning point lies
in the linear regime of the GFP.
Up to this point we discussed only that segment of the “trajectory realized in Nature” which
lies inside the linear regime of the GFP. The complete RG trajectory is obtained by continuing this
segment with the flow equation both into the IR and into the UV, where it ultimately spirals into
the NGFP. While the UV-continuation is possible within the Einstein-Hilbert truncation, this approximation breaks down in the IR when λ (k) approaches 1/2. Interestingly enough, this happens
near k = H0 , the present Hubble scale. The right panel of Fig.1 shows a schematic sketch of the
complete trajectory on the g-λ –plane and Fig.2 displays the resulting k-dependence of G and Λ.
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If T is known as a function of t we can integrate (5.5) to obtain S = S(t). In the RG improved
cosmologies the entropy production rate per comoving volume
P(t) = −

h Λ̇ + 8π ρ Ġ i a3
8π G
T

(5.8)

ρ (T ) = κ 4 T 4 ,

κ ≡ (π 2 neff /30)1/4

(5.9)

No assumption is made about the relation s = s(T ).
The first assumption, radiation dominance and equal temperature, is plausible since we shall
find that there is no significant entropy production any more once H(t) has dropped substantially
below mPl . The second assumption, eq.(5.9), refer to the hypothesis that the injection of energy into
the matter system disturbs its equilibrium only very weakly. The approximation is that the equilibrium relations among ρ , p, and T are still valid in the non-equilibrium situation of a cosmology
with entropy production.
By inserting p = ρ /3 and (5.9) into the modified continuity equation the entropy production
rate can be seen to be a total time derivative: P(t) = dtd [ 34 κ a3 ρ 3/4 ]. Therefore we can immediately
Sc
integrate (5.6) and obtain S(t) = 43 κ a3 ρ 3/4 + Sc , s(t) = 34 κρ (t)3/4 + a(t)
3 . Here Sc is a constant of
integration. In terms of T , using (5.9) again,
s(t) =

Sc
2π 2
neff T (t)3 +
45
a(t)3

(5.10)

The final result (5.10) is very remarkable for at least two reasons. Firstly, for Sc = 0, eq.(5.10)
has exactly the form valid for radiation in equilibrium. Note that we did not postulate this relationship, only the ρ (T )–law was assumed. The equilibrium formula s ∝ T 3 was derived from
the cosmological equations, i.e. the modified conservation law. This result makes the hypothesis
“non-adiabatic, but as little as possible” selfconsistent.
Secondly, if limt→0 a(t)ρ (t)1/4 = 0, which is actually the case for the most interesting class
of cosmologies we shall find, then S(t → 0) = Sc . As we mentioned in the introduction, the most
plausible initial value of S is S = 0 which means a vanishing constant of integration Sc here. But
then, with Sc = 0 the entire entropy carried by the massless degrees of freedom is due to the RG
running. So it indeed seems to be true that the entropy of the CMBR photons we observe today is
due to a coarse graining. Unexpectedly, not a coarse graining of the matter degrees of freedom but
rather of the gravitational ones which determines the background spacetime the photons propagate
on.
12
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is nonzero because the gravitational “constants” Λ and G have acquired a time dependence.
Clearly we can convert the heat exchanged, T dS, to an entropy change only if the dependence
of the temperature T on the other thermodynamical quantities, in particular ρ and p is known. For
this reason we shall now make the following assumption about the matter system and its (nonequilibrium!) thermodynamics:
The matter system is assumed to consist of neff = nb + 78 nf species of effectively massless degrees of freedom which all have the same temperature T . The equation of state is p = ρ /3, i.e.
w = 1/3, and ρ depends on T as

Asymptotic Safety in Astrophysics

Alfio Bonanno

6. Solving the RG improved Einstein Equations

b 2 . Here A, ρb, G,
b are positive constants. They
b 2 , Λ(t) = Λ/t
b and Λ
and ρ (t) = ρbt −4 , G(t) = Gt
∗
depend on ΩΛ which assumes values in the interval (0, 1).
Summarizing the numerical results one can say that for any value of Ω∗Λ the UV cosmologies
consist of two scaling regimes and a relatively sharp crossover region near k, H ≈ mPl corresponding
to x ≈ −34.5 which connects them. At higher k-scales the fixed point approximation is valid, at
lower scales one has a classical FRW cosmology in which Λ can be neglected.
Λ

G

mPl2

Λ ~k

G=const

2

m
G ~ 1/k
−120 2
mPl

Λ = const

10

Λ ~k

−2
Pl

2

4

0

H0
0

kT

mPl

k

Figure 2: The dimensionful quantities Λ(k) and G(k) for the RG trajectory with realistic parameter values.

