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The past years have witnessed significant improvement irdétermination of charm and
bottom quark masses as a consequence of improvements irinegptal techniques as well as
theoretical calculations. Quark mass determinations ealpalsed on a variety of observables and
theoretical calculations. The one presently most precfiews an idea advocated by the ITEP
group more than thirty years ago [1], and has gained reneatedest after significant advances
in higher order perturbative calculations [2] have beerieagd. In particular the four-loop results
(i.e. the coefficient€, discussed below) are now available for the Taylor coeffisiefithe vacuum
polarization, analytically up te = 3 and numerically up ton = 10. The method exploits the
fact that the vacuum polarization functidi(q?) and its derivatives, evaluated @t = 0, can be
considered short distance quantities with an inverse sdaleacterized by the distance between
the reference poing? = 0 and the location of the threshotg = (3 GeV)? andg? = (10 Ge\)?
for charm and bottom, respectively. This idea has been takeim [3] after the first three-loop
evaluation of the moments became available [4, 5, 6] and &as further improved in [7] using
four-loop results [8, 9] for the lowest moment. An analysigiet is based on the most recent
theoretical [10, 11, 12] and experimental progress has pedarmed in [13] and will be reviewed
in the following.

Let us recall some basic notation and definitions. The vacpalarizationlg(g?) induced
by a heavy quark) with chargeQq (ignoring in this short note the so-called singlet conttits),
is an analytic function with poles and a branch cut at and @gév= M?, . Its Taylor coefficients
C,, defined through

AN

3 _
Mo(e?) = Q(ZQW n;)CnZ” 1)

can be evaluated in pQCD, presently up to ora@r Herez = q2/4n%, wheremg = mg(u) is the
runningMS mass at scalg. Using a once-subtracted dispersion relation

_ 1 i Rl
nQ(qZ) - 127.[2/0 doS(S— qz) (2)

(with Rg denoting the familiaiR-ratio for the production of heavy quarks with flavo@y, the
Taylor coefficients can be expressed through momenRgofEquating perturbatively calculated
and experimentally measured moments,

o= [ SERa(s) 3
leads to anrf-dependent) determination of the quark mass
Zi
9QQ C 3

Significant progress has been made in the perturbative ati@uof the moments since the
first analysis of the ITEP group. Th&(a?2) contribution (three loops) has been evaluated more
than 13 years ago [4, 5, 6], as far as the terms up 08 are concerned, recently even up to
n= 30 [14, 15]. About ten years later the lowest two moments- 0, 1) of the vector correlator
were evaluated i (ad), i. e. in four-loop approximation [8, 9]. The correspondimg lowest
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Figure1: Comparison of rescaled CLEO data fywith BABAR data. [13, 19]. The black bar on the right
corresponds to the theory prediction [20].

moments for the pseudoscalar correlator were obtained@hifilorder to derive the charmed
guark mass from lattice simulations [17]. In [10, 11] the@wtand third moments were evaluated
for vector, axial and pseudoscalar correlators. Combijriinglly, these results with information
about the threshold and high-energy behaviour in the form Badé approximation, the fudf-
dependence of all four correlators was reconstructed andékt moments, from four up to ten,
were obtained with adequate accuracy [12].

Most of the experimental input had already been compiledexibited in [7], where it is
described in more detail. However, until recently the ongasurement of the cross section above
but still close to th&-meson threshold was performed by the CLEO collaboratiorertimn twenty
years ago [18]. Its large systematic uncertainty was resptenfor a sizable fraction of the final
error onmy,. This measurement has been recently superseded by a measud BABAR [19]
with a systematic error between 2 and 3%. In [13] the radiatimrections were unfolded and used
to obtain a significantly improved determination of the moise The final results fam(3 GeV)
andm, (10 GeV) are listed in Table 1. Despite the significant differencethencomposition of the
errors, the results for different valuesrofire perfectly consistent. For charm the result from 1
has the smallest dependence on the strong coupling and tikesntotal error, which we take as
our final value

me(3 GeV) = 986(13) MeV, (5)
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n|im(3GeV) |exp as U np|total | my(10GeV) | exp os u | total
1| 986 9 9 2 1| 13 || 3597 14 7 2|16
2| 976 6 14 5 0| 16 || 3610 10 12 3|16
3| 978 5 15 7 2| 17 || 3619 8 14 6|18
4 || 1004 3 9 31 7| 33 | 3631 6 15 20|26

Table 1. Results forme(3 GeV) and form,(10 GeV) in MeV. The errors are from experimerus, the
variation ofu and (form;) the gluon condensate.

and consider its consistency with= 2, 3 and 4 as additional confirmation. Transforming this & th
scale-invariant mags.(m) [21], including the four-loop coefficients of the renornzaliion group
functions one finds [13inc(m¢) = 127913) MeV. Let us recall at this point that a recent study
[17], combining a lattice simulation for the data for the pdescalar correlator with the perturba-
tive three- and four-loop result [6, 16, 11] has ledntg(3 GeV) = 986(10) MeV in remarkable
agreement with [7, 13].

