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We calculate the corrections to the amputated Green's iumebf 4-fermion operators, in
1-loop Lattice Perturbation theory. The novel aspect of@alculations is that they are carried
out to second order in the lattice spaciny(a?).

We employ the Wilson/clover action for massless fermiofso(applicable for the twisted
mass action in the chiral limit) and the Symanzik improvetascfor gluons. Our calculations
have been carried out in a general covariant gauge. Reswidieen obtained for several popular
choices of values for the Symanzik coefficients (Plaguéttee-level Symanzik, lwasaki, TILW
and DBW?2 action).

We pay particular attention #F = 2 operators, both Parity Conserving and Parity Violating
(F stands for flavourS, C, B). We study the mixing pattern of these operatorsg{@?), using
the appropriate projectors. Our results for the corresimgneenormalization matrices are given
as a function of a large number of parameters: coupling eonstlover parameter, number of
colors, lattice spacing, external momentum and gauge peam

The ¢(a?) correction terms (along with our previodda?) calculation ofZy) are essential
ingredients for minimizing the lattice artifacts which aneesent in non-perturbative evaluations
of renormalization constants with the’RIOM method.
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1. Introduction

A number of flavour-changing processes are currently under studatiice simulations.
Among the most common examples are the de€ay rrr and K°—KO oscillations. From ex-
perimental evidence, we know that these weak processes violate thar@fesy. In theory, the
calculation of the amount of CP violation KP—K° oscillations requires the knowledge B .

The KaonBy parameter is obtained from tiS = 2 weak matrix element:

<K0\CA)AS:2]KO>
K = e — )
3(K0[Sy,d|0) (0|Sy,d|K®)

(1.1)

wheres andd stand for strange and down quarks, P2 is the effective 4-quark interaction
renormalized operator, corresponding to the bare operator:

O = (d) (S d), Vi =W(1—W)- (1.2)
The above operator splits into parity-even and parity-odd parts; in sthmigation: OAS=2 =
voan— Of3 3. Since the above weak process is simulated in the framework of Lattice QCD,

where Parity is a symmetry, the parity-odd part gives no contribution tit&° matrix element.
Thus, we conclude th&y can be extracted from the correlateg 0, yo < 0):

Crok (%,Y) = {(dys8) () OGVAn(0) (d¥s8) (V). Viaa= (5Yud) (Syud) + (Sviy6d) (Syuyed) . (1.3)

whereO45724 is the bare operator ar@($-2, is the respective renormalized operator.
In place of the operator in Eq[ (1.3) it is advantageous to use a fouk-gp@rator with a
different flavour contenty( d, s, d’), and withAS= As+As = 2, namely []:

O an= (5yud) (Syud’) + (Syuy6d) (Syuysd’) + (Syud’) (Syud) + (Syuwd ) Syuwd),  (1.4)

where now the correlator is given b@x sk (x,Y) = ((dyss)(X) 2655734(0) (d'ys8) (y)). Making
use of Wick’s theorem one checks the equal®ysk (X,y¥) = Ckok(X,Y), which means that both
correlators contain the same physical information.

The aforementioned matrix elements are very sensitive to various systemati & major
issue facing Lattice Gauge Theory, since its early days, has been tieioedof effects induced
by the finiteness of lattice spaciiagin order to better approach the elusive continuum limit.

In order to obtain reliable non-perturbative estimates of physical quar{tigesmproving the
accuracy ofBy) it is essential to keep under control tfiga) systematic errors in simulations or,
additionally, reduce the lattice artifacts in numerical results. Such a redutgerding renormal-
ization functions, can be achieved by subtracting appropriately/tfad) perturbative correction
terms presented in this paper, from respective non-perturbativiésstesu

In this paper we calculate the amputated Green'’s functions and the renatioalimatrices
of the complete basis of 20 four-fermion operators of dimension six whichadameed power
subtractions (i.e. mixing occurs only with other operators of equal dimes)sidie calculations
are carried out up to 1-loop in Lattice Perturbation theory and u@ (&) in lattice spacing. Our
results are immediately applicable to otldd = 2 processes of great phenomenological interest,
such aP — D or B—B mixing. Let us also mention that in generic new physics models (i.e. beyond
the standard model), the complete basis of 4-fermion operators contributasttal meson mixing
amplitudes; this is the case for instance of SUSY models (sedk.g. [3]).
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2. Amputated Green’s functions of 4-fermion AS= As+ As = 2 operators.