As an example, Fig.(3) shows the crossover cosmology with Ω∗Λ = 0.98 and w = 1/3. The
entropy production rate P is maximum at ttr and quickly goes to zero for t > ttr ; it is non-zero for all
t < ttr . By varying the Ω∗Λ -value one can check that the early cosmology is indeed described by the
NGFP solution (5.1). For the logarithmic H vs. a- plot, for instance, it predicts U = −2(1 − Ω∗Λ )x
for x < −34.4. The left part of the plot in Fig.3a and its counterparts with different values of Ω∗Λ
indeed comply with this relation. If Ω∗Λ ∈ (1/2, 1) we have α = (2 − 2Ω∗Λ )−1 > 1 and a(t) ∝ t α
describes a phase of accelerated power law inflation.
13
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In [40] the improved Einstein equations (4.1, 4.2) have been solved for the trajectory with
realistic parameter values which was discussed in Section 3. The solutions were determined by
applying the algorithm described at the end of Section 2. Having fixed the RG trajectory, there
exists a 1-parameter family of solutions (H(t), ρ (t)). This parameter is conveniently chosen to be
the relative vacuum energy density in the fixed point regime, Ω∗Λ .
The very early part of the cosmology can be described analytically. For k → ∞ the trajectory
approaches the NGFP, (g, λ ) → (g∗ , λ∗ ), so that G(k) = g∗ /k2 and Λ(k) = λ∗ k2 . In this case the
differential equation can be solved analytically, with the result
h1
i−1
(6.1)
H(t) = α /t, a(t) = At α , α = (3 + 3w)(1 − Ω∗Λ )
2
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The phase of power law inflation automatically comes to a halt once the RG running has
reduced Λ to a value where the resulting vacuum energy density no longer can overwhelm the
matter energy density.

7. Inflation in the fixed point regime
Next we discuss in more detail the epoch of power law inflation which is realized in the NGFP
regime if Ω∗Λ > 1/2. Since the transition from the fixed point to the classical FRW regime is
rather sharp it will be sufficient to approximate the RG improved UV cosmologies by the following
caricature : For 0 < t < ttr , the scale factor behaves as a(t) ∝ t α , α > 1. Here α = (2 − 2Ω∗Λ )−1
since w = 1/3 will be assumed. Thereafter, for t > ttr , we have a classical, entirely matter-driven
expansion a(t) ∝ t 1/2 .
The transition time ttr is dictated by the RG trajectory. It leaves the asymptotic scaling regime
14
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Figure 3: The crossover epoch of the cosmology for Ω∗Λ = 0.98. The plots a), b), c) display the logarithmic
Hubble parameter U , as well as q, ΩΛ , g and λ as a function of the logarithmic scale factor x. A crossover
is observed near x ≈ −34.5. The diamond in plot d) indicates the point on the RG trajectory corresponding
to this x-value. (The lower horizontal part of the trajectory is not visible on this scale.) The plots e) and f)
show the x-dependence of the anomalous dimension and entropy production rate, respectively.
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near k ≈ mPl . Hence H(ttr ) ≈ mPl and since ξ = O(1) and H(t) = α /t we find the estimate
ttr = α tPl

(7.1)

7.1 Crossing the Hubble radius
In the NGFP regime 0 < t < ttr the Hubble radius ℓH (t) ≡ 1/H(t), i.e. ℓH (t) = t/α , increases
linearly with time but, for α ≫ 1, with a very small slope. At the transition, the slope jumps from
1/α to the value 2 since H = 1/(2t) and ℓH = 2t in the FRW regime. This behavior is sketched in
Fig. 4.
Let us consider some structure of comoving length ∆x, a single wavelength of a density perturbation, for instance. The corresponding physical, i.e. proper length is L(t) = a(t)∆x then. In the
NGFP regime it has the time dependence L(t) = (t/ttr )α L(ttr ). The ratio of L(t) and the Hubble
tr )
= ( tttr )α −1 ℓL(t
. For α > 1, i.e. Ω∗Λ > 1/2, the proper length of
radius evolves according to ℓL(t)
H (t)
H (ttr )
any object grows faster than the Hubble radius. So objects which are of “sub-Hubble” size at early
times can cross the Hubble radius and become “super-Hubble” at later times, see Fig. 4.
Let us focus on a structure which, at t = ttr , is eN times larger than the Hubble radius. Before
the transition we have L(t)/ℓH (t) = eN (t/ttr )α −1 . Assuming eN > 1, there exists a time tN < ttr at
which L(tN ) = ℓH (tN ) so that the structure considered “crosses” the Hubble radius at the time tN . It
is given by