The treatment of the bottom quark case proceeds along silimés. However, in order to
suppress the theoretically evaluated input above 11.2 @&ich corresponds to roughly 60% for
the lowest, 40% for the second and 26% for the third momemg)result from the second moment
has been adopted as our final result,

my(10 GeV) = 361Q16) MeV, (6)

corresponding ton,(my) = 416316)MeV. The explicitas dependence of. andm, can be found
in [13]. When considering the ratio of charm and bottom guadsses, part of thes and of theu
dependence cancels

me(3GeV) os—0.1189

—o= 2= 0.2732— ————""".0.0014+0.0028 7
my(10 GeV) 0.002 : @

which might be a useful input in ongoing analysis of bottornayes.
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Figure 2: Comparison of recent determinationsnaf(3 GeV) andm,(my).

In Fig. 2 the results of this analysis are compared to othasedh on completely different
methods. Then; value is well within the range suggested by other deterrginat In case ofn,
our result is somewhat towards the low side, although siifiséstent with most other results.
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The results presented in [13] constitute the most precikeesdor the charm- and bottom-
guark masses available to date. Nevertheless it is tempimpint to the dominant errors and
thus identify potential improvements. In the case of therrcleal quark the error is dominated
by the parametric uncertainty in the strong couplingMz) = 0.1185+ 0.002. Experimental and
theoretical errors are comparable, the former being daeibay the electronic width of the narrow
resonances. In principle this error could be further redumethe high luminosity measurements at
BESS lll. A further reduction of the (already tiny) theoryar e. g. through a five-loop calculation
looks difficult. Further confidence in our result can be aiedi from the comparison with the
forementioned lattice evaluation.

Improvements in the bottom quark mass determination coudiihate from the experimental
input, e. g. through an improved determination of the etettrwidths of the narrow resonances
or through a second, independent measurement dRttaio in the region from th&1(4S) up to
11.2 GeV. As shown in Fig. 1, there is a slight mismatch betvtbe theory prediction above 11.2
GeV and the data in the region below with their systematioresf less than 3%.

In this connection it may be useful to collect the most imaotipieces of evidence supporting
this remarkably small error. Part of the discussion is agplie to both charm and bottom, part
is specific to only one of them. In particular for charm, bustame extent also for bottom, the
u-dependence of the result increases for the higher monsatsing withn = 4, and dominates
the total error. We will therefore concentrate on the momant 1, 2, and 3 which were used for
the mass determination, results foe 4 will only be mentioned for illustration.
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Figure 3: my(3 GeV) forn=1,2,3 and 4. For each value afthe results from left to right correspond the
inclusion of terms of orden?, al, aZ anda?.

Let us start with charm. Right at the beginning it should bepleasized that the primary
guantity to be determined is the running mass at the scale@®#\3 the scale characteristic for
the production threshold and thus for the process. Furthermat this scale the strong coupling
0s(3 GeV) = 0.258 is already sufficiently small such that the higher ordemns in the perturbative
series decrease rapidly. Last not least, for many othemadisie of interest, likd3-meson decays
into charm, or processes involving virtual charm quarks Bk— Xsy or K — mvv, the character-
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istic scale is of order 3 GeV or higher. Atrtificially runniniget mass first down t¢’(1 GeV) and
then back to a higher scale thus leads to an unnecessarjomfidithe error.

The quark mass determination is affected by the theory taiogy, resulting in particular
from our ignorance of yet uncalculated higher orders, andhiyerror in the evaluation of the
experimental moments. The former has been estimated [Aldyatingm:(u) at different renor-
malization scales between 2 and 4 GeV (changing of courseokbficientsC, appropriately) and
subsequently evolvingy (i) to mg(3 GeV). The error estimates based on these considerations are

listed in Table 1.

