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1. Introduction

The precise determination of the masses of the charm anghbaftiark are of utmost impor-
tance since many observables in flavor physics are highlsitsento them. Important examples
are the semi-leptonic decay ratesBafandB; mesons

[(Bg — ¢vK) Oy, [ (Be — (VK) O g f(mé/mg). (1.1)

Another example is the decay rate of the Higgs boson intcobotjuarks where the dominant
uncertainty stems from the dependence on the bottom-quask.m
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One possible and maybe the most precise way to determine désses of the charm and

the bottom quark are low-energy sum rules. Here one compeeighted integrals#;; ° of the
experimentally measured R-ratio

M(H — bb) = MR(1+5.666%+ - —8257a%), as=as/T. (1.2)
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(1.3)

on the one hand and coeﬁicierﬁ‘%‘ of the low-energy expansion of the vacuum polarization func
tion
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on the other hand. Relating Eq. (1.3) and Eq. (1.4) by mearsdi$persion relation the quark

mass is given by
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In the following we will discuss how to calculate the low-egeexpansion of the vacuum polariza-
tion function and use it in combination with experimentaled®or the R-ratio in order to determine
the values of the quark masses.

2. Low-energy expansion of the vacuum polarization functia and reconstruction of
R(s) using Padé approximations

The low-energy expansion of the vacuum polarization haa beeputed up to four-loops in
perturbative QCD [1, 2, 3, 4, 5]. While at four-loops it wadyopossible to calculate the first three
terms, at three-loop level as many as 30 terms are availép#.[In the four-loop case the limiting
factor is the factorial growth of the number of integrals @gng in the calculation. The details of
the calculation are beyond the scope of this article, so wegive the numerical results in Table 1.

Besides the terms in the low-energy expansion discusseeeabnach more information is
available for the behavior of the vacuum polarization fiorct There are two more distinct energy
regions, namely the euclidean high-energy and the thréskgion. In both regions some terms in



Quark masses from low-energy moments of heavy-quark duoerelators Peter Marquard

| n|:3 | n|:4 | n|:5

(8

c¥| —56404 | —7.7624 | —9.6923
c{¥| —34937 | —26438 | —1.8258
c¥| —28395 | —1.1745 | 04113
C\¥|-3.34911) | -1.386(10)| 0.471(9)
cl¥|-3.737(32)| -1.75432) | 0.10427)
cl¥|-3.73561) | -1.910(63) | —0.228(54)
c¥| ~3.39(10) | —1.85(10) | —0.46(9)
cl¥| —2.85(13) | ~1.67(14) | —0.66(12)
cl¥| —2.22(17) | —1.47(18) | —0.91(16)
ci¥| ~1.65(20) | ~1.37(22) | —1.30(19)

Table 1: Low-energy expansion coefficients of the vector currentatator in four-loop approximation. The
heavy quark mass is renormalized in 18 scheme. The number of light quarks is givenripy The first
three coefficients have been calculated directly while thers are obtained from the reconstructed form of
the vacuum polarization function.
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Figure 1: Padé approximations of the vacuum polarization functidoveehreshold (left) and th&-ratio
above threshold (right). In addition, the expansions algdut 0, g° = 4n? andg? — o are shown. The
R-ratio is plotted against the velocity of the heavy quarks.

the corresponding expansions are known. Combining all ¥héadble information one can try to
reconstruct the full energy dependence of the vacuum paléwn function [8, 9]. This approach
relies on the construction of Padé approximants, which agereralization of the well known
Taylor series. Once the full energy dependence of the vaqularization function is known it
can be used to obtain precise predictions for the coeffigiehthe low-energy expansion. These
predictions are given in Table 1. Examples for the form ofnewn polarization function are shown
in Fig. 1. There we show its behavior below threshold, whilewe threshold we sho®(s) which
can be related to the vacuum polarization function ugttg) = 12rnim(M(s+i¢)).

3. Determination of the Quark Masses

The main experimental ingredient is the measuremeR gf at the threshold region. In case
of the charm quark the available data is in good agreemehtthétpredictions of perturbative QCD
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Figure 2: R(s) below thebb threshold. In the figure the rescaled CLEO data is shown inpewison with
the new data from the BABAR collaboration.

which is valid above threshold. The analysis leads to a vailue,(3GeV) = 986(13) MeV, which
together with the analysis in [10] based on lattice simalaiconstitutes the most precise determi-
nation of the charm-quark mass. In the case of the bottonkqtia situation was less clear for
quite some time since the CLEO data from 1985 was clearlygagieement with the predictions
from perturbative QCD and was therefore rescaled to matesetipredictions. The situation has
greatly been improved with new data from the BABAR collatiora (cp. Fig. 2). Incorporating
the new data in the analysis for the bottom-quark mass amgj tise improved predictions for the
theoretical low-energy parameters shown above one obéaiedue ofm,(m,) = 416316) MeV

for the mass of the bottom quark. The full details of the asialgan be found in [11].
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