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1. Introduction

The construction of consistent chiral effective field theories with heavy degrees of freedom is
a non-trivial problem. For example, in baryon chiral perturbation theory the usual power counting
is violated if one uses the dimensional regularization and the minimal subtraction scheme [1]. The
current solutions to this problem either involve the heavy-baryon approach [2] or use a suitably
chosen renormalization condition [3, 4, 5, 6]. Due to the small mass difference between the nucleon
and the A(1232) in comparison with the nucleon mass, the A resonance can be consistently included
in the framework of effective field theory [7, 8, 9, 10, 11].

On the other hand, the treatment of the p meson or the inclusion of heavier baryon resonances
such as the Roper resonance is more complicated. We address the issue of power counting in such
effective theories by using the complex-mass renormalization scheme [12, 13, 14], which can be
understood as an extension of the on-mass-shell renormalization scheme to unstable particles.

As an application we consider the masses and the widths of the p meson and the Roper reso-
nance. More details can be found in Refs. [15, 16].

2. Rho meson

We start with the most general effective Lagrangian for p and @ mesons and pions in the
parametrization of the model III of Ref. [17]:

L =L + Lyn+ Lo+ Lopnt--.

The individual expressions relevant for the calculations of this work read

2 2102
22 = FZTr [8“U(8“U)T] i Tr(UT+U),
1 exM*Tr (UT+U) irH ir
Tor = =y T (pup ™) Myt T (=) (e 2))
1 M2 K
1
Lopr = 3 80p7 Euvap " Tr (po‘ﬁu“>, (2.1)

iT-TT T-pH
U—uz—exp<l >, pH = pj
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All the fields and parameters in Eqs. (2.1) are bare quantities. In order to increase the readability
of the expressions we have omitted the usual subscript 0. In Egs. (2.1), F denotes the pion-decay
constant in the chiral limit, M? is the lowest-order expression for the squared pion mass, M, and
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My, refer to the bare p and @ masses, g, ¢y, and ggpr are coupling constants. We use the KSFR
relation [18, 19]

2 252
My =2gF~. (2.3)
To perform the renormalization we express the bare quantities in terms of renormalized ones:

Mp,O = MR+5MR7
Cx0 = Cx“‘acm
2.4)

We apply the complex-mass renormalization scheme [12, 13, 14] and choose M3 = (My, —il"y/ 2)2
as the pole of the p-meson propagator in the chiral limit. M, and I'), are the pole mass and the
width of the p meson in the chiral limit, respectively. Both are input parameters in our approach.
In the complex-mass renormalization scheme, the counterterms are in general complex quantities.

The presence of large external momenta of the p meson leads to a considerable complication
in the power counting for loop diagrams. It is necessary to investigate all possible flows of the
external momenta through the internal lines of a loop diagram. Next, one needs to determine the
chiral orders for all flows of external momenta. Finally, the smallest of these orders is defined as
the chiral order of the given diagram.

The power counting rules are as follows. Let g collectively stand for a small quantity such as
the pion mass. A pion propagator counts as ¢ (g~?) if it does not carry large external momenta and
as 0(q°) if it does. A vector-meson propagator counts as &(g°) if it does not carry large external
momenta and as &(¢ ') if it does. The pion mass counts as & (q'), the vector-meson mass as
0(q"), and the width as &(g'). Vertices generated by the effective Lagrangian of Goldstone bosons
.5,@5”) count as &(¢q"). Derivatives acting on heavy vector mesons count as ¢(¢°). The contributions
of vector meson loops can be absorbed systematically in the parameters of the effective Lagrangian.

The dressed propagator, expressed in terms of the self energy

iy, (p) = i6% [guvIL(p®) + pupv T (p?)] 2.5)

has the form )
1+115 (p
8uv = PuPv yr i (p2) + 2L (2)

iseh (p) = —i8® P2 — M2 11, (p?) + 0+ (2.6)
The pole of the propagator is found as the (complex) solution to the following equation:
72— M3z —T1;(z) =0. (2.7)
We define the pole mass and the width of the p meson by parameterizing
z= (M, —il'/2)*. (2.8)
The solution to Eq. (2.7) can be found perturbatively as a loop expansion
7=79 4,424 . (2.9)



Complex mass renormalization J. Gegelia

w\\mwm

(@) (b) (c)

Figure 1: One-loop contributions to the p-meson self-energy at ¢’(¢*). The dashed, solid, and wiggly lines
correspond to the pion, the @ meson, and the p meson, respectively.