In this work we evaluate, up t6'(a?), the 1-loop matrix element of the 4-fermion operators
Oxy = (BXA(FY d) = X) X, d I8 (%) Vi, A’ (x (2.1)
xy = (X d)( 535 k4( 140 85,0 (3160 Yy 0, ()

Fu=EXdEYI=35 5 M( 00 Xt 85,00 ) (S, 0 Vi, I, (9 (2.2)

with a generic initial stated’i“(p;;) s’%3(p3)|0>, and a generic final state¢0|d722(p2)sf‘ll(p1). Spin
indices are denoted hyk, and color indices by, c, d, while X andY correspond to the following
set of products of the Dirac matrices:

~ 1
X,YZ{]I,VS, le7ley57 UHVvVSO-IJV}E{S,RV7AaT7T}; UHV: é[yl.hy\/]' (23)

Our calculations are performed using massless fermions described bylsbaMlover action.
By takingm; = 0O, our results are identical also for the twisted mass action and the Osterwalde
Seiler action in the chiral limit (in the so called twisted mass basis). For gluonanpéog a
3-parameter family of Symanzik improved actions, which comprises all commam glations
(Plaquette, tree-level Symanzik, lwasaki, DBW2, Lischer-Weiszjiv@ations and notations for
the actions used, as well as algebraic manipulations involving the evaluatibioop Feynman
diagrams (up t@’(a?)), are described in detail in Ref] [4].

To establish notation and normalization, let us first write the tree-level ssjorefor the am-
putated Green'’s functions of the operatéss, and &% :

XY ajaragdy
/\tree( P1, P2, P3, P4,Is,rd, I's, Far )|lji2|23|i X|1I2 i3ig 6&1132 5a3a4, (24)

F aaazay _
(/\ )tree( plv p27 p37 p47 rSa rdv rS’v rdl)'l]i2|23|i xlll4 I3I2 6&]_&4 5&3&27 (25)

wherer is the Wilson parameter, one for each flavour.

We continue with the first quantum corrections. There are twelve 1-logpatiss that enter
our 4-fermion calculation, six for each operat®¢y, 0%.. The diagramsl; — dg corresponding to
the operatorixy are illustrated in Fig[]1. The other six diagrard%,— df, involved in the Green’s
function of 0%, are similar tod; — ds, and may be obtained fromh — dg by interchanging the
fermionic fieldsd andd’ along with their momenta, color and spin indices, and respective Wilson

parameters.

The only diagrams that need to be calculated from first principled;ae® andds, while the
rest can be expressed in terms of the first three. In particular, thessipns for the amputated
Green's functiong\ij” — A3 can be obtained via the following relations:

XY arara; XY aza; a;
/\ (p17p27 p37 p47rSa rdars'ard’)|l]]2|23|ia4 = (Ad (_pZa_p17_p47 p3ard7r57rd' rS’)|22|liLj‘; 3) (26)

ajapagzay By A

/\dS (plv P2, P3; P4, I's, rdars’7rd’)|l]]2|3|4 - d2 (p37 Pa, P1, P2,Ts,Id/5 s, r.d)|3|4|1|]é ) (27)
ajapazay azayay a:

Ad6 (pl7 P2, P3, P4, s, rdars’vrd/)|ll|2|23|i = d3 (p37 P4, P1, P2,Tg, a4, Ts, rd)|33|4|1|:; 2 (28)

Once we have constructédf” — A3Y we can use relation:

E ajapazay ajasaza
(/\ )dJ (plv P2, P3, P4,rs,Id,I's, Fg >|11|2|23|i dJ (plv P4, P3, P2,rs, g, g, rC|>|11|4|3|32 2’ (29)

1The superscript letter F stands for Fierz.
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D
d ot
ds

Figure 1: 1-loop diagrams contributing to the amputated Green’stfancof the 4-fermi operator’*”.
Wavy (solid) lines represent gluons (fermions).

to derive the expressions foh™){ Y — (A7){Y. From the amputated Green's functions for all twelve
diagrams we can write down the total 1-loop expressions for the operaigrand 0%, :

