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this region extending to the continuum limit.
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1. Introduction

Long ago, Eguchi and Kawai (EK) proposed the striking idest the properties of gauge
theories become independent of the volume when the numbmiarfs, N, is sent to infinity [1].
Using a lattice regularization, this would allow one to detme physical, infinite-volume, quan-
tities from calculations on a single lattice site, with betilor and space-time degrees of freedom
packed into the four link matrices. This idea is of both tletigal interest—can such matrix models
indeed represent field theories?—and of possible praatidiéthy—it might allow the determina-
tion of largeN properties in a more computationally efficient way. This Vddn turn allow one to
connect to approximate analytic approaches to I&deED, as well as to learn about QCD itself.

The application of this “volume-reduction” to pure gaugedhes turned out not to be sim-
ple. As discussed below, tH&f center symmetry of th&J (N) volume-reduced lattice theory
must be unbroken for the equivalence to infinite volume talhblt this symmetry is, in fact,
spontaneously broken by the single-site theory [2, 3]. &@siproposed “fixes”—in particular,
“momentum-quenching” and twisting—have turned out not toky See [4] for references to this
history. What does work, however, is to reduce to a latticesehphysical extent exceeds a scale
of about 1fm [5], and this approach, which, for a lattice $spaa ~ 0.15fm, allows one in practice
to work on lattices of size- 6%, has been successful in determining several large-volumgsigal
guantities.

In our present work (summarized here but described in muate metail in Ref. [6]) we return
to the possibility of complete volume reduction to a singie- theory, but in the context of QCD-
like theories with fermions in two-index representatiois particular, our evidence suggests that
such reduction holds for the theory with “quarks” in the adijaepresentation. In addition, it
appears that these quarks can be heavy, mith Aqcp, in which case the long distance theory is
the pure-gauge theory. In that case the reduction we findements the original idea of EK.

Our motivation comes from the following relations betwebgedries. Start with QCD, with
N = 3, but consider the fundamental representation Dirac famsi(2N; of them) to be in the
equivalent antisymmetric (AS) representation with twoiguerk indices. Now také&l — o« and
obtain the “orientifold” largeN limit of QCD [7]—one in which quark-loops are not suppressed
This theory is “within /N” of physical QCD. Next use the “orientifold” equivalence Afmoni,
Shifman and Veneziano [8], which states that the even C settthe largeN theory with 2\¢
AS Dirac fermions is equivalent to the corresponding C-esegtor of the largeN theory withN¢
Dirac fermions in the adjoint irrep. Finally, follow Kovtyrtinsal and Yaffe and use an orbifold
equivalence to relate, wheé¥h — oo, the latter field theory to the single-site gauge theory Wth
adjoint Dirac fermions [9]. If these equivalences hold, llrgeN single-site theory gives results
for two interesting field theories, one of which is close tygibal QCD?

In our work to date we have takéy = 1—so that the corresponding QCD-like theory has two
degenerate quarks—bll = 1/2 and 2 are also of considerable interest (the former iseel&d
SUSY Yang-Mills and to 1-flavor QCD, the latter to the potaltyi nearly-conformal theory with
2 adjoint Dirac fermions).

1For details on how one extracts long-distance quantitiek as the string tension and meson masses from a single-
site model see Refs. [1, 5, 6, 9].
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A crucial question is, of course, what conditions must besgad for the equivalences to hold.
The necessary and sufficient conditions are as follows [10]:

1. Large-N factorization holds.

2. The orientifold equivalence requires that C is not spoetaisly broken in either the theory
with AS or that with Adjoint fermions, at large volumes.

3. The orbifold equivalence requires that translation iiargce is unbroken in the large-volume
theory with Adjoint fermions.

4. The orbifold equivalence also requires that Becenter symmetry of the single-site theory
with Adjoint fermions be unbroken.

The first three conditions are expected to hold (although rCbheabroken for small volumes, and
translation invariance can break at nonzero density) aisttlite last condition that is the weakest
link. Indeed, as noted above, this is the condition thas fiailthe pure gauge case. Thus our initial
focus has been on determining whether the last conditiotshol

There are two previous calculations which suggest thateéngec symmetry of the single-site
theory may be unbroken. Ref. [9] calculated the one-loopctiffe potential for Polyakov loops
in continuum regularization oR® x S', i.e. with one direction compactified. A weak-coupling
calculation is then justified if the compact direction is #ireaough. It was found that, if one uses
periodic boundary conditions, and for massless fermidmsZt, center symmetry is unbroken for
Nt =1/2, 1 and 2, but broken fd¥; = 0. (For a recent extension to nonzero masses see Ref. [11].)
In words, the fermionic contributions 4. lead to a repulsion between the eigenvalues of the
Polyakov loop that overcome the attraction caused by thenjtLcontributions. The same has been
found to be true in a lattice regularized calculation [12fhaugh there remains some uncertainty
over what happens if only the compact direction is disceetiand when nontrivial forms of center
symmetry breakings are studied [13]. These results areuegagimg, but do not directly apply
to the single-site model. Perturbation theory for this tidoas severe IR divergences, and the
appropriate analysis has not been done. For this reasomemadise we are interested in practice
in intermediate values of the coupling where one-loop pbétion theory is not accurate & 0.33,
corresponding t@ ~ 6 for N = 3), we have chosen to do a non-perturbative calculation.