Each of these terms has its own chiral expansion. Up to third chiral order the pole reads
7=279 = M} + e M?. (2.10)

The one-loop contributions to the vector self-energy up to &(¢*) are shown in Fig. 1. The
contributions of diagrams (a) and (b) to II; are given by
g% [2A0(M?) — (p* —4M?) Bo(p*,M*,M?)]

M, =
1(a) 1672(n—1) ’

(n—2)gs
M, = _Wn_‘“"l’; {M4Bo(p2,M2,M§,)— [2Bo(p?, M? MM+ Ag(M?) — Ag(M3)
+2By(p*,M?, M) p*| M* + Bo(p*,M*, M) p* + My [Bo(p*,M* My, ) M,

+A(M?) — Ag(M3,)] — [2Bo(p*, M? , Mgy) Mg, + Ag(M?) + Ao (M,)] pz}. (2.11)

Using dimensional regularization with n space-time dimensions, the loop functions read

Ao (m?) = =328 A m* —2m? ln% ,

By (p*,m2,m3) = —3272A, +21nmi2—1
1 m3 m3 Y
—(14+ ——=2— ) 2R [ 1,231+ 52— ) — = F (1,2;3;0),
2 (M) 5 o) 3 R 0230
R A s R W T )12
= 2m? ’ 12
1

where »F (a,b;c;z) is the standard hypergeometric function, u is the scale parameter and

1 1 1 '

The p77 vertex in diagram (a) should count as €'(¢°). However, its large component does not
contribute to I1;. Therefore, the I1; part of diagram (a) has order & (q4). Diagram (c) contains the
contributions of the counterterms.

In diagram (b) we take M, = Mg.
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We fix the counterterms such that the pole in the chiral limit stays at M». The contributions of
diagrams (a), (b), and (c) to the pole, expanded up to &(¢*), read

2 4 M .
Z(l) — ﬂ 3_2 lnﬁz _oin | — g%up;rMSMx B ngﬂM (ln M 1) N lg%l)pﬂ'M3F}C
1672 M3 M 247 3272 487 '

(2.14)

3. Roper Resonance

The most general effective Lagrangian, relevant for the subsequent calculation of the pole of
the Roper propagator at order ¢'(¢°) reads:

L= Lo+ LY+ Lot Lap+ Lok, (3.1)
where % is given by
L = N(la —mNo)N-i-R(la —mRo)R

—WLE | (i —mag) g —i (PO + 7 M) + iV Iy +mac ¥y |E0F,.  (32)

Here, N and R denote nucleon and Roper isospin doublets with bare masses myo and mgg, respec-
tively. W, are the vector-spinor isovector-isospinor Rarita-Schwinger fields of the A resonance [20]
with bare mass mag and ég is the isospin-3/2 projector (see Ref. [10] for more details).

The interaction terms %z, -Zg, and .Zag are constructed following Ref. [21]. At leading order

2D = ‘%RRyﬂysu“R. (3.3)
The next-to-leading-order Roper Lagrangian is given by
2 = ciolx )RR, (3.4)

where ¢}  is a coupling constant and x4 = M 2(U +U?). The nucleon-Roper interaction reads
(1) _ 8NR 5, u
Finally, the leading-order interaction between the delta and the Roper is given by
= 3
LR = P &3 (8" + 2Py )uy R+ e, (3.6)

where we take the ~off-mass-shell parameter” 7 = —1.
To renormalize the loop diagrams, we apply the complex-mass renormalization and write:

mro = 2y + 6z,
myo = m+8m,
may) = ZA}(+5ZAX7
cio = ¢ +6cy,
. (3.7)
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Figure 2: One-loop self-energy diagrams of the Roper. The dashed, solid, double-dashed, and double-solid
lines correspond to the pion, nucleon, Roper, and delta, respectively.

where z, is the complex pole of the Roper propagator in the chiral limit, m is the mass of the
nucleon in the chiral limit, and zay is the pole of the delta propagator in the chiral limit.

