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1. Introduction

One of the most significant unsolved questions in particle physics is the origin of fermion mass
hierarchy and flavor mixing. Even though the Standard Model (SM) works beautifully in explaining
all particle interactions, it has many free parameters in the Yukawa sector that accommodate the
observed masses and mixing angles for quarks and leptons. The number of free parameters can
be greatly reduced by expanding the SM gauge group to a grand unified gauge symmetry, which
gives rise to inter-family relations that connect quarks and leptons within the same family. Further
reduction of parameters can be achieved with an additional family symmetry that relates quarks
and leptons of different families. (For reviews, see e.g. [1, 2].)

The recent advent of the neutrino oscillation data from Super-Kamiokande gives further sup-
port to models based on Grand Unified Theories (GUTs), in which the seesaw mechanism can arise
naturally. The global fit to current data from neutrino oscillation experiments give the following
best fit values and 2σ limits for the mixing parameters [3],

sin2
θ12 = 0.30 (0.25−0.34),

sin2
θ23 = 0.5 (0.38−0.64),

sin2
θ13 = 0 (< 0.028),

∆m2
12 = 7.9 (7.3−8.5) eV2,

∆m2
23 = 2.2 (1.7−2.9) eV2.

In addition, recent analyses [4] from the Bari group have given hints on possible non-zero value for
θ13, with

sin2
θ13 = 0.016±0.010 ,

at 1σ . These experimental best fit values for the mixing parameters are very close to the values
arising from the so-called “tri-bimaximal” mixing (TBM) matrix [5],

UTBM =


√

2/3 1/
√

3 0
−

√
1/6 1/

√
3 −1/

√
2

−
√

1/6 1/
√

3 1/
√

2

 , (1.1)

which predicts

sin2
θatm,TBM = 1/2 ,

sin2
θ�,TBM = 1/3 ,

sinθ13,TBM = 0 . (1.2)

Even though the predicted θ�,TBM is currently still allowed by the experimental data at 2σ , as it is
very close to the upper bound at the 2σ limit, it may be ruled out once more precise measurements
are made in the upcoming experiments.

One of the challenges that GUT models face is to give rise to large neutrino mixing and at the
same time accommodate small quark CKM mixing. It has been pointed out that the tri-bimaximal
mixing matrix can arise from a family symmetry in the lepton sector based on A4 [6]. However,
due to its lack of doublet representations, CKM matrix is an identity in most A4 models. It is hence
not easy to implement A4 as a family symmetry for both quarks and leptons [7].
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2. The Model

In [8, 9], a grand unified model based on SU(5) combined with the double tetrahedral group [10],
T ′, was constructed, which successfully gives rise to near tri-bimaximal leptonic mixing as well as
realistic CKM matrix elements for the quarks. The group T ′ is the double covering group of A4. In
addition to the 1, 1′, 1′′ and 3 representations that A4 has, the group T ′ also has three in-equivalent
doublet representations, 2, 2′, 2′′. This enables the (1+2) assignments, which has been shown to
give realistic masses and mixing pattern in the quark sector [11].

One special property of T ′ is the fact that its Clebsch-Gordon coefficients are intrinsically
complex, independent of the basis for the two group generators. This thus affords the possibility
that CP violation can be entirely geometrical in origin [9]. (We note that in addition to the capability
of giving rise to mixing angles and CP violation from CG coefficients, the group T ′ has recently
been utilized in a Randall-Sundrum model to avoid tree-level flavor-changing neutral currents [12],
which are present in generic RS models.)

The charge assignments of various fields in our model are summarized in Table 1. Due to the
transformation properties of various fields, only top quark mass is allowed by the T ′ symmetry, and
thus it is the only mass term that can be generated at the renormalizable level. To give masses to
the lighter generations of fermions, which transform non-trivially under T ′, the T ′ symmetry has
to be broken, which is achieved by a set of flavon fields.

Table 1: Charge assignments. Here the parameter ω = eiπ/6.

