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Chromoelectric and chromomagnetic fields for the static gluon-quark-antiquark system Nuno Cardoso

1. Introduction

The aim of this work is to compute the chromoelectric and chromomagnetic fields and study
the shape of the flux-tubes for the hybrid gluon-quark-antiquark system. We study two different
geometries for the hybrid system, one with a U shape and another with L shape, figure. 1.

(a) U shape geometry. (b) L shape geometry.

Figure 1: gluon-quark-antiquark geometries, U and L shapes.

2. The Wilson Loops and Chromo Fields for exotic systems

In principle, any Wilson loop with a geometry similar to that represented in figure 2a, describ-
ing correctly the quantum numbers of the hybrid, is appropriate, although the signal to noise ratio
may depend on the choice of the Wilson loop. A correct Wilson loop must include an SU(3) octet
(the gluon), an SU(3) triplet (the quark) and an SU(3) antitriplet (the antiquark), as well as the
connection between the three links of the gluon, the quark and the antiquark.

Zoom
λλλλa

λλλλa

λλλλb

λλλλb

t
4

(a) (b)

Figure 2: (a) Wilson loop for the gqq and equivalent position of the static antiquark, gluon, and
quark. (b) Simple Wilson loops that make the gqq Wilson loop.

The Wilson loop for this system is given by:

Wgqq =
1
16

Tr[λ bT+
λ

aT ]Tr[λ bS1λ
aS2] (2.1)

= W1W2−
1
3

W3 (2.2)

where W1, W2 and W3 are the simple Wilson loops shown in figure 2b. When r1 = 0, W1 = 3
and W2 = W3, the operator reduces to the mesonic Wilson loop and when µ = ν and r1 = r2 = r,
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W2 = W †
1 and W3 = 3, Wgqq reduces to Wgqq(r,r, t) = |W (r, t)|2− 1, that is the Wilson loop in the

adjoint representation used to compute the potential between two static gluons.
In order to improve the signal to noise ratio of the Wilson loop, the links are replaced by "fat

links",

Uµ (s) → PSU(3)
1

1+6w

(
Uµ (s)+w ∑

µ 6=ν

Uν (s)Uµ (s+ν)U†
ν (s+µ)

)
(2.3)

We use w = 0.2 and iterate this procedure 25 times in the spatial direction.
We ontain the chromoelectric and chromomagnetic fields on the lattice, by using:

〈
E2〉= 〈P0i〉−

〈W P0i〉
〈W 〉 (2.4)

〈
B2〉= 〈W Pi j

〉
〈W 〉 −

〈
Pi j
〉

(2.5)

and the plaquette is given by

Pµν (s) = 1− 1
3

ReTr
[
Uµ(s)Uν(s+µ)U†

µ(s+ν)U†
ν (s)

]
(2.6)

We only apply the smearing technique to the Wilson loop. The relationship between various pla-
quettes and the field components is:

component plaquette
Ex Pxt

Ey Pyt

Ez Pzt

Bx Pyz

By Pzx

Bz Pxy

The energy (ε) and action (γ) density is given by

ε =
1
2
(〈

E2〉+〈B2〉) (2.7)

γ =
1
2
(〈

E2〉−〈B2〉) (2.8)

3. Results for the gluon-quark-antiquark

Here we present the results of our simulations with 141 243 × 48, β = 6.2 configurations
generated with the version 6 of the MILC code [1], via a combination of Cabbibo-Mariani and
overrelaxed updates. The results are presented in lattice spacing units.

In the following pictures we present the results for the chromolectric and chromomagnetic
fields and for the energy and action density. The figures 3 to 6 show the results for the U shape
geometry and figures 7 to 10 the results for the L shape geometry.
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In figure 11 we present the results for the U geometry along x = 0, this corresponds to the
axis along gluon and the middle distance between quark-antiquark, and y = 4, this corresponds
to the axis along quark-antiquark. This results show that when the quark and the antiquark are
superposed the results are consistent with the degenerate case of the two gluon glueball. In figure
12 we present the results for the L geometry along the segment gluon-antiquark and along segment
gluon-quark. And finally, in figure 13 we show a comparison between the results for (r1 = 0,r2 = 8)
and (r1 = 8,r2 = 8) along segment gluon-antiquark in the L geometry, when the gluon and the
antiquark are superposed this results are consistent with the static quark-antiquark case.
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(d) Action Density

