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We review briefly the emerging picture of the confinement-deconfinement phase transition as
transition from four-dimensional to three-dimensional non-perturbative physics. In particular we
consider the so called magnetic component of the Yang-Mills plasma. We comment on the recent
lattice observation that the thermal monopoles in SU(2) gauge theories appear to possess both
magnetic and electric color fields. We attempt to fit the observation into the general scheme of
Yang-Mills defects developed earlier within the Sakai-Sugimoto model. The geometric features
of the defects in the Yang-Mills vacuum reflect the topology of extra dimensions in this model.
We favor the classification which assumes that the color magnetic and electric of the monopoles
are not parallel to each other. The prediction can be checked on the lattice.
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Topological solutions in dual formulation of
Yang-Mills theories

Valentin I Zakharov

Topology and Deconfinement

1. Introduction

con f inement → decon f inement ≡ 4d → 3d ,
where the change of the dimensionality is understood in pure geometrical terms: the defects become time oriented and percolate in 3d rather than in 4d. Moreover, the surviving 3d stochasticity
explains naturally the persistence of the area law for the spatial Wilson in the deconfining phase.
If one starts with the standard, field-theoretic formulation of QCD the very existence of the
lower dimensional vacuum defects remains mysterious. Things are different within the dual. or
string models of QCD where lower dimensional defects are common. Moreover, within the holographic models of QCD the deconfining phase transition in terms of the defects looks generically
similar [3] to the picture observed first in lattice studies, see above. In some cases, the holographic
models and lattice data agree with each other to amusingly fine details [4] 2 .
In more detail, we will rely on the Sakai-Sugimoto holographic model [6] which is most
successful in describing low-energy QCD. The metrics of this model is formulated in terms of the
ordinary 4d space (t, xi , i = 1, 2, 3), extra fifth dimension u with horizon at u = uΛ , one more extra
compact dimension x4 and compact sphere Ω4 :
ds2 =


u −3/2 du2
u 3/2
(−dt 2 + δi j dxi dx j + f (u)dx42 ) +
+ u2 dΩ24
R0
R0
f (u)
uΛ 3
f (u) = 1 −
.
u

(1.1)

Because of the compactness of the x4 -coordinate there exist topological defects wrapped around
the x4 -circle. These defects have non-trivial θ -angle dependence. Note that the metric (1.1) in
1 For

the purpose of the present note we oversimplify the story greatly. There were in fact numerous attempts to
interpret the lattice defects in the continuum-theory language, for review and references see, e.g. [2]
2 Remarkably enough, the properties of the lattice vortices are also close to the properties of string-like solutions of
the non-Abelian SUSY theories, see [5] and references therein.
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For many years the quark-gluon plasma was thought of as a weakly interacting gas, with Debye
screening of color charges. After the RHIC experiments, resulted in discovery of the ’strongly
interacting plasma’, the precise nature of the confinement-deconfinement phase transition became
much more obscure.
Probably, the physics of confinement and deconfinement could be best understood within the
models which attribute the confinement to the stochastic component of vacuum associated with
defects of lower dimensions. The models were originally formulated within lattice studies, or in
Euclidean space, for review and references see, e.g., [1]. The most popular candidates are 1d
defects, or trajectories which are called monopole trajectories or 2d defects (surfaces) called center
vortices. The stochasticity is manifested as percolation of the trajectories or surfaces in 4d space.
For many reasons, the idea was not immediately picked up by the continuum-theory community.
In particular, the definitions of the defects are originally given in specific lattice language which
has no direct continuum-theory translation 1 .
For us, it is most important now that the lattice studies suggested in fact another interpretation
of the deconfinement phase transition as a change from four to three dimensions:
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2. Wrapped, or thermal monopoles
Monopoles on the lattice are defined usually in specific lattice (or algorithmic) language using
a particular projection of the original Abelian fields onto an Abelian subclass of the fields. The
most successful is the so called Maximal Abelian Projection, for review see [12]. The words ’most
successful’ are to be understood as the statement that these monopoles exhibit many explicitly
SU(2) invariant properties, like non-Abelian action, length of trajectories in physical units and so
on, for review see [2]. Thus, one can conclude that through the use of the projection, one detects
gauge-invariant objects.
The monopole trajectories are closed, by definition. In the continuum-theory language the
closeness corresponds to a charged particle, or a complex scalar field, see, e.g., [13]. At finite
temperature there appear new types of monopole trajectories, the so called wrapped trajectories. In
more detail, finite temperature T assumes periodicity in the (Euclidean) time direction with period
1/T . Thus, if a monopole trajectory reaches the boundary in the time direction it is automatically
continued to the opposite boundary. For each of such trajectories one can introduce the wrapping
number, s which counts the number of times the trajectory hits the boundary before becoming a
close trajectory.
3 This is true in the classical limit.

