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Feynman rules for an intrinsic gauge model SU(N)⊗SU(N)
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symmetry. In particular it yields a possibility to go beyondQCDby reinterpreting theSU(3)c color symmetry
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A non-abelian model for composite fields

1. A non-abelian model for symmetry SU(N)⊗SU(N)

The possibility to go beyond of Yang-Mills symmetry [1] is presented in this work considering the group
SU(N) as combinationSU(N)⊗SU(N) [2]. The description of the interactions by means of composite fields
was considered by J. Schwinger [3]. Based on direct product we define this operation between two independent
non-abelian groups [4, 5]. In particular we will apply it to the model of an composite quantum chromody-
namicsSUc(3)⊗SUc(3) that preserves the experimental result where quarks contain three colors. It yields the
possibility to explore an extended symmetry having contributions that not arise in the Yang-Mills symmetry
[2]. For example, the possible insertion of mass terms into the lagrangian without breaking gauge symmetry.

Consider a matter fieldχ composite by the direct product

χ =ψ⊗φ , (1.1)

in whichψ andφ are independents spinor and scalar fields in the fundamentalrepresentation, respectively. The
fields(ψ ,φ) have independent local transformation

ψ ′ =U1(x)ψ and φ ′ =U2(x)φ , with U1(x) = eit a
1 ωa

1(x) and U2(x) = eit a
2 ωa

2(x)
, (1.2)

where(ta
1,ta

2) are independents generators of two non-abelian groupsSU(N), and they satisfy the commutation
relation

[ta
1,tb

1] = i f abctc
1 and [ta

2,tb
2] = i f abctc

2 , with a= 1,2, ...,N2−1 , (1.3)

andω1 andω2 are real functions. Using properties of the direct productsand the transformations above, we
obtain the local transformationSU(N)⊗SU(N)

χ ′ =U(x)χ , U(x) =U1⊗U2 . (1.4)

We propose a covariant derivative based on representation product

Dµ(A,B) =Dµ(A)⊗1+1⊗Dµ(B) , (1.5)

where each covariant derivativeDµ(A) andDµ(B) act onψ andφ , respectively

Dµ(A)ψ = (∂µ + ig1t
a
1Aa

µ)ψ and Dµ(B)φ = (∂µ + ig2t
a
2Ba

µ) φ , (1.6)

and the gauge fields(Aa
µ ,Ba

µ) transform in accord with

A ′ aµ ta
1 =U1 Aµ U−1

1 +
i

g1
(∂µU1)U−1

1 and B ′ aµ ta
2 =U2 Bµ U−1

2 +
i

g2
(∂µU2)U−1

2 . (1.7)

Given the definition for composite covariant derivative (1.5) and some properties of direct product we find the
following gauge transformation

[Dµ(A,B)]′ =UDµ(A,B)U−1
. (1.8)

For a physical interpretation one has to make the variable change

g1Aa
µ = g1Ga

µ +g2C
a
µ and g2Ba

µ = g1Ga
µ −g2C

a
µ , (1.9)
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A non-abelian model for composite fields

in which (Ga
µ ,Ca

µ) are the physical fields that we are interested. Consequentlythe new configuration for co-
variant derivative (1.6) in terms of the fields(Ga

µ ,Ca
µ) is

Dµ(A,B)χ =Dµ(G,C)χ = (∂µ + ig1Ga
µ Ta+ ig2C

a
µ ta) χ , (1.10)

the equation (1.10) shows the presence of generators{Ta} and{ta} associated to the new fields(Ga
µ ,Ca

µ),
respectively, expressed as

Ta = ta
1⊗1+1⊗ ta

2 and ta = ta
1⊗1−1⊗ ta

2 , (1.11)

and satisfying the following commutation relation

[Ta
,Tb] = i f abcTc

, [ta
,tb] = i f abcTc and [Ta

,tb] = i f abctc
, (1.12)

in accord with the Lie algebra. Notice that the coupling constantsg1 andg2 are associated toGµ andCµ fields.
The next step is in obtain the gauge transformation for the extrinsic fields(Ga

µ ,Ca
µ), then we consider the

gauge transformation

Dµ(G,C)′ =UDµ(G,C)U−1
, (1.13)

and using above relationships forω a
1 =ω a

2 =ω a, it seems to write the above transformation as

G′ aµ Ta =U Ga
µ Ta U−1+

i

g1
(∂µU)U−1 and C′ aµ ta =U C a

µ ta U−1
, (1.14)

where equation (1.14) shows the presence of a massless and massive gluons.
For deriving the correspondent invariant lagrangian to such gauge transformation (1.14), we construct the

following field strength tensors

Fµν(G) = [Dµ(G),Dν(G)] , fµν(G,C) = [Dµ(G),Cν] and Cµν = g3CµCν , (1.15)

where we have definedDµ(G) = ∂µ + ig1Gµ . By rewriting those tensors into the components notation wefirst
obtain