N 
(7.2)
tN = ttr exp −
α −1
What is remarkable about this result is that, even with rather moderate values of α , one can easily
“inflate” structures to a size which is by many e-folds larger than the Hubble radius during a very
short time interval at the end of the NGFP epoch.
Let us illustrate this phenomenon by means of an example, namely the choice Ω∗Λ = 0.98 used
in Fig. 3. Corresponding to 98% vacuum and 2% matter energy density in the NGFP regime, this
15
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Here, as always, the Planck mass, time, and length are defined in terms of the value of Newton’s
1/2 = G1/2
∗
constant in the classical regime : tPl = ℓPl = m−1
Pl = Ḡ
observed . Let us now assume that ΩΛ
is very close to 1 so that α is large: α ≫ 1. Then (7.1) implies that the transition takes place at a
cosmological time which is much later than the Planck time. At the transition the Hubble parameter
is of order mPl , but the cosmological time is in general not of the order of tPl . Stated differently,
the “Planck time” is not the time at which H and the related physical quantities assume Planckian
values. The Planck time as defined above is well within the NGFP regime: tPl = ttr /α ≪ ttr .
At t = ttr the NGFP solution is to be matched continuously with a FRW cosmology (with
√
vanishing cosmological constant ). We may use the classical formula a ∝ t for the scale factor,
but we must shift the time axis on the classical side such that a, H, and then as a result of (4.1) also
ρ are continuous at ttr . Therefore a(t) ∝ (t − tas )1/2 and H(t) = 21 (t − tas )−1 for t > ttr . Equating
this Hubble parameter at t = ttr to H(t) = α /t, valid in the NGFP regime, we find that the shift tas
must be chosen as tas = (α − 21 )tPl = (1 − 21α )ttr < ttr . Here the subscript ’as’ stands for “apparent
singularity”. This is to indicate that if one continues the classical cosmology to times t < ttr , it has
an initial singularity (“big bang”) at t = tas . Since, however, the FRW solution is not valid there
nothing special happens at tas ; the true initial singularity is located at t = 0 in the NGFP regime.
(See Fig. 4.)
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L, lH

N

e lPl
lH(t)
L(t)

t
t

Pl

t

tN
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t tr

Figure 4: Shown is the proper length L and the Hubble radius as a function of time. The NGFP and FRW
cosmologies are valid for t < ttr and t > ttr , respectively. The classical cosmology has an apparent initial
singularity at tas outside its domain of validity. Structures of size eN ℓPl at ttr cross the Hubble radius at tN , a
time which can be larger than the Planck time.

value is still “generic” in the sense that Ω∗Λ is not fine tuned to equal unity with a precision of many
decimal places. It leads to the exponent α = 25, the transition time ttr = 25 tPl , and tas = 24.5 tPl .
The largest structures in the present Universe, evolved backward in time by the classical equations to the point where H = mPl , have a size of about e60 ℓPl there. We can use (7.2) with N = 60
to find the time t60 at which those structures crossed the Hubble radius. With α = 25 the result is
t60 = 2.05 tPl = ttr /12.2. Remarkably, t60 is smaller than ttr by one order of magnitude only. As a
consequence, the physical conditions prevailing at the time of the crossing are not overly “exotic”
yet. The Hubble parameter, for instance, is only one order of magnitude larger than at the transition: H(t60 ) ≈ 12mPl . The same is true for the temperature; one can show that T (t60 ) ≈ 12T (ttr )
where T (ttr ) is of the order of mPl . Note that t60 is larger than tPl .
7.2 Primordial density fluctuations
QEG offers a natural mechanism for generating primordial fluctuations during the NGFP
epoch. They have a scale free spectrum with a spectral index close to n = 1. This mechanism
is at the very heart of the “asymptotic safety” underlying the non-perturbative renormalizability
of QEG. A detailed discussion of this mechanism is beyond the scope of the present review; the
reader it referred to [6, 7, 40, 48]. Suffice it to say that the quantum mechanical generation of the
primordial fluctuations happens on sub-Hubble distance scales. However, thanks to the inflationary
NGFP era the modes relevant to cosmological structure formation were indeed smaller than the
Hubble radius at a sufficiently early time, for t < t60 .