Figure 3: Results for the U geometry with d = 0 and l = 8. In this case, the quark and the antiquark
are superposed and the results are consistent with the degenerate case of the two gluon glueball.
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Figure 4: Results for the U geometry with d = 2 and l = 8
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Figure 5: Results for the U geometry with d = 4 and l = 8
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Figure 6: Results for the U geometry with d = 6 and l = 8
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(d) Action Density

Figure 7: Results for the L geometry with r1 = 0 and r2 = 8. The gluon and the antiquark are
superposed and the results are consistent with the static quark-antiquark case.
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Figure 8: Results for the L geometry with r1 = 2 and r2 = 8
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Figure 9: Results for the L geometry with r1 = 8 and r2 = 8
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Figure 10: Results for the L geometry with r1 = 6 and r2 = 6
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(a) d = 0 and l = 8 for x = 0
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(b) d = 0 and l = 8 for y = 4
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(c) d = 2 and l = 8 for x = 0
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(d) d = 2 and l = 8 for y = 4
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(e) d = 4 and l = 8 for x = 0
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(f) d = 4 and l = 8 for y = 4
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(g) d = 6 and l = 8 for x = 0
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(h) d = 6 and l = 8 for y = 4

Figure 11: Results for the U geometry.
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(a) r1 = 0 and r2 = 8, along
segment gluon-antiquark
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(b) r1 = 0 and r2 = 8, along
segment gluon-quark
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(c) r1 = 2 and r2 = 8, along
segment gluon-antiquark
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(d) r1 = 2 and r2 = 8, along segment
gluon-quark
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(e) r1 = 8 and r2 = 8, along
segment gluon-antiquark
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(f) r1 = 8 and r2 = 8, along
segment gluon-quark
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(g) r1 = 6 and r2 = 6, along
segment gluon-antiquark
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(h) r1 = 6 and r2 = 6, along segment
gluon-quark

Figure 12: Results for the L geometry.
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Figure 13: Comparison between the results for (r1 = 0;r2 = 8) and (r1 = 8;r2 = 8) along segment
gluon-antiquark in the L geometry.
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First study of the gluon-quark-antiquark static potential in SU(3) Lattice QCD

P. Bicudo and M. Cardoso
CFTP, Departamento de F́ısica, Instituto Superior Técnico, Av. Rovisco Pais, 1049-001 Lisboa, Portugal

O. Oliveira
CFC, Departamento de F́ısica, Universidade de Coimbra, Rua Larga, 3004-516 Coimbra, Portugal

We study the long distance interaction for hybrid hadrons, with a static gluon, a quark and an
antiquark with lattice QCD techniques. A Wilson loop adequate to the static hybrid three-body
system is developed and, using a 243 × 48 periodic lattice with β = 6.2 and a ∼ 0.075 fm, two
different geometries for the gluon-quark segment and the gluon-antiquark segment are investigated.
When these segments are perpendicular, the static potential is compatible with confinement realized
with a pair of fundamental strings, one linking the gluon to the quark and another linking the same
gluon to the antiquark. When the segments are parallel and superposed, the total string tension is
larger and agrees with the Casimir Scaling measured by Bali. This can be interpreted with a type-II
superconductor analogy for the confinement in QCD, with repulsion of the fundamental strings and
with the string tension of the first topological excitation of the string (the adjoint string) larger than
the double of the fundamental string tension.

I. INTRODUCTION

Here we explore the static potential of the hybrid three-
body system composed of a gluon, a quark and an an-
tiquark using lattice QCD methods. The Wilson loop
method was deviced to extract from pure-gauge QCD
the static potential for constituent quarks and to provide
detailed information on the confinement in QCD. In what
concerns gluon interactions, the first lattice studies were
performed by Michael [1, 2] and Bali extended them to
other SU(3) representations [3]. Recently Okiharu and
colleagues [4, 5] extended the Wilson loop for tree-quark
baryons to tetraquarks and to pentaquarks. Our study of
hybrids continues the lattice QCD mapping of the static
potentials for exotic hadrons.

