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1. Introduction

In this talk we would like to address the question about the heavy quark mass effects on the
virtual photon structure in QCD. The virtual photon structure is interesting, because it provides
a good probe to study QCD dynamics in perturbation theory. Experimentally in the future linear
collider (ILC), two-photon-process can be explored in the new kinematical region.

So far we have studied the unpolarized photon structure functionsFγ
2 andFγ

L to the next-to-
next-to-leading order (NNLO) in QCD [1] and also the parton distribution functions to NNLO [2].
But there we have treated all the quarks are massless, and in that sense it does not describe the
real situation. So here we would like to discuss about the heavy quark mass effects on the virtual
photon structure, especially the parton distributions.

The photon structure can be studied in the two-photon processes in thee+e− collision which
dominate over one-photon annihilation processes at high energies. Namely we consider the two-
photon processes with double-tagging experiments where both of the outgoinge+ and e− are
detected. In particular we study the kinematical region in which one of the photons, which we
call the ‘probe photon’, with the mass squared−q2 = Q2, is much heavier than the other one,
‘target photon’, with the mass squared−p2 = P2, which is in turn much larger thanΛ2

QCD, i.e.
Λ2

QCD ¿ P2 ¿ Q2. In this kinematical region we can study the whole structure functions and the
parton distributions, their shapes and magnitudes.

In the case of nucleon target the heavy quarks are treated as radiatively generated from the
gluon and light quarks. For the virtual photon target, the heavy quarks are treated in the same way
as the light quarks, namely both heavy and light quarks are radiatively generated from the photon
target. We study heavy quark mass effects in the framework of mass-independent renormalization
group method. Heavy quark mass effects for the real photon case were studied in the literature
[3, 4, 5, 6]. In our case of the virtual photon target we treat the heavy quarks on the same footing
as the light quarks, except for the mass, as discussed below.

2. Evolution equations

Let us consider the case where we havenf −1 massless quarks and one heavy quarkqnf = qγ
H .

Of course it is straightforward to extend the present argument to the case with two or more heavy
quarks. The DGLAP evolution equation reads [7]:

d
d lnQ2~q

γ(x,Q2,P2) =
∫ 1

x

dy
y

~qγ(y,Q2,P2) P̂

(
x
y
,Q2

)
+~k(x,Q2) , (2.1)

where the parton distributions are denoted as a row vector~qγ(x,Q2,P2) = (qγ
LS,q

γ
H ,Gγ ,qγ

LNS), in
which Gγ (qγ

H) denotes the gluon (heavy quark) distribution, while the flavor-singlet combination
for the light-flavors,qγ

LS, and the non-singlet combinationqγ
LNS are defined as

qγ
LS ≡

nf−1

∑
i=1

qi
L, qγ

LNS≡
nf−1

∑
i=1

e2
i

(
qi

L −
1

nf −1
qγ

LS

)
. (2.2)

In the above equation̂P is the 4× 4 matrix of the splitting function which consists of the 3× 3
singlet sector of theLS, H, G components and non-singlet sector of theLNScomponent.
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Note that the moments of the splitting functionsPi j are related to the anomalous dimensions
of the quark, gluon and photon operators~On, γn(g,α)i j , and the coefficient functionCi

n satisfies the
following mass-independent renormalization group equation (RGE):[

µ
∂

∂ µ
+β (g)

∂
∂g

+ γm(g)m
∂

∂m
− γn(g,α)

]
i j

C j
n

(
Q2

µ2 ,
m2

µ2 , ḡ(µ2),α
)

= 0 , (2.3)

whereγm(g) is the anomalous dimension for the mass operator.
Now let us consider theFγ

2 structure function which is given by the convolution of the parton
distribution function~qγ and the coefficient function~Cn:

Fγ
2 (x,Q2,P2) =~qγ(y,Q2,P2,m2)⊗~C

(
x
y
,
m̄2

Q2 , ḡ(Q2)
)