2. The (possibly) equivalent theories

We choose to use Wilson fermions and the Wilson gauge acfitwe. (large-volume) lattice
field theory then has the action

STt =2Nb } ReTtpag+ Y Dw (2.1)
plag
whereUpjaq is composed, as usual, of the fundamental irrep gauge resthc= (g°N)~Lis the
inverse 't Hooft coupling, and the fermion operatonisafdy labeling lattice sites)

(1= Vi) Ut B+ (14 via) Uil S| » (2.2)
1
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with the links here being in the adjoint representation. réhg a single adjoint Dirac fermion field,
corresponding tdN; = 1. Boundary conditions are periodic in all four directionsail fields.
Notable symmetries of this theory are the usigl center symmetry and aBO(2) flavor
symmetry. The latter can be seen by writing the action in seofrtwo Majorana fields.
The corresponding single-site theory is obtained simplydmgoving the sum over sites. One
then has a theory of four link matricé, and a singlep and. The fermion operator becomes

Died =1k z [ (1—y) U39+ (1+ yu)uad”} . (2.3)

This looks peculiar because the first derivative part cotsnback (necessarily) to the same site,
and so vanishes #;, = 1. This part becomes non-trivial, however, since in the cedumnodel the
U, fluctuate around nontrivial background gauge fields, andcanesee in perturbation theory how
space-time (or, more precisely, momentum space) becomiesdetad in the link matrices.

The symmetries of the single-site theory are an odd-loogiaugge symmetryf, — QU,, Qf
for all y with Q € SU(N)] and the main player in the following—th&f, center symmetry:

Uy —UyZ% with z=€™N and n,czy. (2.4)

It is important that the putative equivalence applies wheth bheories having the same bare
couplingsb andk. The continuum limit is to be taken aftlr— o so that (if the equivalence holds)
the single-site theory has given one information aboutrtfiaite volume field theory.

In order to test the equivalence, it is useful to have someviedge of the phase diagram in
the k — b plane of the large-volume largg-adjoint fermion theory. Since, to our knowledge, this
theory has not been simulated previously for &hyve begin by giving an educated conjecture for
the phase diagram. This is shown in the left panel of Fig. & ddntinuum limit is at the top while
the pure gauge theory lies along the left axis.

The most important feature is the line, which represents the line (or region of Aoki phase)
along which (within which) the quarks attain their minimunass. The presence of this line/region
is predicted by chiral perturbation theory including legtiartefacts, for which the analysis is very
similar to that for QCD, except that the chiral symmetry laag pattern is her&J (2) — SO(2).
For more details see Ref. [6]. Just as in QCD, one finds that;, the continuum limit, one can
either have a first-order or Aoki-phase scenario. Our daisc@dsed below) indicate that it is
the former which occurs. For very smdl] however, the strong-coupling expansion predicts an
Aoki-phase. Thus we have drawn the line becoming a regiomatl®. For largeb the line must
approachk. = 1/8.

The other feature is the (possible) line of bulk transitiomsning roughly horizontally. We
know from simulations that this transition occurs in thegkalN pure gauge theory, and that it is
strongly first order. It is not a deconfinement transition;, father a lattice artefact. This transition
must extend for some distance into the plane, but we do nat kv far. Our numerical evidence
turns out to be inconclusive as to whether the transitiongunto a crossover as one moves into
the plane. In either case, we want to work on the continuung€la) side of the transition region
to avoid lattice artefacts.

The right panel of Fig. 1 shows our conjecture for the phaagrdim of the single-site model.
In this case we must takd — o for there to be true transitions, although it turns out tlg ts
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Figure 1. Conjectured largeN phase diagrams for theories with a single adjoint Dirac fermLeft panel:
infinite volume; right panel: single-site.

not much of an issue in practice. The left axisKat 0) corresponds to the EK model, which has
the above-noted center symmetry breaking transitionlfresmbequence of transitions) lat- 0.19.
Based on the perturbative calculations of Ref. [12] we ekfiee symmetry to be restored when
the quark becomes light, and that it remains unbroken fomgeafk including k.. Our con-
jecture therefore contains a funnel-shaped region of W@r@enter symmetry in which volume-
independence should hold. We recall that, in the continuomt, Itheories equidistant froms; on
the two sides are physically equivalent, so we only need td&kwn one side.