The interest in hybrid three-body gluon-quark-
antiquark systems is increasing in anticipation to the fu-
ture experiments BESIII at IHEP in Beijin, GLUEX at
JLab and PANDA at GSI in Darmstadt, dedicated to
study the mass range of the charmonium, with a focus
in its plausible hybrid excitations. Moreover, several ev-
idences of a gluon effective mass of 600-1000 MeV from
the Lattice QCD gluon propagator in Landau gauge,
[6, 7], from Schwinger-Dyson and Bogoliubov-Valatin so-
lutions for the gluon propagator in Landau gauge [8],
from the analogy of confinement in QCD to supercondu-
tivity [9], from the lattice QCD breaking of the adjoint
string [1], from the lattice QCD gluonic excitations of
the fundamental string [10] from constituent gluon mod-
els [11, 12, 13] compatible with the lattice QCD glueball
spectra [14, 15, 16, 17], and with the Pomeron trajectory
for high energy scattering [18, 19] may be suggesting that
the static interaction for gluons is relevant.

Importantly, an open question has been residing in the
potential for hybrid system, where the gluon is a colour
octet, and where the quark and antiquark are combined
to produce a second colour octet. While the constituent
quark (antiquark) is usually assumed to couple to a fun-

Type - I
Type - II

q

q

g

q

q
g

FIG. 1: String attraction and fusion, and string repulsion,
respectively in type I and II superconductors

damental string, in constituent gluon models the con-
stituent gluon is usually assumed to couple to an adjoint
string. Notice that in lattice QCD, using the adjoint
representation of SU(3), Bali [3] found that the adjoint
string is compatible with the Casimir scaling, were the
Casimir invariant λi · λj produces a factor of 9/4 from
the qq̄ interaction to the gg interaction. Thus we already
know that the string tension, or energy per unit lenght,
of the adjoint string is 1.125 times larger than the sum
of the string tension of two fundamental strings. How
can these two pictures, of one adjoint string and of two
fundamental strings, with different total string tensions,
match? This question is also related to the superconduc-
tivity model for confinement, is QCD similar to a Type-I
or Type-II superconductor? Notice that in type Type-
II superconductors the flux tubes repel each other while
in Type-I superconductors they attract each other and
tend to fuse in excited vortices. This is sketched in Fig.
1. The understanding of the hybrid potential will answer
these questions.

In Section II we produce a Wilson Loop adequate
to study the static hybrid potential. In Section III we
present the results of our Monte-Carlo simulation, in a
243× 48 pure gauge lattice for β = 6.2, corresponding to
a lattice size of (1.74 fm)3 × (3.48 fm), assuming a string
tension

√
σ = 440 MeV. In Section IV we interpret the

Figure 14: String attraction and fusion, and string repulsion, respectively in type I and II supercon-
ductors.

4. Conclusions

In Bicudo et al. [2] and Cardoso et al. [3] it was shown that for the static gluon-quark-antiquark
potential V when the segments between gluon-quark and gluon-antiquark are perpendicular, V is
compatible with confinement realized with a pair of fundamental strings, one linking the gluon
to the quark and the other linking the same gluon to the antiquark. However, if the segments
are parallel and superposed, the total string tension becomes larger and agrees with Casimir Scal-
ing measured by Bali [4]. This can be interpreted with a type-II superconductor analogy for the
confinement in QCD, see figure 14, with repulsion of the fundamental strings and with the string
tension of the first topological excitation of the string (the adjoint string) larger than the double of
the fundamental string tension.

The general shape of the flux-tubes observed here reinforce the conclusions of Bicudo et al.
[2] and Cardoso et al. [3].

We study the fields with two geometries, U and L shaped for the Wilson loops. Here, the com-
ponents of the chromoelectric and chromomagnetic fields around a static gluon-quark-antiquark
are investigated. This allows us to determine the shape of the flux-tubes with respect both to the
energy and action densities. When the quark and the antiquark are superposed the results are con-
sistent with the degenerate case of the two gluon glueball, and when the gluon and the antiquark
are superposed the results are consistent with the static quark-antiquark case. Another interesting
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result is that the absolute value of the chromoelectric field dominates over the absolute value of the
chromomagnetic field.
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