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The current flow from the bulk is due to the anomaly on the brhnethe absence of current

flow is not, necessarily due to anomaly cancellation, buh&absence of the chiral zero modes
themselves, due to the existence of the layered phase. @&hibe understood in terms of the
difference between the Chern—Simons terms in three and iimersions. Thus the anomaly

cancellation in four dimensions, which is essential forekling the boundary from quantum

effects within the bulk, makes sense only along the tramsiline between the layered and the
Coulomb phase, which, in turn, requires the presence of gaottJ (1) factor for the gauge

group.
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Domain wall [1] and overlap [2] fermions allow the realization of chiral symmein the
lattice [3]. The key ingredients, that lead to evading the no—go theorenafd]the defects that
extend in extra dimensions. The chiral zero modes are localized alongpajape boundaries. For
a consistent quantum theory we would like that the boundary theory lbecped from quantum
effects within the bulk.

Since the fermions are coupled to gauge fields, there will generically beai®s [5]. These
appear as current flow to and from the bulk. They also appear a® “edlgents”. Therefore
anomalies should be properly cancelled [6]. Anomaly cancellation hasdbegied for the chiral
Schwinger model [7], i.e. a three-dimensional bulk with two-dimensionahbaries, but not for
the five-dimensional case. The object of this note is to point out sometiedsififerences between
the two cases. These differences are also relevant for attempts dirdeéxtra dimensions [8].

In three dimensions the relevant contribution to the anomaly is the vacuumzatitam di-
agram (cf. Fig. 1) which is well-known to provide a “topological” mass teon the gauge

Figure 1. The contribution to the anomaly ID = 2.

field [9, 10]. In five dimensions the relevant contribution is the well-knovwantyle diagram (cf.

Fig. 2) which doeshot provide a mass for the gauge field—it is an interaction term. In fact this is

Figure 2: The contribution to the anomaly ID = 4.

the crucial difference: in three dimensions the anomaly is a “soft” term,&dsdan five dimensions
it is a “hard” term. This was in fact noticed in refs. [11, 12] for the falimensional anomaly
in that the renormalization constant for the axial current could not beesgpd in terms of the
renormalization constant of mass term and that of the wave function relimaiticm constant of
the fermion, but was an independent quantity.

In factitis possible to understand this in another way. The anisotropeafdfects implies [1]
that the gauge couplings will generically be different along the boung@rgnd towards the bulk
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(B'). The action on the lattice will then take the form (for the five—dimensiona)cas

S=p z Z (1—ReUyy(n)) + B’ Z Z(l— RelUys(Nn)) + Stermions (1)
m

n U<v

In the three—dimensional case the isotropic the@ry; B’ is renormalizable (in fact it is super-
renormalizable). This means that, once anomalies are cancelled, the twosidinanheory is
protected from quantum bulk effects. In the five—dimensional caseg\V@wthe isotropic theory is
notrenormalizable-it cannot be made insensitive to cutoff effects, whidtersrthe decoupling of
its boundaries questionable. However, the anisotropic theory may hayeradgphase [13]: and
along the transition line between this phase and the bulk Coulomb phase it se¢msdhtinuum
theory could be defined, since this transition seems to be second ord&s[{ef. Fig. 3) Therefore
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Figure 3: The phase diagram of the five—dimensiod4l) theory in the — ' plane.

it is for gauge couplings along this line that the anomaly cancellation can lizeckalndeed, the
current, that carries the anomaly flow from and to the bulk plays a doulde oé the one hand
it is a component of the bulk vector current; on the other hand it is the axiegrt density from
the point of view of the boundary. The chiral charge on the boundasyabsolute value that of the
(vector) bulk charge and sign the chirality at the boundary. Thus thedelmloave gaugedchiral
symmetry.

This current can indeed be computed [14] and displays the followingvimt(af. Fig. 4) Itis
noteworthy that this current vanishes within the layered phase and isarorin the bulk Coulomb
phase. The reason it does not vanish in the Coulomb phase is a manifestatieranomaly—the
reason it vanishes in the layered phase is not anomaly cancellation,thet, that there isn't any
chiral zero mode that can absorb or emit the charge [16].

The model we studied was based on the compaact formulation f(thegauge group. The
reason is that this group is the only one that presents both a Coulomb pliltseanfining phase,
that are separated by a phase transition. This is essential to the possikdéfjrong the layered
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Figure4: The current along the extra dimension, e 1.2, as a function of8’.

phase intrinsically [17]. Anisotropic Yang—Mills theories are harder tosiiefl ref. [18] for
a study of the decoupling effects in a model wikJ(2) gauge group; it will be interesting to
compare this with the case 0f(2) = SU(2) @ U (1), which should provide a much cleaner signal,
since theJ (1) factor will trigger the layered to Coulomb phase transition along which the agoma
cancellation should be realized. Studies v8tb(3) have been attempted [19] but did not take into
account this difference, so it is hard to see exactly how the layer is défine

In conclusion, the difference between the anomaly terms in three and fivaslions is crucial
in understanding the difference in the physics between the two casesrethdimensions the
anomaly term is a mass term and both the bulk and the boundary theoriemammatzable at
the isotropic point, where anomaly cancellation can be imposed. In five dinmsngie anomaly
term is an interaction vertex (whose, dimensionless, coefficient may ledetathe ratio of the,
dimensionful, coupling constants in the boundary and towards the bulkdmaly cancellation
cannot take place along the isotropic line,since the bulk theory is not relipaivia there—the
layered phase, however, leads to the possibility of shielding the boufrdanythe bulk along a
line of strongly coupled fixed points, that may be also relevant in other xisnie.g. [20]).
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