6 6
/\>1(Iloop = Z A?j(ij (/\F))l(jloop = z (AF)§1Y~ (2.10)
1

In our algebraic expressions for the 1-loop amputated Green's fusetiph AyY andAy" we
kept the Wilson parameters for each quark field distinct, thatdsig, ry, rg for the quark fields
s, d, s andd’ respectively. For the required numerical integration of the algebraiesgjpns of
the integrands, corresponding to each Feynman diagram, we are fordeadose the square of the
value for eachr parameter. As in all present day simulations, we set:

1. (2.11)

rZ=ri=ri=rj

Concerning the external momenga(shown explicitly in Fig.[]l) we have chosen to evaluate the
amputated Green’s functions at the renormalization point:

P1=P2=pP3=pPs=P. (2.12)

It is easy and not time consuming to repeat the calculations for other clofig¢éison parameters
and for other renormalization prescriptions. The final 1-loop expresdiar ALY, AyY andAZY,
up to 0 (a?), are obtained as a function of: the coupling constaitlover parametetsy, number
of colorsN, lattice spacin@, external momenturp and gauge parametac

The crucial point of our calculation is the correct extraction of the f(b?) dependence
from loop integrands with strong IR divergences (convergent onjypie 6 dimensions). The
singularities are isolated using the procedure explained in Ref. [4].derdo reduce the number
of strong IR divergent integrals, appearing in diagduwe have inserted the identity below into
selected 3-point functions:

-t (Iaa\p2 + k/—;p2 — 2%+ 165 sin(kg)zsin(apa)z), (2.13)
[

av
whered? = 4y, sinz(%”) andk(p) is the loop (external) momentum. The common factor in Eq.
(2-13) can be treated by Taylor expansion. For our calculations it wassary only ta’(a0):

1 1 So Py 2.2
=+ 2980 g2 p?). 2.14
ap? ap>  (p?)? @p) (2.14)
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Here we present one of the four integrals with strong IR divergeneg&ttter in this calculation:

m o d%  sin(ky) sin(ky) In(@p?) 5 In(a®p?)
_ 0024570722 . 27 -
1 O e 8uv | 0.002457072288 —¢ 5 +a” p?(0.000552703568) — ¢ == )
2.2 In(a”p?) 50 Py 2 1
a2} (0.000128202m)+ e )+o.000157122319 > ]+a Py P [0.0018708415%
| 2
—0.000297312264) + r;(gsﬁz) 0.000047949675°% > Sl 000268598595”—'3"}4—0’ 4 o).

The results for the other three integrals can be found in REf. [4]. latetyr with simple IR
divergences (convergent beyond 4 dimensions) can be handledlbgnewn techniques.

Due to lack of space we present only the results’\fg‘ﬁ and for the special choicessy = 0,
A =0 (Landau Gaugejs=rq =rg =rq = 1, and tree-level Symanzik action:

AXY (p)Pr2edsds _ 92 53161253334 SRRV 1 22
a4 (p); 5313453332_T X 4 Xiyi, Yigig —éln(a p°) —0.052941392)

I1I2I3I4 167-[2 c

+ 3 XY )iyin (YV4)igiy [-0.5079140496)] + 5 (XYM ¥ )iyi (Y V¥ )isis {1 In(a®p?) +0.018598498&9)]
o v

8
+ 5 XY (VY Y )isiy [0-39771572685 ;pv] +aApa))g, + a2(/\maz>)§f’}, (2.15)
Hip
where:

Mo =5 ( XYy, .3|4+X.1.2(Yy“)|3.4) x [ip“ <_£11|n(a2p2)+o.094600831)>}

o
+y ((xv“y”)iliz(%3i4yv)+ (xyv)iliz(quyv)i3i4> X {ipu (116|n(a2p2)+0.169290588a5)>} , (2.16)
[TRY
and:

(N o) 5Y = XisinYigia {pz <g In(a?p?) + 1.3236225@4)) +0.062136494)

So p‘é}
p2

+ %(xvﬂ Jizia (YVH)isis {pz <478 In(a?p?) + 0.0598951428)> +1.016948232) pﬂ

VY. LV - vy Py p;,
-H;((XY#V JizipYigia + Xigip (YVHY )|3|4) l0005924062) ? 1

5 P {p” oy (_é In(22p?) — 0.199153601)”

4
+ 5 (XYY Jiaip (Y ).3|4[p <240In(a2p2)—0.0896280486)> —0.04818085 f;zp“
v

2
Pl (180 In(ap?) + 01660890'(3)) }

4 p?
+y (XV“Vp)iliz(YVva)ig,u[pupv (360'”( 2p2)—0.2186590@2)+o.14096139@z“—“)
1p

P3Py -+ PuPy)
2 sz kil (2.17)

—0.11013879 —0.4776347818)

p[l pv pp:|
p .