We organize our perturbative calculation by applying the standard power counting of Refs. [22],
i.e., an interaction vertex obtained from an ¢'(¢") Lagrangian counts as order ¢", a pion propaga-

~!, and the integration of a loop as order ¢*. In

tor as order g2, a nucleon propagator as order g
addition, we assign the order ¢! to the A propagator and to the Roper propagator (carrying loop
momenta). Within the complex-mass renormalization scheme, such a power counting is respected
in the range of energies close to the Roper mass.

The dressed propagator of the Roper
i
P = =)

where Xg(p ) denotes the self-energy, has a complex pole which is obtained from the equation

iSr(p) = (3.8)

z—2zy —Xg(z) =0. (3.9

To order &(g*) the Roper self-energy consists of a tree-order contribution
Liree = 4CTM2 s (3.10)

and the loop diagrams shown in Fig. 2. For the diagrams (a), (b), and (c) of Fig. 2 we obtain

33 R R A
L) = % [01(m)Ag (m*) 4+ O2(m)Ag (M?) + O3(m)Bo (p*,m*,M?)],  (3.11)
3 5
) = lzgi’in (0120040 () + 0a(22)40 (M?) + 03 =)Bo (1.5, M%) |, (3.12)
() = gAR |01+ 050 () + Ocdo (M2) + 080 (7, 2, M) | (3.13)
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. 1 2 _3M? 2(p?)? —3M* — 8p>M?
O4 = 3 [3pfzix— 12p22AX—4¢p2+4p2p + ) 5 P ,
ZAX ZAX
A 1 22 M2—p2 2
Os = — |P2ay +20°2ay — (2M* + p?) +2p*2 +¢< - ) :
ZAX ZAX
A 1 M*+p*  M*=3p*M? —(p?)?
06 — _72 ﬁZix‘FzPZZAX—zMZﬁ _2p2 p +¢ p 5 (p ) ,
p ZAx Ay
A 1 M? — p? 2
0, = 2 [pfzix—l-szZAx + (pz—Mz)] [zix—Z(Mz—i—pz) +(z2)
Ax

To implement the complex-mass renormalization scheme, in analogy to Ref. [6], we expand
the self-energy loop diagrams in powers of M, p —z,, and i zi, which all count as &(q). We
subtract those terms which violate the power counting.The subtraction terms at p = z, read

3gip(m+zy)?
ST _ NR X 2 2 2 2
X = e | ()80 (5,00 ) o ()
3gnr(m+ 2 )M?
6412 F2z;,

[—Zm3 In m_ itm’ —i—zim - 327:212/1
u

Y

3¢k 3greM?
I = R Ay () - SEA [327:2/1 +21n2‘1],

2 2
Iy — M
+ <m3 —zi) ln%#—iﬂzi
u

(b) ™ 32722 x)  32m2F?
2
ST 8 2 4 2 2
Z(c) = —m |:6(ZAX _Zx) (ZAX +Zx) B() (ZX’O’ZAX>

+25 (—32ay + 122420, + 42570, — 423207 — 225

—6 (zix + ZZXZZX — zizﬁx + ZZ?CZAX + zi) Ap (Zixﬂ

2 2
8AR [ 6ims 5 108 5 2 4
—6inzy, —6(2zay + 32y )zx, In —= — 9inzy z3, + 625,24
72m2F23, 2 A XTI A

+9z;zix + 3z§tzix - 2887r2/1z§ZAX + 9l'7TZ§CZAX + 1,6( - 192%2122

2 _ 2
Z _ZA .
+ (6zgx +92y20y — 923207 — 6z,;’;) In 2% e 4 6mz§] : (3.14)
The above expressions of Eq. (3.14) are exactly canceled by contributions of 8z and dcj. The

pole of the Roper propagator to third order is given by the expression

ST ST ST
J=2 —Z(a) —Z(b) —Z(C). (3.15)

It is easily shown that the expansion of Eq. (3.15) satisfies the power counting, i.e. is of €'(¢°).

2=z —4MP + 20 + 20y + X))

4. Summary

We have considered an effective field theory of resonances interacting with Goldstone bosons
using the complex-mass renormalization scheme. A systematic power counting emerging within
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this scheme allows one to calculate the physical quantities in powers of small parameters. As
an application we have calculated the pole masses and the widths of the p meson and the Roper
resonance which are of particular interest in the context of lattice extrapolations. The masses and
the widths in the chiral limit are considered as input parameters within this approach.
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