T3 Ta F H5 H ′
5

∆45 φ φ ′ ψ ψ ′ ζ N ξ η

SU(5) 10 10 5 5 5 45 1 1 1 1 1 1 1 1
T ′ 1 2 3 1 1 1′ 3 3 2′ 2 1′′ 1′ 3 1

Z12 ω5 ω2 ω5 ω2 ω2 ω5 ω3 ω2 ω6 ω9 ω9 ω3 ω10 ω10

Z′12 ω ω4 ω8 ω10 ω10 ω3 ω3 ω6 ω7 ω8 ω2 ω11 1 1

Due to the presence of the Z12×Z′12 symmetry, only nine operators are allowed in the model,
and hence the model is very predictive, the total number of parameters being nine in the Yukawa
sector for the charged fermions and the neutrinos. The Lagrangian of the model is given as follows,

LYuk = LTT +LTF +LFF (2.1)

LTT = ytH5T3T3 +
1

Λ2 ytsH5T3Taψζ +
1

Λ2 ycH5TaTaφ
2 +

1
Λ3 yuH5TaTaφ

′3 , (2.2)

LTF =
1

Λ2 ybH ′
5FT3φζ +

1
Λ3

[
ys∆45FTaφψN + ydH ′

5FTaφ
2
ψ
′
]

, (2.3)

LFF =
1

MxΛ

[
λ1H5H5F Fξ +λ2H5H5F Fη

]
, (2.4)

where Mx is the cutoff scale at which the lepton number violation operator HHF F is generated,
while Λ is the cutoff scale, above which the T ′ symmetry is exact. (For the VEV’s of various scalar
fields, see Ref. [8].) The parameters y’s and λ ’s are the coupling constants.
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The interactions in LT T and LT F gives rise to the up-type quark and down-type quark mass
matrices, Mu and Md , respectively. Since the lepton doublets and iso-singlet down-type quarks
are unified into a 5 of SU(5), their mass matrices are related. Upon the breaking of T ′ and the
electroweak symmetry, these mass matrices are given in terms of seven parameters by [8]

Mu =

 iφ ′30 (1−i
2 )φ ′30 0

(1−i
2 )φ ′30 φ ′30 +(1− i

2)φ 2
0 y′ψ0ζ0

0 y′ψ0ζ0 1

ytvu, (2.5)

Md =

 0 (1+ i)φ0ψ ′
0 0

−(1− i)φ0ψ ′
0 ψ0N0 0

φ0ψ ′
0 φ0ψ ′

0 ζ0

ydvdφ0 , (2.6)

Me =

 0 −(1− i)φ0ψ ′
0 φ0ψ ′

0
(1+ i)φ0ψ ′

0 −3ψ0N0 φ0ψ ′
0

0 0 ζ0

ydvdφ0 . (2.7)

which manifest the SU(5) relation,
Md = MT

e , (2.8)

except for the factor of −3 in the (22) entry of Me, due to the SU(5) CG coefficient through the
coupling to ∆45. In addition to this −3 factor, the Georgi-Jarlskog (GJ) relations at the GUT scale,

me '
1
3

md , (2.9)

mµ ' 3ms , (2.10)

mτ ' mb , (2.11)

also require Me,d being non-diagonal, leading to corrections to the TBM pattern [8]. Note that the
complex coefficients in the above mass matrices arise entirely from the CG coefficients of the T ′

group theory. More precisely, these complex CG coefficients appear in couplings that involve the
doublet representations of T ′.

The mass matrices Mu, Md and Me are diagonalized by,

V †
u,RMuVu,L = diag(mu,mc,mt) , (2.12)

V †
d,RMdVd,L = diag(md ,ms,mb) , (2.13)

V †
e,RMeVe,L = diag(me,mµ ,mτ) , (2.14)

where the mass eigenvalues on the right-hand side of the equations are real and positive. This gives
the following weak charged current interaction in the mass eigenstates of the fermions,

Lcc =
g

2
√

2

[
W µ

+ (~x, t)J−µ (~x, t)+W µ

− (~x, t)J+
µ (~x, t)

]
,

J−µ = (u′,c′, t ′)LγµVCKM

 d′

s′

b′


L

. (2.15)
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The complex mass matrices Mu,d lead to a complex quark mixing matrix,

VCKM = V †
u,LVd,L . (2.16)

The relation

θc '
∣∣∣∣√md

ms
−

√
mu

mc

∣∣∣∣'√
md

ms
(2.17)

is manifest in our model. Similarly, the mixing angle θ e
12 in the diagonalization matrix Ve,L for the

charged lepton sector is given by,

θ
e
12 '

√
me

mµ

. (2.18)

Using the Georgi-Jarlskog relations, one then obtains the following relation between the Cabibbo
angle and the mixing angle θ e

12 in the charged lepton sector,

θ
e
12 '

1
3

θc . (2.19)

All other elements in Ve,L are higher order in θc, and hence θ e
12 gives the dominant corrections to

the TBM mixing pattern.
Due to the discrete symmetries in our model, the mass hierarchy arises dynamically without

invoking an additional U(1) symmetry. The Z12 symmetry also forbids Higgsino-mediated proton
decays in SUSY version of the model. Due to the T ′ transformation property of the matter fields,
the b-quark mass can be generated only when the T ′ symmetry is broken, which naturally explains
the hierarchy between mb and mt . The Z12 × Z′12 symmetry, to a very high order, also forbids
operators that lead to nucleon decays. In principle, a symmetry smaller than Z12 × Z′12 would
suffice in getting realistic masses and mixing pattern; however, more operators will be allowed and
the model would not be as predictive.