The stability of the result upon inclusion of higher orderaliso evident from Fig. 3 where the
results from different values of are displayed separately in ordef with i = 0, 1, 2 and 3. This
argument can be made more quantitatively by rewriting edgn(the form

1/9 2CBorn 2_1n
me = —<& ”exp> 1+rPas+rPa2+rdad)

2\ 4 45
0.328 0.306 0.262
0.524 0.409 | , 0230 | »

01— as— as — a 8
0618 | ° 0510 | S 0299 | S’ (8)
0.662 0.575 0.396

where the entries correspond to the moments withl, 2, 3 and 4. Note, that the coefficients are
decreasing with increasing order@f. Estimating the relative error througf®as(3 GeV)* leads

to 1.4 /2.3/2.7/ 2.9 permille and thus to an estimate clesmhaller than the one based on the
u-dependence.

The consistency between the results for different values isf another piece of evidence
(Fig. 3 and Table 1). For the lowest three moments the vanidietween the maximal and the
minimal value amounts to 10 MeV only. This, in addition, gsito the selfconsistency of our
data set. Let us illustrate this aspect by a critical disoasef the "continuum contribution”, i.e.
the region above 4.8 GeV, where data points are availablédafywseparated points only. Instead
of experimental data the theory prediction f&(s) has been employed for the evaluation of the
contribution to the moments. If the true contribution frohistregion would be shifted down
by, say, 10%, this would move, as derived fronn = 1, up by about 20 MeV. However, this
same shift would lead to a small increase by 3 MeV rioe 2 and leave the results for higher
n higher practically unchanged. Furthermore, theory ptemiis and measurements in the region
from 4.8 GeV up to the bottom-meson threshold, whereveilablai are in excellent agreement, as
shown in Fig. 4, with deviations well within the statistiGald systematical error of 3 to 5%. Last
not least, the result described above is in perfect agreewiéimthe recent lattice determination
mentioned above.

Let us now discuss beauty, with, evaluated aju = 10 GeV. Again we first study the sta-
bility of the perturbative expansion, subsequently thesigiancy of the experimental input. With
0s(10 GeV) = 0.180 the higher order corrections decrease even more rapidlying the scale
U between 5 and 15 GeV leads to a shift between 2 and 6 MeV (TabMhith is completely
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Figure 4: R(s) for different energy intervals around the charm threshegfian. The solid line corresponds
to the theoretical prediction.

negligible. Alternatively we may consider the analogueamf(8) with the correction factor

0.270 0.206 —0.064
0.456 0.272 0.048
Born 2 3
1 _ . 9
/My 0546 | %7 | 0348 | % | 0051 | % ©)
0.603 0.410 0.012

TakingrT™ a4 for an error estimate leads to a relative error of .28 /.48 / 663 permille fon =1,
2, 3 and 4 respectively, which is again smaller than our pres/estimate. Let us now move to a
critical discussion of the experimental input. The conittitn from the lowest fouly-resonances
has been taken directly from PDG [22] with systematic eradréhe lowest three added linearly.
The analysis [13] of a recent measurement [19Rgfn the threshold region up to 11.20 GeV has
provided results consistent with the earlier analysis [if]Has lead to a significant reduction of the
error inmy,.

In comparison with the charm analysis a larger contribuéidees from the region where data
are substituted by the theoretically predicgdwith relative contributions of 63, 41, 26 and 17
percent fom= 1, 2, 3 and 4 respectively. This is particularly valid for tbevest moment. For this
reason we prefer to use the result from- 2, alternatively we could have also taken the one from
n= 3. Let us now collect the arguments in favour of this approach

i) For light and charmed quarks the prediction Rbased on pQCD works extremely well
already two to three GeV above threshold. No systemati¢ shff been observed between theory
and experiment, in the case of massless quarks, starting dround 2 GeV, and for the cross
section including charm at and above 5 GeV up to the bottoestwuid (Fig. 4). It is thus highly
unplausible that the same approach should fail for bottardystion.

ii) If the trueR, in the continuum above 11.2 GeV would differ from the theorgdiction
by a sizable amount, the results foe 1, 2 and 3 would be mutually inconsistent. Specifically, a
shift of the continuum term by 5% would mowe,, derived fromn = 1, 2 and 3 by about 64 MeV,
21 MeV and 9 MeV respectively.
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To summarize: Charm and bottom quark mass determinations have made sagnifirogress
during the past years. A further reduction of the theorétind experimental error seems difficult at
present. However, independent experimental results oR thtio would help to further consolidate
the present situation. The confirmation by a recent lattiadysis with similarly small uncertainty
gives additional confidence in the result fog.
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