Similar expressions exist faxy " andAy"
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3. Mixing and Renor malization of &xy and 6’;\( on thelattice.

The matrix eIemen¢K°|Oev+AA|K°> is very sensitive to various systematic errors. The main

roots of this problem area) ¢'(a) systematic errors due to numerical integrationthe operator
v aa Mixes with other 4-fermioAS = 2 operators of dimension six. Mixing with operators of
lower dimensionality is impossible because there is no candixtate 2 operator.

In order to address these problems we have calculated the mixing patteymgedization ma-
trices) of the Parity Conserving and Parity Violating 4-fermisd—= 2 operators (defined below),
by using the amputated Green’s functions obtained in the previous sectionrédextensive theo-
retical background and non-perturbative results, concerningmalization matrices of 4-fermion
operators, can be found in Ref] [5] (see aldd]2] 6, 7]). Next wensarize all important relations
from Ref. [$] needed for the present calculation.

One can construct a complete basis of 20 independent operators vaviehhe symmetries
of the generic QCD Wilson lattice action (ParRy Charge conjugatio@, Flavour exchange sym-
metry S=(d < d’), Flavour Switching symmetrieS=(s« d,s < d') andS'=(s— d’,d < 9)),
with 4 degenerate quarks. This basis can be decomposed into smallemddepleases according
to the discrete symmetriés S CPS, CPS'. Following the notation of Ref[]5] we have 10 Parity
Conserving operatorQ), (P=+1, S=+1) and 10 Parity Violating operatorg), (P=—1, S=+1):

QS::I:

=3[t oG] +3[omEoR]. {25 =i[ans o) +5[0n k),
F= 3 [ Ry -3 [Onat R {gz&ﬂ e AR N
t= 3 [Osst 05d — 5 [Opp+ Ob) 95+ =1 [Opst OF — § [Osp 05,
t= 3 [Osst 05 + 5 [Opp+ O] {g%ﬂ = 1 [Opst OFg| + 1 [Osp 05,
t=; [0+ 0r], 25 = Lors £ 05,

Summation over all independent Lorentz indices (if any), of the Dirac matrisemplied. The
operators shown above are grouped together according to their mixitegrpaThis implies that

the renormalization matricg=*1 (2°S=*1), for the Parity Conserving (Violating) operators, have
the form:

Z11 Z1p Z13 Z1a Zs5 s 21 0 0 0 O St
Zo1 Zyp Zo3 Zos Zos 0 %%, %3 0 0
75 = | Zay Zso Zssz Zas Zss L S| 0 2% 0 0 . (3D
Zay Zap 243 Zas Zss 0 0 O 244 Zss
Zsy Zsp Zs3 Zss Zss 0 0 0 254 %s

Now the renormalized Parity Conserving (Violating) operat@%;+! (25+1), are defined
via the equations:

QIS:il _ Zﬁﬁﬂ QS Q‘IS:il _ Qﬁr?]:il L 95+ 3.2)

wherel,m=1,...,5 (a sum ovem s implied). The renormalized amputated Green’s functions
[S=+1 (£S=+1) corresponding t®QS=*! (25-*1), are given in terms of their bare counterparts
LS=+1 ((ZS=*1) through:

Lt =2°Z L5, 45 =225 257, (3.3)
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whereZy is the quark field renormalization constant.
In order to calculate the renormalization matriggs*? (25=*1), we make use of the appro-
priate Parity Conserving (Violating) Projectd?§=+1 (22S-+1):

