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1. Introduction

Negative results play important role in axiomatic QFT. They show that relation between as-
ymptotic and interacting fields is very nontrivial. The most important example of such results is
Haag's theorem.

Here we consider another well-known result and show that it is possible to obtain the stronger
result at the same assumptions. Let us recall original statejent [

Theorem 1. If any local field¢ (X) is irreducible and

[¢ (%), 0 (Y)] = Alx=y), (1.1)
then operatorA (x) is multiple of unit operator, that ig (x) is an asymptotic field.

First we show that, actually, the commutator in question can not be an operator depending on the
difference between one spatial coordinate in poxnéndy. Our result is most interesting in the
case of noncommutative theorg][ [3], precisely, in the case of space-space honcommutativity,
in which time commutes with spatial variables and, as a consequence, one spatial variaile, say
commutes with others.

Let us recall that noncommutative quantum field theory (NC QFT) is defined by the Heisenberg-
like commutation relations between coordinates

XM, x| =i6"Y, (1.2)

where6HV is a constant antisymmetric matrix.
In our proof we use the following general principles of axiomatic field theory:

i) Local commutativity condition (LCC);
i) Irreducibility of the set of field operators.

For simplicity we consider the case of neutral scalar fields.
Local commutativity means that

[0 (), ¢ (y)]=0, if x~y. (1.3)
The conditionx ~ y in usual (commutative) theory means that
(x—y)?<0.

In noncommutative quantum field theory (NC QFT) LCC can be fulfilled with respect to commu-
tative variables only. The reason is that test functions, corresponding to noncommutative variables,
belong to the one of Gelfand-Shilov spa&swith 8 < 1/2 [4], which does not contain functions

with finite support and so corresponding field operators can not satisfy LCC. Thus in NC QFT we
have the following LCC:

[0 (.0 ()] =0, if (Xo—Yo)*—(xs—y3)*<O. (1.4)
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Let us stress that our result is valid in any theory, where this condition is fulfilled.

Now let us recall the condition of irreducibility.
The set of field operatorg (x) is irreducible if the bounded operator, which commutes with alll
field operators, has to l§&l, wherell is identical operator an@ is some function.

Our proof is the modification of the classical proof given in the badik [

2. Generalization of the Theorem 1

Let us prove that

Theorem 2. If
[¢ (X)7¢(y)] :A(X3_y37X>Y)7 (21)
where we denote all other variables AsY, then
A(Xg — y3,X,Y) = C]I,
whereC is some function.

Proof Let us remind the Jacobi identity:

(¢ (%), [0 (y),¢ D] +[¢(¥).[¢ (2,0 (X)]]+[d(2),[d(x),6(y)]] =0 (2.2)
If
(20— Y0)?— (z3—Yy3)? <0,  (20—%)*—(z3—%3)* <O, (2.3)
then in accordance with LCC from Jacobi identity it follows that
[¢(2),[¢ (), (y)]]=0. (2.4)

The conditions2.3) are fulfilled if
Xa=A+X5, Ya=A-+VYs Xs Yy arearbitrary A =(0,0,A3,0) A% — —oo.
So0,A(x3—Yy3,X,Y), which we have in3.1), is:
Alxg—y3,X,Y) = A(x3—¥3,X,Y).

In accordance with eq2(4):

M) (Z)v [(p (X)v ¢ (y)]] = [(P (Z>7A(X3 _y37X7Y)] = [¢ (Z),A(X’3—}/3,X,Y)] =0, (2.5)

wherez X' andy’ are arbitrary. So we see thatx; — y;,X,Y)] commutes withp (z) at arbitraryz.

Owing to irreducibility of the set of quantum field operatdg(x'), ¢ (y')] = CI, whereC is
some function.

Thus we have proved that commutaigr(x'), ¢ (y')] has to be a function. It is known that
in this case any Wightman functidigi, ¢ (X1),... ¢ (xn) Yo) has to be some superposition of two-
point Wightman functions or one-point ones and so in this case the set of Wightman functions
cannot define any nontrivial theory.

Let us stress that our result is valid in a space of arbitrary dimensions.
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3. Generalization of the Theorem 2
Theorem 3. If

[0 (X),9(Y)]=AX—Yo+a(x3—Y3),X,Y), acR isarbitrary, (3.2)

where we denote all other variables AsY, then

A(Xo—Yo+a(x3—y3),X,Y) =CI,
C is some function.

Proof If |a|>1,thenfrom LCCitfollowsthaf¢ (Xq),d (Ya)] =0, Xg =Xo+ aX, Ya = Yo+ Qy.
Thus we can use the previous proof.
If | a | <1, we have to use analytical properties of Wightman functions. Let us recall that
Wightman functions are analytical functions in tubgs: v e T, if v=_¢& —in, & is arbitrary,
n €V*, which means thay2 — ij2 > 0 [1], [5], [6].
Now let us point out that i&; ~ x;;1, that is if (x; — Xj+1)? < 0, then

W (X1, ... X}, Xj+1,---%n) =W (X1, .. Xj+1,X], - - - Xn)- (3.2)

Taking into account that the conditiafn~ X;1 exists in some vicinity of points;, xj1, we obtain
that
W (V1,...Vj,Vjt1,...Vn) =W (V1,...Vj41,Vj,...Vn) i Vj~ Vi1 (3.3)

Let us consider pointd; = 0, &j.1 = 0. Then(v; —vi;1)° = —n2—H2 < 0asn eV*. Itis
evident that alse)® ~ n%,, wheren, ; =i(no,arj). Now we can use the previous proof, only
considering Jacobi identity in imaginary points.

Now let us proof that irreducibility of the set of operatar$x) implies that the se (ix) is
irreducible as well.

Indeed, we have one-to-one correspondence between the set of opgiaioasd¢ (ix).

Let bounded operatgk commutes withp (x). We show that alsfA¢ (ix)] = 0vx. In fact, if
for somex there exists vectob such that

(Ad (ix) - (ix)A) D =W #0,

then using mag ¢ (ix) = ¢ (x), we obtain thaff ¥ = 0, % # 0. In accordance with one-to-one
correspondence between the ge{g) and¢ (ix) only T 0= 0. We come to the contradiction. Thus
[A¢ (ix)] = 0V x. As the set of operatog (X) is irreducibleA=CI,C € C.

It is easy to show that d# (ix), ¢ (iy)] = CI, Vx,y, Cis some function, theW (iX1,...iXn)
is some linear combination of two- or one-point Wightman functions in imaginary points. Using
the analytical properties of Wightman functions, we come to the conclusioMtiiat, . .. x,) is
also a linear combination of two- or one-point Wightman functions. Thus the field in question can
be only a trivial one. The proof is completed.

If we consider space-space NC QFT, the same result is valid in respect with commutative
coordinates.
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4. Conclusion

It has been proved that commutaf@r(x), ¢ (y)] cannot be a function of linear combination

(Xo—Yo+ a(Xs—Yy3),X,Y). This result is valid in space-space nhoncommutative quantum field
theory as well.
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