Fµν = Fa
µνTa where F a

µν = ∂µGa
ν −∂νGa

µ −g1 f abcGb
µGc

ν . (1.16)

The second tensor has the mix betweenGµ andCµ

fµν = f a
µνta

, with f a
µν = ∂µCa

ν −g1 f abcGb
µCc

µ , (1.17)

in which it is split into the antisymmetric and symmetric parts

f a
[µν] = ∂µCa

ν −∂νCa
µ −g1 f abcGb

µCc
ν −g1 f abcCb

µGc
ν , and f a

(µν) = ∂µCa
ν +∂νCa

µ −g1 f abcGb
µCc

ν +g1 f abcCb
µGc

ν ,

(1.18)
respectively. The third tensor is obtained only in terms ofCµ

C[µν] =C a
[µν]T

a
, with Ca

[µν] = g3 f abcCb
µCc

ν , (1.19)
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and the symmetric part

C(µν) = g3{Cµ ,Cν} = g3C
a
µ C b

ν {ta
,tb} = g3C

a
µC b

ν (4δ ab−2ta
1⊗ tb

2 −2tb
1⊗ ta

2 +dabcTc) , (1.20)

in which g3 is the constant coupling associated to self-interactions of massive gluons. Defining the general
tensorZµν

Z[µν] = Fµν +a f[µν]+bC[µν] and Z(µν) = c f(µν)+dC(µν) , (1.21)

in which (a,b,c,d) are real parameters, one gets

Z[µν] = Z(T)a[µν]T
a+Z(t)a[µν]t

a
, (1.22)

where

Z(T)a[µν] = Fa
µν +bCa

[µν] and Z(t)a[µν] = a fa
[µν] . (1.23)

Similarly

Z(µν) = Z(T)a(µν)T
a+Z(t)a(µν)t

a+Z(Λ)ab
(µν) Λab

, (1.24)

where

Z(T)a(µν) = dg3dabcCb
µCc

ν , Z(t)a(µν) = c fa
(µν) , Z(Λ) ab

(µν) = dg3C
a
µCb

ν ,

and Λab = 4δ ab−2ta
1⊗ tb

2 −2tb
1⊗ ta

2 . (1.25)

It yields the complete lagrangian as

L = −
1
4

tr(ZµνZµν)− 1
4

tr(Z̃µνZµν)+ 1
2

m2tr(CµCµ)− 1
2ξ

tr[(∂µGµ +σ∂µCµ)2] , (1.26)

where we have taken into account the semi-topological termZ̃µν =
1
2 εµναβ Zαβ . Using the traces relations

tr(TaTb) = tr(tatb) =Nδ ab
, tr(Tatb) = tr(TaΛbc) = tr(taΛbc) = 0

and tr(ΛabΛcd) = 4δ abδ cd+2δ acδ bd+2δ adδ bc
, (1.27)

one gets the free part

L0G = −
1
4
(∂µGa

ν −∂νGa
µ)2− 1

2ξ
(∂µGµ a)2 ,

L0C = −
a2

4
(∂µC a

ν −∂νC a
µ )2− c2

4
(∂µC a

ν +∂νC a
µ )2− σ2

2ξ
(∂µCµ a)2+ 1

2
m2 C a

µCµ a
,

L0FP = ζ̄ a(δ ab◻)ζ b
, (1.28)

and the interactions part, splitting it into the antisymmetric

L
A (3)
I = g1 f abc∂µGa

ν Gµ bGν c+a2g1 f abc∂µC a
ν Gµ bCν c+a2g1 f abc∂µC a

ν Cµ bGν c

+bg3 f abc∂µGa
ν Cµ bCν c+a2g1 f abcε µναβ∂µC a

ν Gb
αCc

β ,

L
A (4)
I = −

1
4

g2
1 f abcf adeGb

µ Gc
ν Gµ dGν e−

a2

2
g2

1 f abcf adeGb
µC c

ν Gµ dCν e

−
a2

2
g2

1 f abcf adeC b
µ Gc

ν Gµ dCν e−
b

2
g1g3 f abcf adeGb

µ Gc
νCµ dCν e

−
b2

4
g2

3 f abcf adeC b
µC c

ν Cµ dCν e−
a2

2
g2

1 f abcf adeε µναβ Gb
µC c

ν Gd
αC e

β , (1.29)
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symmetric parts and Faddeev Popov interaction