The interactions in LFF lead to the following neutrino mass matrix,

Mν =

 2ξ0 +u0 −ξ0 −ξ0

−ξ0 2ξ0 −ξ0 +u0

−ξ0 −ξ0 +u0 2ξ0

 λv2

Mx
, (2.20)

which is parametrized by two parameters, giving the three absolute neutrino masses [8]. As these
interactions involve only the triplet representations of T ′, the relevant product rule is 3⊗3. Conse-
quently, all CG coefficients are real, leading to a real neutrino Majorana mass matrix. The neutrino
mass matrix given in Eq. 2.20 has the special property that it is form diagonalizable, i.e. indepen-
dent of the values of ξ0 and u0, it is diagonalized by the tri-bimaximal mixing matrix,

UT
TBMMνUTBM = diag(u0 +3ξ0,u0,−u0 +3ξ0)

v2
u

MX
,

≡ diag(m1,m2,m3) . (2.21)

While the neutrino mass matrix is real, the complex charged lepton mass matrix Me, leads to a
complex

VPMNS = V †
e,LUTBM . (2.22)
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The Georgi-Jarlskog relations for three generations are obtained. This inevitably requires non-
vanishing mixing in the charged lepton sector, as mentioned previously, leading to corrections to
the tri-bimaximal mixing pattern. Consequently, our model predicts a non-vanishing θ13, which is
related to the Cabibbo angle as,

θ13 ∼ θc/3
√

2 . (2.23)

Numerically, this is close to sinθ13 ∼ 0.05 which is accessible to the Daya Bay reactor experiment.
In addition, our model gives rise to a sum rule between the Cabibbo and the solar mixing angle for
the neutrinos,

tan2
θ� ' tan2

θ�,TBM +
1
2

θc cosδ , (2.24)

which is a consequence of the Georgi-Jarlskog relations in the quark sector. Here the parameter
δ is the Dirac CP phase in the lepton sector in the standard parametrization. This deviation could
account for the difference between the experimental best fit value for the solar mixing angle and
the value predicted by the tri-bimaximal mixing matrix.

Since the three absolute neutrino mass eigenvalues are determined by only two parameters, i.e.
the VEVs u0 and ξ0, there is a sum rule that relates the three light masses,

m1−m3 = 2m2 . (2.25)

These masses also satisfy the following sum rule,

∆m2
� =−9ξ

2
0 +

1
2

∆m2
atm . (2.26)

Given that ∆m2
� > 0 is required in order to have matter effects in solar neutrino oscillation, it

immediately follows from the above sum rule given in Eq. 2.26 that the normal hierarchy pattern
with ∆m2

atm > 0 is predicted [2].

3. Numerical Results

The predicted charged fermion mass matrices in our model are parametrized in terms of 7
parameters [8],

Mu

ytvu
=

 ig 1−i
2 g 0

1−i
2 g g+(1− i

2)h k
0 k 1

 , (3.1)

Md , MT
e

ybvdφ0ζ0
=

 0 (1+ i)b 0
−(1− i)b (1,−3)c 0

b b 1

 . (3.2)

With the input parameters

b≡ φ0ψ
′
0/ζ0 = 0.00304 , c≡ ψ0N0/ζ0 =−0.0172 , (3.3)

k ≡ y′ψ0ζ0 =−0.0266 , h≡ φ
2
0 = 0.00426 , g≡ φ

′3
0 = 1.45×10−5 , (3.4)
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the following mass ratios are obtained,

md : ms : mb ' θ
4.7
c : θ

2.7
c : 1 , (3.5)

mu : mc : mt ' θ
7.5
c : θ

3.7
c : 1 , (3.6)

with θc '
√

md/ms ' 0.225. We have also taken yt = 1.25 and ybφ0ζ0 ' mb/mt ' 0.011 and
have taken into account the renormalization group corrections. As a result of the Georgi-Jarlskog
relations, realistic charged lepton masses are obtained. These parameters also gives rise to the
following complex CKM matrix, 0.974e−i25.4o

0.227ei23.1o
0.00412ei166o

0.227ei123o
0.973e−i8.24o

0.0412ei180o

0.00718ei99.7o
0.0408e−i7.28o

0.999

 . (3.7)

The predictions of our model for the angles in the unitarity triangle and the Jarlskog invariant in
the quark sector are,