, (2.4)

which represents the factorization property of the photon structure.
The moment of the parton distribution~qγ(y,Q2,P2,m2) is given by∫ 1

0
dxxn−1~qγ(x,Q2,P2,m2) = ~An

(
1,

m̄2(P2)
P2 , ḡ(P2)

)
T exp

[∫ ḡ(P2)

ḡ(Q2)
dg

γn(g,α)
β (g)

]
, (2.5)

where~An is the photon matrix element of the operator~On. When the operator~On is renormalized
at µ2, the matrix element~An is given as

〈γ(P2)|~On(µ2)|γ(P2)〉 = ~An

(
P2

µ2 ,
m̄2(µ2)

µ2 , ḡ(µ2)
)

, (2.6)

and remarkably it is perturbatively calculable in contrast to the real photon case. We should note
that the mass dependence only resides in the〈γ|~On|γ〉 and~Cn from the above argument.

3. Heavy quark effects on structure functions and parton distributions

Our master formula for the structure function is given by

Mγ
2(n,Q2,P2) =

∫ 1

0
dx xn−2Fγ

2 (x,Q2,P2)

=
α
4π

1
2β0

[
4π

αs(Q2) ∑
i

L n
i (1− rdn

i +1)+∑
i

A n
i (1− rdn

i )+∑
i

Bn
i (1− rdn

i +1)+C n

]
+O(αs) ,

where r ≡ αs(Q2)/αs(P2), dn
i = λ n

i /2β0 with λ n
i (i = ±,NS) being the eigenvalues of 1-loop

anomalous dimensions.L n
i , A n

i , Bn
i andC n are the coefficients determined by 1 and 2-loop

anomalous dimensions and 1-loop coefficient functions [7].
In the presence of quark mass effects, the structure function can be decomposed as follows

Fγ
2 (x,Q2,P2) = Fγ

2 (x,Q2,P2)|massless+∆Fγ
2 (x,Q2,P2) . (3.1)

Now we note that the deviation of moment of the structure function to NLO in the massive
quark limit: P2 ¿ m2 is given in terms of those for the parton distributions

∆Mγ
2(n) = 〈e2〉L∆qγ

LS(n)+e2
H∆qγ

H(n), 〈e2〉L ≡
nf−1

∑
i−1

e2
i /(nf −1) ,
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Figure 1: xqγ
H(x,Q2,P2) in DISγ scheme to NLO in QCD for (a)Q2 = 5GeV2 and (b)Q2 = 30GeV2 with

nf = 4, P2 = 0.35GeV2 andΛ = 0.2GeV, for the massless (red curve) and massive (blue curve)c quark case.

where the deviation of the light-singlet and heavy quark distributions turns out to be

∆qγ
LS(n)/

α
8πβ0

= 2β0
nf −1

nf
∆Ãn

H(1− rdn
NS)−

nf −1
nf

2β0
γ(0),n

ψψ −λ n
−

λ n
+−λ n

−
∆Ãn

H(1− rdn
+)

−
nf −1

nf
2β0

γ(0),n
ψψ −λ n

+

λ n
−−λ n

+
∆Ãn

H(1− rdn
−) ,

∆qγ
H(n)/

α
8πβ0

= −2β0
nf −1

nf
∆Ãn

H(1− rdn
NS)− 1

nf
2β0

γ(0),n
ψψ −λ n

−
λ n

+−λ n
−

∆Ãn
H(1− rdn

+)

− 1
nf

2β0
γ(0),n

ψψ −λ n
+

λ n
−−λ n

+
∆Ãn

H(1− rdn
−)+2β0∆Ãn

H , (3.2)

while the deviation of the gluon and the light non-singlet quark distributions are given by

∆Gγ(n)/
α

8πβ0
= 2β0∆Ãn

H

{
γ0,n

Gψ

λ n
+−λ n

−
(1− rdn

+)+
γ0,n

Gψ

λ n
−−λ n

+
(1− rdn

−)