LI ALY s+t atTa
64N:(Ne £1)’ L7 6AN(Nc+1)’
pS=+1 _ +|_|VV—|-|AA Mss—Mpp S ~ Mva—TNav - Msp—TIps
= TBANZ—1) " 32N(NZ—1)’ 2 T TBaNZ—1) T 3M(NZ—1)’
S+l = & Mvv —Maa | Mss—Tlpp P = ¢ Mva—Ta  Msp—Tlps
32N(NZ—1) ' 16(NZ—1)’ ~ T3N(NZ—1) 16(NZ-1)’
Mss+ M Msp+ T Myt
S=+1 _ SS PP TT S=+1 _ SP PS TT
= BNED) T 3N(NE— 1)’ Yi = BN T 3NN 1)’
pS-+1 = Mss+Mpp Mrr pSH1 = o Msp+Mps Myt
32N(NZ—1)  98N(Ne-1)’ 57T T3MN(NE-1)  98Ne(Ne-1)’
2Nc+1 2N.F1

wherelxy = (Xi,i; ® Yi,iz)Oaa; Oanag- Again, summation is implied over all independent Lorentz
indices (if any) of the Dirac matrices) The above Projectors are chosebdyp the following
orthogonality conditions:

Tr (PSEil LS::tl ) dm’ Tr(ﬁ&il gSz:tl) dm7 (34)

tree tree

where the trace is taken over spin and color |nd|cesj_%f@ fﬁ‘eél are the tree-level amputated
Green'’s functions of the operata@=*1, 25+ respectively.

We impose the renormalization conditions:
Tr(RE*LL5*) = 8m, TH( P25 45 = om. (3.5)

By inserting Egs. [(3}3) in the above relations, we obtain the renormalizationcesf>*1,
Z5=*1in terms of known quantities:

T1-1 T1-1
75+1_ 72 [(D&:tl) } , S _72 [(@&il) } 7 (3.6)
where:
Dﬁ:il = Tr(PI&:tl . Lm&il)7 @I&:I:l _ Tr(r@%il . gm%:tl). (37)

Note thatDS=*! and25=*1 have the same matrix structurezs ** and 25+ respectively.

Due to lack of space we provide only the mat@=*1 (Parity ViolatingP = —1, Flavour
exchange symmetr = +1) for the special choicexsyy =0, A = 0 (Landau Gauge)s=rq =
re =rg =1, N. = 3, and tree-level Symanzik action:

1+ %1 O 0 0 o \>"
0 1+ D2 D3 0 0
75+ = 0 D32 1+%33 O 0 (3.8)
0 0 0 1+ Daa  Yss
0 0 0 Dsq 1+ Dss
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where:

D11= —I—%;
9222—%%;
J23 12?12
-
D33= +%;
944=+%72T2
Das= +%72'r2

a

4
Pg
2

J

7.6071942) + 2 In(a”p?) + (2.6422213) - % In(a? p2)) a2p? — 2.798990883) a2 Z‘;

J

4
2.2995192) + In(a?p?) + (1.8467944) - 2*2 In(a? p2)> a2 — 0.873614212) 8229 o

a p2

4
35 119314734) + (1.46854267) - % In(a®p?) ) a2 p? — 0.892703643) azz';fff] ,

4
35 |109702162) — 6 In(a’p?) + (6.7113073) - % In(a’p?)) a®p? — 1.70275901) azz‘gf“} :

r 4
11.5959592) — 8 In(a’p?) + (3.10249&4) - g In(a? p2)) a’p? +1.928469142) aZZ‘E)fU] :

[ B 2.2y 1220 2,2 250 P
102697343) ~ 5 In(a’p?) — (0.2862095) — 7 In(a"p?) ) a’p? + 2.015674904) o 272 |,
: 2.2 T 2.2\ 2.2 230 Ps
9.7327102) — 5 In(a%p?) + (4.60271(]{4)— 5 n(@p )) P - 1.078554689) 2’ 222 |,

- 4
1.17836096) + % In(a”p?) + (1.2551911) - ;771 In(a’p?) ) a’p? — 0.982203412) aZZ‘;fG} ,

2.2970782) + 1?7 In(a’p?) + (0.8289453) 23

27

4
In(a? pz)) a’p? — 3.0621578%3) azz‘;zp“} :

In order to obtairZy for a given renormalization prescription, one must make use of the inverse

fermion pro
fermions an
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