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We apply a method of estimating perturbative coefficients in Quantum Field Theory using Padé
approximations. In our QCD analysis we have performed this method to determine 4-loop anomalous dimension and 3-loop Wilson coefficients and found that the method works very well. By
using Padé approximations, the results of our non-singlet QCD analysis for the experimental data
of the deep-inelastic neutrino-nucleon scattering up to N3 LO have been calculated. The analysis
is based on the associated Jacobi polynomials technique of reconstruction of the structure functions from its Mellin moments. Our results of parton densities xuv (x, Q2 ) and xdv (x, Q2 ), ΛQCD
and αs (Mz2 ) have been presented.
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1. Introduction

2. QCD formalism and Padé approximations
The results of the present analysis is based on the associated Jacobi polynomials expansion of
the non–singlet structure function, the method of the structure function reconstruction over their
Mellin moments [1 – 3]. The structure function is reconstructed from its moments by using the
expansion in terms of orthogonal associated jacobi polynomials
xF3 (x, Q2 ) = xβ (1 − x)α

Nmax

n

n=0

j=0

∑ Hnα ,β (x, c) ∑ c j
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(α , β , c) MxF3 ( j + 2, Q2 )

(2.1)
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where c j (α , β , c) are combinatorial coefficients, given in terms of Euler Γ-functions of the α and

β weight parameters which have been fixed, Hnα ,β (x, c) is the associated jacobi polynomials satisfy
the orthogonality [4, 5]
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(2.2)

and xβ (1 − x)α is the Jacobi weight function.
In spite of the unknown 4-loop anomalous dimensions and 3-loop Wilson coefficients, one
can obtain the non-singlet parton distributions and ΛMS
QCD by estimating uncalculated fourth-order
corrections to the non-singlet anomalous dimension and third-order corrections to the Wilson coefficients. In this case these functions may be obtain from Padé approximations [6 – 8]. In the
framework of this technique the values of the terms C3 (n) and P̂3+ (n) with the help of Padé approximations could be expressed as [9 – 12]
C3 (n) = [C2 (n)]2 /C1 (n) ,
P̂3+ (n) = [P̂2+ (n)]2 /P̂1+ (n) .

(2.3)

In the QCD analysis we parameterized the strong coupling constant αs in terms of four massless
2
3
flavors determining ΛQCD . Our results on ΛMS
QCD and αs (MZ ) up to N LO are
(4)MS

αs (MZ2 ) = 0.1359, NLO,

(4)MS

αs (MZ2 ) = 0.1147, N2 LO,

(4)MS

αs (MZ2 ) = 0.1162, N3 LO.

ΛQCD = 311 MeV,
ΛQCD = 273 MeV,
ΛQCD = 277 MeV,

2

(2.4)
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Presently the next-to-leading order is the standard approximation for most important processes
but the N2 LO and N3 LO corrections need to be included, however, in order to arrive at quantitatively reliable predictions of DIS and hard hadronic scattering processes at present and future
high-energy colliders. Everybody interested in more precise quantitative tests of QCD would welcome a more precise determination of the parton densities so perturbative QCD corrections beyond
the next-to-leading order, N2 LO and N3 LO, need to be taken into account. For at least the next
ten years, proton (anti-) proton colliders will continue to form the high-energy frontier in particle
physics. At such machines, many quantitative studies of hard (high mass/scale) standard-model
and new-physics processes require a precise understanding of the parton structure of the proton.

Padé approximations and non-singlet structure function up to N3 LO

Ali. N. Khorramian

0.9

0.8

2

Q =10 GeV

2

2

Q =100 GeV

0.7

2

2

xu (x,Q )

2

Q =1000 GeV

v

2

0.6

0.5

0.4

0.3

2

xd (x,Q )
v

0.1

0.0
1E-4

1E-3

0.01

0.1

1

x

Figure 1: The parton densities xuv and xdv up to 103 GeV2 at N3 LO.

Note that in above results we use the matching between n f and n f +1 flavor couplings calculated
in Ref. [13]. In Fig. (1) we show the evolution of the valence quark distributions xuv (x, Q2 ) and
xdv (x, Q2 ) up to Q2 = 103 GeV2 at N3 LO.
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