}
, ∆qγ

LNS(n) = 0 . (3.3)

In the above equation,∆Ãn
H is related to the deviation of the operator matrix element due to heavy

quark mass effects

∆~An|µ2=P2 =
α
4π

(0,∆Ãn
H ,0,0) . (3.4)

In the parton language, this is equivalent to take the initial condition for the heavy quark distribution
to be different from those for the light-quark distributions. In the limit:Λ2

QCD ¿ P2 ¿ m2 ¿ Q2,
∆Ãn

H is given by

∆Ãn
H = 12e2

H

[
− n2 +n+2

n(n+1)(n+2)

(
ln

m2

P2 +
n

∑
j=1

1
j

)
+

1
n
− 1

n2 +
4

(n+1)2 −
4

(n+2)2

]
. (3.5)

Note that in the above heavy quark mass limit, we have no deviation for the coefficient func-
tions to NLO in QCD [7].
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Figure 2: xqγ
LS(x,Q

2,P2) in DISγ scheme to NLO in QCD for (a)Q2 = 5GeV2 and (b)Q2 = 30GeV2 with
nf = 4, P2 = 0.35GeV2 andΛ = 0.2GeV, for the massless (red curve) and massive (blue curve)c quark case.
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Figure 3: xGγ(x,Q2,P2) in MS (DISγ ) scheme to NLO in QCD for (a)Q2 = 5GeV2 and (b)Q2 = 30GeV2

with nf = 4, P2 = 0.35GeV2 andΛ = 0.2GeV, for the massless (red curve) and massive (blue curve)c quark
case.

4. Numerical analysis

By performing the inverse Mellin transform, we numerically evaluate the parton distributions
for the casenf = 4, P2 = 0.35 GeV2, Λ = 0.2 GeV, Q2 = 5 and 30 GeV2. We takec quark to
be a heavy quark withmc = 1.3 GeV as an input and assume that the other quarks,u, d ands are
light-quarks and taken to be massless. We have studied the parton distribution functions in bothMS
and DISγ schemes. In Figure1 we have shown heavy quark distribution functions in DISγ scheme
for (a) Q2 = 5 GeV2 and (b)Q2 = 30 GeV2. The values ofQ2 andP2 for the case (a) correspond
to those of the PLUTO experiment [8], in which the effective virtual photon structure function was
measured. Similarly the light-singlet quark and gluon distributions are shown in Figures2 and
3, respectively. Note that for the gluon distribution, there is no difference betweenMS and DISγ

schemes at this order. In order to see the heavy quark effects, we plot, in addition, the each parton
distribution which are obtained whenc-quark is also set to be massless. Actually we can recover
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the massless case by setting∆Ãn
H → 0 in the above equation.

The heavy quark mass effects tend to reduce the values of parton distribution functions for the
light-singlet, the heavy-quark and the gluon distributions except for the light nonsinglet distribu-
tion. These results could be explained by the suppression of the evolution range due to the mass of
the heavy quark.

5. Summary and outlook

Based on DGLAP equation as well as on the OPE formalism we have studied the heavy quark
mass effects on the parton (light singlet, heavy quark, gluon, light nonsinglet) distribution functions
in the virtual photon up to the NLO in perturbative QCD. The heavy quark effect is included through
the operator matrix element for heavy quark operator and is evaluated by the heavy quark mass limit
(Λ2 ¿ P2 ¿ m2). In the language of the parton picture, the heavy quark effects are arising from
the initial condition for the heavy quark distribution.

We have not taken into account the kinematical threshold effects which manifest as the pres-
ence of the maximal values of the Bjorken variable. We need some improvement in which the
threshold effects are included. We should also investigate the general kinematical region whereP2

andm2 are of the same order. We also note that the general-mass variable-flavor-number scheme
(GM-VFNS), which has now become a popular framework for the global analyses of parton distri-
butions, should be implemented in the present analysis which is under investigation.
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