3. Somenumerical results

We have simulated the single-site model using the Metrsgajorithm and calculating the
determinant (which is real and positive) exactly. CPU tiroales adN® for a complete update of
each link matrix, and we have been able to work only upNte- 15 using desktop PCs. Never-
theless, this appears to be sufficient to map out the phageadia since the results do not change
substantially betweeN = 8 andN = 15. For more details, see Ref. [6].

We have tested our conjecture for the phase diagram by daingdmtal hysteresis scans for
couplings in the rangé = 0.1 — 1, vertical scans for a variety of values gf and a few high
statistics runs at selected points in the putative funngiore Very long correlation times limit
our simulations td < 1. We note, however, théit= 1 is a very weak coupling, corresponding to
B =18in3J(3).

We calculate the average plaquette as well as a number af pademeter foZy, symmetry-
breaking: Polyakov loopB, = Tr(U,)/N and “corner loopsM,,, = Tr(U,Uy)/N. Inthe momentum-
quenched EK model we found that one neededMpg to uncover the symmetry-breaking [4], and
we find the same here: there are regions of symmetry breakitigeik > k. part of the phase-
plane for which theP, vanish but theM,,, do not. To make sure that we do not miss any signals
of symmetry breaking, we have, for a few points in the plaisg aalculated the 14641 different
traces

Ka=Tr(UMU2UZ2U%) /N, withn, =0,4+1,+2,..., 45, (3.1)
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Figure 2: Scatter plots in the complex plane for all four Polyakov Isdpr N = 10,b = 0.5 and (moving
from left to right) k = 0.0001, 003, 006 and 016. Both horizontal and vertical scales run freri to 1.
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Figure 3: Scans of the plaquette as a functiorkdior N = 8 atb=0.1, 0.18, 026, 034,042,050 and 1.

wheren, < 0 implies hermitian conjugation.

Our results are consistent with the conjecture describedaglsee Ref. [6] for complete de-

tails. As an example, we show in Fig. 2 scatter plots of Palyd&ops forN = 10 andb = 0.5. For

K =0, symmetry breaking is clear: all fol, end up proportional t@™%/10 (with, in this case,
differentn,), although, for this smalN, there is still some tunneling between different “vacua”.
Vestiges of symmetry breaking are still apparenk at 0.03, but are absent at= 0.06. For this
value and fox = 0.16 (just belowk,) the P, fluctuate around the origin and average to zero within
errors. Results @l = 15 are consistent, with the expected reduction in tunnébngmallk (none

is seen) and the expected reduction in the size of fluctuation

Evidence for the presence of a first-order transition is showig. 3: there is a jump in the
average plaquette for each valuelnfWe also observe hysteresis at this “transition”, and a con-
sistent behavior foN = 8 — 15. The transition is not, however, associated with centemsetry
breaking and we interpret it as an example of the first-ordenario predicted by chiral perturba-
tion theory. This is supported by two other observationgstFits position is consistent with the
theoretical expectations—moving from(4 at strong coupling to /B at weak coupling. Second,
the jump at the transition decreaseshdacreases, consistent with the theoretical expectatiah th
the transition is driven by lattice artefacts.
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4. Conclusions and Outlook

In summary, our evidence to date is consistent with the ctumje in the right panel of Fig. 1,
including the presence of a window arourg of finite width in which theZg symmetry is un-
broken. Accepting this result, the adjoiNt = 1 theory provides the first successful example of
reduction to a single-site. Furthermore, it appears thafftinnel region is broad enough to allow
one to work with quarks with mass@s > Aqcp (and possibly withm ~ 1/a) so that the long-
distance physics is that of the pure gauge theory. In thie eashave, in effect, a version of the
original EK model in which the effect of the adjoint quarkstismaintain the repulsion among
eigenvalues of the Polyakov loop, presumably by inducingnaet of double-trace operators simi-
lar to that suggested in Ref. [14] as a cure for the EK modelborifthe other hand, we work near
Kc we have a single site model that lies “withilN” of physical two-flavor QCD.

Our analysis can be extended in several ways. Our intetetaf the critical line can be
checked by calculating the pion mass. We can also calcutht® smeson masses and the string
tension, and the distribution of the eigenvalues of Diraerafors for various valence fermions.
Work in these directions is underway using the configurationhand. We also plan on speeding
up the algorithm so as to move to larger valuedlof

Finally, we note that another recent lattice study (usingriayp as opposed to our Wilson
fermions) finds preliminary evidence for a failure of redant[15]. This discrepancy with our
findings will clearly need to be resolved.
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