8. RG improved Black Hole spacetimes
In [30], a “RG-improvement" of the Schwarzschild metric has been performed and the properties of the corresponding “quantum black hole" have been explored. The improvement was based
upon the scale dependent (“running") Newton constant G(k) obtained from the exact RG equation
16
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for gravity describing the scale dependence of the effective average action. In this case the effect
of the cosmological constant has been neglected, and the running of G is approximately given by
G(k) =

G0
1 + ω G0 k 2

(8.1)

ds2 = − f (r)dt 2 + f (r)−1 dr2 + r2 dΩ2

(8.2)

with dΩ2 ≡ d θ 2 + sin2 θ d φ 2 and the classical lapse function f (r) = 1 − 2G0 M/r ≡ fclass (r). The
RG improvement is effected by substituting, in fclass (r), G0 by the r-dependent Newton constant
G(r) ≡ G(k = k(r)) which obtains from G(k) via an appropriate “cutoff identification" k = k(r).
In flat space the natural choice would be k ∝ 1/r. In [30] it was argued that in the Schwarzschild
background the correct choice, in leading order at least, is k(r) = ξ /d(r) where ξ is a constant
R
of the order of unity, and d(r) ≡ 0r dr′ | fclass (r′ )|−1/2 is the proper distance from a point with
coordinate r to the center of the black hole. While the integral defining d(r) can be evaluated
exactly, it is sufficient to use the following approximation which becomes exact for both r → ∞ and
r → 0:
 21

r3
(8.3)
d(r) =
r + γ G0 M
The resulting G(r) ≡ G(k = ξ /d(r)) reads
G(r) =

G0 r 3
r3 + ω̃ G0 [r + γ G0 M]

(8.4)

e ≡ ωξ 2 . In these equations the parameter γ has the value γ = 9/2 if one sets k = ξ /d(r)
where ω
as above. It turns out, however, that most of the qualitative properties of the improved metric, in
particular all those related to the structure of its horizons, are fairly insensitive to the precise value
of γ . In particular, γ = 0 (corresponding to k = ξ /r) and γ = 9/2 where found [30] to lead to rather
similar results throughout. For this reason one can adopt the choice γ = 0 in the present paper.
It has the advantage that with this choice many calculations can be performed analytically which
require a numerical treatment otherwise.
The metric of the RG improved Schwarzschild black hole is given by the line element (8.2)
with
2G(r)M
(8.5)
f (r) = 1 −
r
Let us briefly list its essential features
a) There exists a critical mass value
q
√
e /G0 = ω
e mPl
(8.6)
Mcr = ω
17
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where G0 denotes the laboratory value of Newton’s constant, and ω is a constant. At large distances
(k → 0), G(k) approaches G0 , and in the ultraviolet limit (k → ∞), it decreases as G(k) ∝ 1/k2 .
This is the fixed point behavior responsible for the conjectured non-perturbative renormalizability
of Quantum Einstein Gravity, in the approximation of neglecting the running of the Cosmological
Constant.
In the RG improvement scheme of [30] the information about the k-dependence of G is exploited in the following way. The starting point is the classical Schwarzschild metric
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such that f (r) has two simple zeros at r− and r+ > r− if M > Mcr , one double zero at r+ = r− =
p
e G0 if M = Mcr , and no zero at all if M < Mcr . For M > Mcr the zeros are at
ω
√
r± = G0 M [1 ± 1 − Ω]

(8.7)

with the convenient abbreviation

 m 2
Mcr2
Pl
e
ω
(8.8)
=
M2
M
The spacetime has an outer horizon at r+ and in inner (Cauchy) horizon at r− . At Mcr , the black
hole is extremal, the two horizons coincide, and the spacetime is free from any horizon if the mass
is sufficiently small, M < Mcr .
b) The Bekenstein-Hawking temperature TBH = κ /2π is given by the surface gravity at the
outer horizon, κ = 12 f ′ (r+ ). Explicitly,
Ω≡

(8.9)

This temperature vanishes for M ց Mcr , i.e. Ω ր 1, thus motivating the interpretation of the
improved Schwarzschild metric with M = Mcr as describing a “cold" remnant of the evaporation
process.
c) The energy flux from the black hole, its luminosity L, can be estimated using Stefan’s law.
2 denotes the area of the
It is given by L = σ A (M)TBH (M)4 where σ is a constant and A ≡ 4π r+
outer horizon. With (8.7) and (8.9) we obtain
L(M) =

Ω(1 − Ω)2
σ Mcr2
√
e 2 [1 + 1 − Ω]2
(4π )3 ω

(8.10)

For a single massless field with two degrees of freedom one has σ = π 2 /60.