β ≡ arg
(
−VcdV ∗

cb
VtdV ∗

tb

)
= 23.6o, sin2β = 0.734 , (3.8)

α ≡ arg
(
−VtdV ∗

tb
VudV ∗

ub

)
= 110o , (3.9)

γ ≡ arg
(
−VudV ∗

ub
VcdV ∗

cb

)
= δq = 45.6o , (3.10)

J ≡ Im(VudVcbV ∗
ubV ∗

cd) = 2.69×10−5 , (3.11)

where δq is the CP phase in the standard parametrization, which has a large experimental uncer-
tainty at present. In terms of the Wolfenstein parameters, we have

λ = 0.227 , (3.12)

A = 0.798 , (3.13)

ρ = 0.299 , (3.14)

η = 0.306 . (3.15)

We compare our predictions to the experimental values from CKMFitter collaboration reported
at Moriond 2009 [13, 14]. The 3σ allowed range for the CKM matrix elements given by

|Vud | = 0.9737−0.9749 (3.16)

|Vus| = 0.2227−0.2277 (3.17)

|Vub| = 0.00321−0.00394 (3.18)

|Vcd | = 0.2226−0.2276 (3.19)

|Vcs| = 0.9729−0.9741 (3.20)

|Vcb| = 0.0393−0.0423 (3.21)

|Vtd | = 0.00795−0.00915 (3.22)

|Vts| = 0.0385−0.0415 (3.23)

|Vtb| = 0.9991−0.9992 (3.24)
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For the three angles of the unitarity triangle, the limits from direct measurements [13, 14] at 3σ

are,

α = 76o−110o , (3.25)

β = 20.1o−30.2o , (3.26)

γ = 18o−130o . (3.27)

And the 3σ limits for the Wolfenstein parameters are given by,

A = 0.767−0.841 , (3.28)

λ = 0.2227−0.2277 , (3.29)

ρ = 0.087−0.212 , (3.30)

η = 0.307−0.389 , (3.31)

J = (2.69−3.37)×10−5 . (3.32)

We note that except for ρ and |Vtd |, all other parameters are consistent with the current 3σ experi-
mental limits. Our prediction for ρ is slightly higher than the experimental upper bound while the
prediction for |Vtd | is slightly lower than the experimental lower limit. Given the tension that is
currently present in the global fit between sin2β and |Vub| (which is also the fit that gives the exper-
imental value for ρ), and the fact that there are still large theoretical uncertainty in hadronic effects
when extracting the experimental value for |Vtd |, the experimental determination for the values of
ρ and |Vtd | thus have some uncertainty at present.

In the lepton sector, the diagonalization matrix for the charged lepton mass matrix combined
with UT BM gives numerically the following PMNS matrix, 0.838e−i178o

0.543e−i173o
0.0582ei138o

0.362e−i3.99o
0.610e−i173o

0.705ei3.55o

0.408ei180o
0.577 0.707

 , (3.33)

which predicts

sin2
θatm = 1 , (3.34)

tan2
θ� = 0.420 , (3.35)

|Ue3| = 0.0583 . (3.36)

The two VEV’s,
u0 =−0.0593 , ξ0 = 0.0369 (3.37)

give

∆m2
atm = 2.4×10−3 eV2 , (3.38)

∆m2
� = 8.0×10−5 eV2 . (3.39)

The leptonic Jarlskog is predicted to be

J` =−0.00967 , (3.40)
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and equivalently, this gives a Dirac CP phase,

δ` = 227o . (3.41)

With such δ`, the correction from the charged lepton sector can account for the difference between
the TBM prediction and the current best fit value for θ�. Our model predicts

m1 = 0.0156 eV , (3.42)

m2 = −0.0179 eV , (3.43)

m3 = 0.0514 eV , (3.44)

with Majorana phases

α21 = π , (3.45)

α31 = 0 . (3.46)

Since the leptonic Dirac CP phase, δ`, is the only non-vanishing CP violating phase in the lep-
ton sector, a connection [15] between leptogenesis and low energy CP violating leptonic processes,
such as neutrino oscillation, can exist in our model.

4. Conclusion

We present a model based on SU(5) and the double tetrahedral group T ′ as the family sym-
metry. CP violation in our model is entirely geometrical due to the presence of the complex group
theoretical CG coefficients in T ′. The Georgi-Jarlskog relations automatically lead to a sum rule
between the Cabibbo angle and the solar mixing angle for the neutrino. The predicted CP violation
measures in the quark sector are consistent with the current experimental data. The leptonic Dirac
CP violating phase is predicted [9] to be δ`∼ 227o, which gives the cosmological matter-antimatter
asymmetry [16].
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