It remains unclear, therefore, in this limit whether the defects remain physical. As
is argued in particular in [2, 4, 3] analysis of the lattice data suggests strongly that the defects with classically vanishing
tension become percolating vacuum structure, with observed density scaled in physical units which implies that they are
physical indeed.
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coordinates (x4 , u) has a cigar=like form so that the radius of the x4 compact dimension tends to
zero at the horizon u = uΛ . Which means that the defects wrapped around this dimension have
tension vanishing at the horizon 3 .
At finite temperature T it is convenient to use Euclidean space, with a compact time direction
τ, 0 < τ < 1/T . Thus, at T 6= 0 there are two compact coordinates, x4 and τ. The deconfining
phase transition is then understood as change of geometries in two-dimensional (x4 , u) and (τ, u)
subspaces. Namely, at T > Tc the cigar-shape geometry sets in the τ, u coordinates while in the
(x4 , u) coordinates the geometry becomes cylinder-like. As a result, defects wrapped in (Euclidean)
time direction become tensionless and could condense.
As is argued in [8, 3] this is a generic phenomenon within the dual model: below Tc defects
condensed in the vacuum have nontrivial θ -angle dependencies while at T > Tc it is the defects
wrapped on the compact time direction which are tensionless.
This observation implies that at T > Tc generically defects become time-oriented since in this
case the associated tension tends to zero. Thus, geometry of the extra dimensions is manifested in
geometrical structure of the defects in ordinary 4d Euclidean space, exactly in the same way as was
observed first on the lattice (see above).
Of course, this is only a generic picture and details, sometimes crucial ones depend on the
particular defect considered. So far discussion [4, 3, 2] was concentrated mostly on D2 branes, or
vortices. Some other defects were listed in [3]. It happened so, however, that the most recent lattice
data [9] refers to the so called wrapped monopoles, see [10] and references therein. This type of
defects has not been explicitly discussed in [3] and we address the issue in these notes.
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It was argued in Ref. [10] that the average wrapping number (measured in the Euclidean
space) is directly related to the density ρ(T ) of the corresponding particles in the actual plasma (in
Minkowskian space):
ρ(T ) = nwr = < |s| > /V3d ,
(2.1)

i.e. to be independent of the lattice spacing a provided that the connection between a and ΛQCD is
fixed by the standard renormgroup equations.
In practice, the scaling laws like (2.2) represent a strong test of theory. Lattice measurements
[11] did demonstrate the validity of the prediction (2.2). Which is a strong argument in favor of the
hypothesis that the wrapped monopoles correspond indeed to physical objects.
Most recently a further effort was made [9] to check this hypothesis through measurements of
excess of the non-Abelian action associated with the wrapped monopoles. The measurements did
demonstrate that the wrapped monopoles are associated with the extra action (for similar measurements for condensed monopoles at T=0 see [14] and references therein).
Moreover, the wrapped monopole trajectories are preferably time-oriented and beginning with
T ≈ 1.7Tc become practically time-aligned [15]. Thus, one can distinguish between electric and
magnetic color fields associated with the wrapped monopoles. The magnetic and electric fields are
defined in terms of the unit vector nµ looking in the direction of the monopole trajectory:
Hµa ≡ G̃aµν nµ , Eµa ≡ Gaµν nµ ,

(2.3)

where Gaµν is the color field associated with the monopole (a is the color index, a=1,2,3, in the
SU(2) case considered).
A remarkable finding [9] is that the magnetic and electric fields of the monopoles are equal to
each other:
|Hmon |2 = |Emon |2 .
(2.4)
Note that the mutual orientation of the vectors H, E has not been measured so far. As for the
absolute value of the fields, they are measured on the plaquettes closest to the monopole trajectory
and exhibit scaling law similar to the T=0 case:
|Hmon |2 = |Emon |2 ∼ a−4 ,

(2.5)

where a is the lattice spacing. Assuming the fields being spherically symmetric the observation
(2.5) implies
1
|Hmon |2 = |Emon |2 ∼ 4 ,
(2.6)
r
where r is the distance to the center of the monopole.
The observations (2.4) and (2.5) not only dramatically confirm the physical nature of the
wrapped monopoles but also make actual interpretation of these, newly emerging physical objects.
4
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where V3d is the three-dimensional volume of the lattice. Eq. (2.1) is true, in particular, for free
particles. If it is also true indeed for the wrapped, or thermal monopoles the density (2.1) should
satisfy the scaling law
nwr ∼ Λ3QCD ,
(2.2)
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3. Thermal monopoles as dyons
For simplicity of discussion we will assume that the thermal monopoles are static, i.e. the
wrapped trajectories are time oriented. The issue not yet resolved by the measurements is the
mutual orientation of the magnetic and electric color fields associated with the monopoles.
The possibility favored in discussion of the data in Ref. [9] is that the thermal monopoles are
like dyons, i.e.
Ha || Ea , (Ha (r))2 = (Ea (r))2 ∼ r−4