9. The quantum-corrected Vaidya metric
An important issue is to find a metric which describes the history of an evaporating Schwarzschild
black hole and its gravitational field [31]. In the small luminosity limit (L → 0) this metric is supposed to reduce to the static metric of the RG improved Schwarzschild spacetime.
By reexpressing the metric (8.2) with the improved lapse function (8.5) in terms of ingoing
Eddington-Finkelstein coordinates (v, r, θ , φ ) it is convenient to trade the Schwarzschild time t for
the advanced time coordinate
v = t + r⋆ ,

r⋆ ≡

Z r

dr′ / f (r′ )

(9.1)

Here r⋆ is a generalization of the familiar “tortoise" radial coordinate to which it reduces if G(r) =
const. For G(r) 6= const the function r⋆ = r⋆ (r) is more complicated, but its explicit form will not
be needed here. Eq.(9.1) implies dv = dt + dr/ f (r), turning (8.2) with (8.5) into
ds2 = −[1 − 2G(r)M/r] dv2 + 2dvdr + r2 dΩ2
18
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p
p
√
Ω(1 − Ω)
Ω(1 − Ω)
1
Mcr
1−Ω
1
√
√
√
=
=
TBH (M) =
e 1+ 1−Ω
4π G0 M 1 + 1 − Ω 4π G0 Mcr 1 + 1 − Ω
4π ω
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Eq.(9.2) is exactly the Schwarzschild metric in Eddington-Finkelstein coordinates, with G0 replaced by G(r). It is thus reassuring to see that the two operations, the RG improvement G0 → G(r)
and the change of the coordinate system, can be performed in either order, they “commute".
The thermodynamical properties derived in [30] and summarized in the previous section refer
to the metric (9.2). In the exterior of the hole the spacetime is static, and while we can deduce a
temperature and a corresponding luminosity from its periodicity in imaginary time (or by computing the surface gravity at r+ directly) the backreaction of the mass-loss due to the evaporation is
not described by (9.2). From the static metric we obtained the mass dependence of the luminosity, L = L(M). Using this information we can compute the mass of the hole as seen by a distant
observer at time v, M(v), by solving the differential equation
−

d
M(v) = L(M(v))
dv

(9.3)

In our case L(M) is given by Eq.(8.10). To first order in the luminosity, the metric which incorporates the effect of the decreasing mass is obtained by replacing the constant M in (9.2) with the
M(v) obtained from Eq.(9.3):
ds2 = −[1 − 2G(r)M(v)/r] dv2 + 2dvdr + r2 dΩ2

(9.4)

For G(r) = const, Eq.(9.4) is the Vaidya metric which frequently had been used to explore the
influence of the Hawking radiation on the geometry. It is a solution of Einstein’s equation Gµν =
8π G0 Tµν where Tµν describes an inward moving null fluid. In this picture the decrease of M is due
to the inflow of negative energy, as it is appropriate if the field whose quanta are radiated off is in
the Unruh vacuum.
The metric (9.4) can be regarded as a RG improved Vaidya metric. It encapsulates two different mechanisms whose combined effect can be studied here: the black hole radiance, and the
modifications of the spacetime structure due to the quantum gravity effects, the running of G in
particular.
It is instructive to ask which energy-momentum tensor Tµν would give rise to the improved
Vaidya metric (9.4) according to the classical equation Gµ ν = 8π G0 Tµ ν . Computing the Einstein
19
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Figure 5: The ratio M/Mcr , the Bekenstein-Hawking temperature and the BH luminosity as a function of
v/rcr for various initial masses, M/Mcr = 1, 2, 3, respectively.
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tensor of (9.4) one finds that its only non-zero components are
T vv = T rr = −
T rv =

G′ (r)M(v)
8π G0 r2

G(r)Ṁ(v)
8π G0 r2

(9.5b)
G′′ (r)M(v)
16π G0 r

(9.5c)