L
S(3)
I = c2g1 f abc∂µC a

ν Gµ bCν c−c2g1 f abc∂µC a
ν Cµ bGν c

,

L
S(4)
I = −

c2

2
g2

1 f abcf adeGb
µC c

ν Gµ dCν e+
c2

2
g2

1 f abc f adeGb
µC c

ν Cµ dGν e

−
3d2

2N
g2

3C
a
µCa

νCµbCνb−
d2

2N
g2

3C
a
µCb

νCµaCνb−
d2

4
g2

3dabcdadeC b
µC c

ν Cµ dCν e
,

LFP
I = g1 f abc∂µ χ̄aGµ cχb+σg1 f abc∂µ χ̄aCµ cχb

, (1.30)

respectively. Thus one derives the objective of this work which is the Feynman rules. Considering the propa-
gators, one gets

⟨Ga
µ Gb

ν ⟩ = − iδ ab

k2 [gµν +(ξ −1)kµ kν
k2 ] µ ν

a bk

⟨C a
µ C b

ν ⟩ = − iδ ab

(a2+c2)k2−m2 [gµν +(a2−c2− σ2

ξ ) kµ kν

(2c2+ σ2
ξ )k2−m2

] µ ν

a bk

⟨ζ̄ aζ b⟩ = −i δ ab

p2
a b

p

The Feynman rules for vertex are obtained on momentum space
a,µ

b,ν c,ρ

k1

k2 k3
iΓ(3)GGG= g1 f abc[gµν(k1−k2)ρ +gνρ(k2−k3)µ +gµρ(k3−k1)ν]

a,µ b,ν

c,ρ d,σ

k1

k3

k2

k4
iΓ(4)GGGG= −ig

2
1 [ f

eabf ecd(gµρgνσ −gµσ gνρ)+ f eacf ebd(gµνgρσ −gµσ gρν)

+ f eadf ebc(gµνgρσ −gµρgνσ)]
a,µ

b,ν c,ρ

k1

k2 k3
iΓ(3)GCC= bg3 f abc(gνρk µ

2 −gµνkρ
2 )+(a

2+c2)g1 f abcgµρ(k1−k3)ν

+(a2−c2)g1 f abc(gµρkν
1 −gνρk µ

2 )
a,µ b,ν

c,ρ d,σ

k1

k3

k2

k4

iΓ(4)GGCC= big1g3 f eabf ecd(gµρgνσ −gµσ gνρ)

−(a2+c2)ig2
1 gµνgρσ( f eacf ebd+ f eadf ebc)

+(a2−c2)ig2
1 ( f

eacf ebdgµσ gνρ + f eadf ebcgµρgνσ)
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a,µ b,ν

c,ρ d,σ

k1

k3

k2

k4
iΓ(4)CCCC= −ib

2g2
3 [ f

eabf ecd(gµρgνσ −gµσ gνρ)

+ f eacf ebd(gµνgρσ −gµσ gρν)

+ f eadf ebc(gµνgρσ −gµρgνσ)]− 6d2

N ig2
3 [ δ abδ cd(gµρgνσ +gµσ gνρ)+δ acδ bd(gµνgρσ +gµσ gνρ)

+δ adδ bc(gµνgρσ +gµρgνσ)]− 4d2

N ig 2
3 (δ abδ cdgµνgρσ +δ acδ bdgµρgνσ +δ adδ bcgµσ gνρ)

−d2ig2
3[d

eabdecd(gµρgνσ +gµσ gνρ)+deacdebd(gµνgρσ +gµσ gρν)+deaddebc(gµνgρσ +gµρgνσ)]

a,µ

b,ν c,ρ

k1

k2 k3
iΓ̃(3)GCC= a2g1 f abcεαµνρ(k1+k3)α

a,µ b,ν

c,ρ d,σ

k1

k3

k2

k4

iΓ̃(4)GGCC= −a2ig2
1ε µνρσ( f ead f ebc− f eacf ebd)

g1 f abc∂µ χ̄aGµ cχb ∶

µ ,c

a b

k

p′ p
= g1 f abcpµ σg1 f abc∂µ χ̄aCµ cχb ∶

µ ,c

a b

k

p′ p
= σg1 f abcpµ

2. Conclusions

The natural continuation of this paper is the analysis on renormalizability and unitarity of the model. The
effort here was just to extendQCD for massless and massive gluons by introducing quarks as composite fields.
The quark section will be analyzed in more details [6], as well as some classical properties no established here.
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