However, if there exists another (P-odd) quantity constructed on the fields,
δ m5 ∼

Z

d 3 x(E · H) 6= 0 ,

(3.2)

it cannot be associated with any invariant in the field theoretic description of the scalar particle.
If the monopoles are described by a spinor field ψ, then one can introduce both P-even and
P-odd masses,
δ L = δ mψ̄ψ + δ m5 ψ̄γ5 ψ
and accommodate the both invariants (3.1 and (3.2). This hypothesis still have other difficulties.
First, one would expect that the color fields associated with the spin 1/2 particles are dipole like,
Ha || Ea , (H a )2 (r) = (E a )2 ∼ r−6 ,
and there is no indication of such a behavior in the lattice data [9].
Moreover, scalar and spinor particles in the random-walk, or polymer approach have different
types of trajectories, see, e.g., [13]. The monopole trajectories were studied in great detail at
temperature T = 0 [16] and there is no sign whatsoever for a spinor-particle type of trajectories.
The only change in geometry of the trajectories around T = Tc is their time-orientation which
universal for all defects, see Introduction, and is not related to the spin of the particles.
To summarize, it would be difficult to reconcile an ordinary-particle interpretation of the
monopoles with basic theoretical expectations 4 . In geometrical terms, color fields of ordinary
particles are spherically symmetric. If the monopoles belong, say, to surfaces their field may well
be not spherically symmetry but, for example, confined to the surface. Moreover, this seems to be
true for monopoles at temperature T = 0, see, in particular, [2, 17, 5, 4] and references therein.
Thus, it is natural to turn to interpretation of the thermal monopoles as elements of geometrically
more complicated defects.
4 We

assume at this point that, indeed, the thermal monopoles in the Euclidean space correspond to real particles in
the Minkowski space [10]. For pure Euclidean defects self-dual non-Abelian fields are allowed.
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The identification of the thermal monopoles with real dyonic particles leads, however, to some
difficulties.
Indeed, if the monopole is a scalar particle then it may not have both electric and magnetic
charges. Another way to express this point is to observe that a scalar particle has only one invariant,
that is its mass. If there is an electric or magnetic field associated with it then the integral from the
field can be included into the renormalization of the mass:
Z

δm ∼
d 3 x E2 + H2
(3.1)
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4. Brane constructions

It would be very interesting to check the mutual orientation of the magnetic and electric color fields
associated with the thermal monopoles.

5. Localization of classical solutions
It might worth emphasizing that according to the lattice data the extra action associated with
the thermal monopoles is ultraviolet divergent:
∆Smonopole ∼ Ltra jectory /a ,

(5.1)

where Smonopole is the full non-Abelian action, L is the length of trajectory and a is the lattice
spacing which goes to zero, a → 0 in the continuum limit. On the other hand, theoretically one
would rather expect
Smonopole ∼ L · ΛQCD .
(5.2)
arguing that the monopoles should be an infrared phenomenon, not seen in the ultraviolet.
Ar first sight, Eqs (5.1) and (5.2) are mutually excluding each other. In fact, they are not. The
issue is that one should view the lattice spacing as resolution of measurements, and in quantum
mechanics results of measurements depend on the details of the measuring procedure. Thus, observation (5.1) is like observing ’zitterbewegung’ of a particle: if one would measure trajectory of
a particle it would be not even continuous.
5 Note

that within a local field theory the time orientation of the trajectories can be ascribed only to large mass of a
particle and a fast change of the orientation sample with temperature would imply strong dependence of the mass on the
temperature. The branes construction is rooted in string theory and the time orientation is due to non-locality.
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Trivially, the monopoles look as D0 branes, or lines wrapped around the compact time direction. The fact that they become time oriented at temperatures not much exceeding Tc finds its
explanation since such defects have vanishing tension, see the Introduction. In the large Nc limit
the time orientation would set in much sharper than in case of SU(2) theory studied in the lattice simulations so far. This is one more confirmation of the geometrical picture inherent to the
Sakai-Sugimoto model known from other examples 5 .
The D0 branes could be a part of a more complicated construction. In particular, the fundamental, or electric strings can end on the D0. Such an assumption would explain that the color
electric field is associated with the thermal monopoles.
Another point is that at T = 0 the monopoles belong to magnetic D2 branes. These D2 branes
are wrapped around the compact x4 dimension and look as strings, or surfaces in the Euclidean
4d space. This picture at T=0 is strongly supported by various theoretical models and lattice data,
see [2, 4, 5, 18]. It is quite probable that also at T > Tc the thermal monopoles are still a part
of magnetic strings and this would explain naturally that there is magnetic field associated with
thermal monopoles.
Moreover, the whole construction could be stable only because of the large angular momentum, in the spirit of the Myers phenomenon (for review see [19]). Then electric and magnetic fields
are to be orthogonal to each other,
Ea · Ha = 0 .
(4.1)
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