Here the prime (dot) denotes a derivative with respect to r(v). The non-zero components (9.5)
contain either r- or v-derivatives but no mixed terms. The terms with r-derivatives of G, also present
for M(v) = const, describe the vacuum energy density and pressure of the improved Schwarzschild
spacetime in absence of radiation effects. Allowing for M(v) 6= const, the new feature is a nonzero
component T r v 6= 0 which, for Ṁ < 0, describes the inflow of negative energy into the black hole.
Taking advantage of the luminosity function L(M), Eq.(8.10), we can solve the differential
e=1
equation (9.3) numerically and obtain the mass function M = M(v). (We have set σ /(4π )3 ω
in the numerical calculations in order to reach the almost complete evaporation for v ≈ 200 in units
of rcr .) The result is shown in Fig.(5) for various initial masses, in the domain v > 0. In fact, for
definiteness we assume that the black hole is formed at v = 0 by the implosion of a spherical null
shell. Hence M(v) is given by Fig.(5) together with M = 0 for v < 0. We observe that, for any
initial mass, M(v) approaches the critical mass Mcr for v → ∞. This behavior is the most important
manifestation of the quantum gravity effects: according to Eq.(8.9), the temperature TBH (M) goes
to zero when M approaches Mcr from above. Hence the luminosity vanishes, too, the evaporation
process stops, and M(v) ≈ Mcr remains approximately constant at very late times, v ≫ Mcr−1 . In
Fig.(5) we also plot the advanced time dependence of the temperature TBH (v) ≡ TBH (M(v)) and the
luminosity L(v) ≡ L(M(v)), respectively. They are obtained by inserting the numerical solution of
Eq.(9.3) into (8.9)
The global structure of the spacetime is depicted in the conformal diagram in Fig.(6). Region
I is a flat spacetime, while at V = V0 (V is the Kruskal advanced time coordinate, defined as V =
− exp(−κ v) being κ the surface gravity of the outer horizon) an imploding null shell is present
(strictly speaking it must have a negative tension in order to balance the flux of negative energy on
its future side. Region II is the evaporating black hole spacetime. The apparent horizon AH is a
timelike hypersurface which “meets” the event horizon EH at future null infinity in the conformal
diagram. The null ray which is tangent to the earliest portion of the apparent horizon A would have
been the EH if the hole were not radiating. The final state of the black hole is an extremal black
hole whose inner and outer horizons have the same radius (r = rcr ) and are located at the event
horizon EH and the inner (Cauchy) horizon CH in Fig.(6).
It is instructive to compare the areas A of the various horizons. They are defined by intersecting the EH, AH, and TLS with the incoming null surfaces v = const. Thus ATLS (v) = 4π r+ (v)2
and AEH (v) = 4π rEH (v)2 . From Eq.(8.7) we obtain for ATLS ≡ AAH
q
h
i2
ATLS = 4π G20 M 2 1 + 1 − (Mcr /M)2
20
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Tθθ = Tφφ = −

(9.5a)
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Figure 6: The conformal diagram of the evaporating quantum black hole: region I is a flat spacetime, and
region II is the evaporating BH spacetime, EH is the event horizon, CH is the inner (Cauchy) horizon, and
A is the apparent horizon.

and for the event horizon implies
h
AEH = ATLS 1 −

Ω(1 − Ω) i
4σ
√
e 1+ 1−Ω
(4π )3 ω

(9.7)

e has been neglected. The difference δ A ≡ ATLS − AEH
where a term of second order in σ /(4π )3 ω
is given by
√


σ
δ A = 2 ℓ2Pl (1 − Ω) 1 + 1 − Ω
(9.8)
4π

2 /(2π 2 ) = 128π Bℓ2 which coincides
During the early stages of the evaporation process, δ A ≈ σ lPl
Pl
with the known result for the Hawking regime, while δ A vanishes proportional to (M 2 − Mcr2 ) → 0
for v → ∞. It had been emphasized by York [49] that in the Hawking regime he considered, δ A
is a universal (i.e. M independent) quantity which depends only on σ , thus counting the degrees
of freedom of the field quanta which can be evaporated off. Looking at Eq.(9.8) we see that this
universality does not persist beyond the semiclassical approximation.
In conclusion the renormalization group improvement of black hole spacetimes according to
Quantum Einstein Gravity leads to concrete predictions on the final state of the evaporation process.
Unlike previous studies based on ad hoc modifications of the equation of state of matter at very
high (Planckian) densities, or models
based on loop quantum gravity, the mass of the remnant can
√
e ℓPl . Its precise value is determined by the value of ω
e which is a
be calculated explicitly: Mcr = ω
measurable quantity in principle. No naked singularity forms, so that the remnant is a mini-black
hole of Planckian size (See also [50] for an approach based on special resummations of higher
order graviton loops, and [51] for an “emergent” spacetime approach).
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It is intriguing to note that remnants of this kind of TeV mini-black holes can have observable
signatures at LHC [52–54].

10. Quantum Gravity at astrophysical distances

∂t g = βg (g, λ ) ≡ [d − 2 + ηN ]g

(10.1a)

∂t λ = βλ (g, λ )

(10.1b)

−1
being g(k) ≡ kd−2 Gk ≡ kd−2 ZNk
Ḡ and the dimensionless cosmological constant λ (k) ≡ k−2 λ̄k . The
anomalous dimension ηN ≡ −∂t lnZNk is given by
d

ηN = 8(4π )1− 2

h d(7 − 5d)
24

d

(1 − 2λ ) 2 −m−2 −

d + 6 i Γ(m + 2 − d2 )
g
6
Γ(m + 1)

(10.2)

and the beta-function of λ reads
d

βλ = −(2 − ηN )λ + 4(4π )1− 2

h d(d + 1)
4

i Γ(m + 1 − d )
d
2
(1 − 2λ ) 2 −m−1 − d g
Γ(m + 1)

(10.3)

where m > 1 is an integer linked to proper-time regulator [14].
The presence of an IR pole is signaling that the Einstein-Hilbert truncation is no longer a
consistent approximation to the full flow equation, and most probably a new set of IR-relevant
operators is emerging ad k → 0. The pole is in fact present in any type of cutoff in the Einstein(2)
Hilbert truncation and it is due to the presence of negative eigevalues in the spectrum of Γk . As
discussed in [41] the dynamical origin of these strong IR effect is due to an “instability driven
renormalization”, a phenomenon well known from many other physical systems [55–57].
In order to illustrate this point let us look at a scalar model in a simple truncation:
Γk [φ ] =

Z

d4 x

n

1
2

o
1
∂µ φ ∂ µ φ + 21 m2 (k) φ 2 + 12
λ (k) φ 4 .

(10.4)

Here φ denotes a real, Z2 –symmetric scalar field, and the truncation ansatz (10.4) retains only a
running mass and φ 4 –coupling. In a momentum representation we have
(2)

Γk =p2 + m2 (k) + λ (k) φ 2 .
(2)

(10.5)

Always assuming that λ > 0, we see that Γk is positive if m2 > 0; but when m2 < 0 it can become
negative for φ 2 small enough. Of course, the negative eigenvalue for φ = 0, for example, indicates
that the fluctuations want to grow, to “condense”, and thus to shift the field from the “false vacuum”
to the true one. This gives rise to the instability induced renormalizations. In fact, the standard β –
functions for m2 and λ can be found by inserting (10.5) into the flow equation, taking two and four
22
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The realistic RG trajectory described in Fig.1 terminates before the line λ = 1/2 as at this
point the β -functions become singular. It is interesting to see this phenomenon in detail, using for
instance the proper-time formulation of the flow equation [14],
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derivatives with respect to φ , respectively, and then setting φ = 0 in order to project out ∂t m2 and
∂t λ . As a result, the β –functions are given by p–integrals over (powers of) the propagator
i−1
h
(10.6)
p2 + m2 (k) + k2 .

−m(k)2 ∝ k2 .

(10.7)

In order to “cure" the singularity, a mass renormalization is necessary in order to evolve a doublewell shaped symmetry breaking classical potential into an effective potential which is convex and
has a flat bottom.
Unfortunately the two–parameter truncation (10.4) is too rudimentary for a reliable description
of the broken phase. Its RG trajectories actually do run into the singularity. They terminate at a
2
finite scale kterm with kterm
= |m(kterm )2 | at which the β –functions diverge. Instead, if one allows for
an arbitrary running potential Uk (φ ), containing infinitely many couplings, all trajectories can be
continued to k = 0, and for k ց 0 one finds indeed the quadratic mass renormalization (10.7) [57].
Let us return to gravity now where φ corresponds to the metric. In the Einstein–Hilbert truncation it suffices to insert the metric corresponding to a sphere S4 (r) of arbitrary radius r into the
R
√
flow equation in order to disentangle the contributions from the two invariants d4 x g ∝ r4 and
R 4 √
d x g R ∝ r2 . Thus we may think of the Einstein–Hilbert flow as being a manifestation of the
dynamics of graviton fluctuations on S4 (r). This family of backgrounds, labeled by r, is “off–shell”
in the sense that r is completely arbitrary and not fixed by Einstein’s equation in terms of Λ.
It is convenient to decompose the fluctuation hµν on the sphere into irreducible (TT, TL, · · · )
components [6] and to expand the irreducible pieces in terms of the corresponding spherical har(2)
monics. For hµν in the transverse–traceless (TT) sector, the operator Γk + Rk equals, up to a
positive constant,
−D2 + 8 r−2 + k2 − 2 Λ(k)

(10.8)

with D2 ≡ gµν Dµ Dν the covariant Laplacian acting on TT tensors. The spectrum of −D2 , denoted
{p2 }, is discrete and positive. Obviously (10.8) is a positive operator if the cosmological constant
is negative. In this case there are only stable, bounded oscillations, leading to a mild fluctuation
induced renormalization. The situation is very different for Λ > 0 where, for k2 sufficiently small,
(10.8) has negative eigenvalues, i. e. unstable eigenmodes. In fact, expanding the RHS of the flow
equation to orders r2 and r4 the resulting β –functions are given by traces (spectral sums) containing
the propagator
 2
−1
.
(10.9)
p + k2 − 2 Λ(k)
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In the symmetric phase (m2 > 0) this (euclidean!) propagator has no pole, and the resulting β –
functions are relatively small. In the broken phase (m2 < 0), however, there is a pole at p2 =
−m(k)2 − k2 provided k2 is small enough: k2 < |m(k)2 |. For k2 ց |m(k)2 | the β –functions become
large and there are strong instability induced renormalizations.
In a reliable truncation, a physically realistic RG trajectory in the spontaneously broken regime
will not hit the singularity at k2 = |m(k)2 |, but rather make m(k) run in precisely such a way that
|m(k)2 | is always smaller than k2 . This requires that
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The crucial point is that the propagator (10.9) can have a pole when Λ(k) is too large and positive.
It occurs for Λ(k) ≥ k2 /2, or equivalently λ (k) ≥ 1/2, at p2 = 2 Λ(k) − k2 . Upon performing
the p2 –sum this pole is seen to be responsible for the terms ∝ 1/ (1 − 2 λ ) and ln(1 − 2 λ ) in
the β –functions which become singular at λ = 1/2. The allowed part of the g-λ –plane (λ <
1/2) corresponds to the situation k2 > 2 Λ(k) where the singularity is avoided thanks to the large
regulator mass. When k2 approaches 2 Λ(k) from above the β –functions become large and strong
renormalizations set in, driven by the modes which would go unstable at k2 = 2 Λ.

In view of the scalar analogy it is a plausible and very intriguing speculation that, for k → 0, an
improved gravitational truncation has a similar impact on the RG flow as it has in the scalar case.
There the most important renormalization effect is the running of the mass: −m(k)2 ∝ k2 . If gravity
avoids the singularity in an analogous fashion the cosmological constant would run proportional to
k2 ,
Λ(k) = λ∗IR k2

(10.10)

with a constant λ∗IR < 1/2. In dimensionless units (10.10) reads λ (k) = λ∗IR , i. e. λ∗IR is a infrared fixed point of the λ –evolution. If the behavior (10.10) is actually realized, the renormalized
cosmological constant observed at very large distances, Λ(k → 0), vanishes regardless of its bare
value.
The above discussion has thus lead to the conjecture that the IR behavior of the Newton constant and the cosmological constant is regulated by an IR attractive fixed point. Several investigations [38, 58–61] have shown that in this framework a solution of the “cosmic coincidence
problem” arises naturally without the introduction of a quintessence field. In particular in the fixed
point regime the vacuum energy density ρΛ ≡ Λ/8π G is automatically adjusted so as to equal
the matter energy density, i.e. ΩΛ = ΩM = 1/2, and that the deceleration parameter approaches
q = −1/4. Moreover, an analysis of the high-redshift SNe Ia data leads to the conclusion that this
infrared fixed point cosmology is in good agreement with the observations [60].
More recent works have instead considered the possibility that the “basin of attraction” of the
IR fixed point can act already at galactic scale, thus providing an explanation for the galaxy rotation
curve without dark matter [41–43, 62], but a detailed analysis based on available experimental data
is still missing.
In conclusion, although the existence of an infrared fixed point can only be conjectured on
the basis of the above argument, the RG cosmologies derived from it are promising candidates to
explain the Dark Energy and Dark Matter issue.
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In this respect the situation is completely analogous to the scalar theory discussed above: Its
symmetric phase (m2 > 0) corresponds to gravity with Λ < 0; in this case all fluctuation modes
are stable and only small renormalization effects occur. Conversely, in the broken phase (m2 < 0)
and in gravity with Λ > 0, there are modes which are unstable in absence of the IR regulator.
They lead to strong IR renormalization effects for k2 ց |m(k)2 | and k2 ց 2 Λ(k), respectively. The
gravitational Type Ia (Type IIIa) trajectories are analogous to those of the symmetric (broken) phase
of the scalar model.
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11. Conclusions
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