Sergey Afonin∗
Saint-Petersburg State University
E-mail: afonin24@mail.ru
In the usual holographic approach to QCD, the meson spectrum is generated due to a non-trivial
5-dimensional background. We propose an alternative 5-dimensional scenario in which the spectrum emerges due to coupling to a scalar field whose condensation is supposed to be dual to the
formation of gluon condensate and mimics the scale anomaly in QCD. The spectrum of model
has finite number of discrete states plus continuum and reveals a Regge-like behavior in the strong
coupling regime.
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1. Introduction

2. Vacuum sector
Consider a scalar field ϕ(xµ , z), µ = 0, 1, 2, 3, living in five dimensions, where the 5th spacelike coordinate z is the inverse energy scale, 0 ≤ z < ∞. Let us assume that this field is dual to the
gluonic field strength tensor square G2µν . The latter is known to acquire a non-zero v.e.v. hG2µν i
which causes the anomaly in the trace of energy-momentum tensor [4] in QCD,
4εvac = hΘµµ in.p. =

β (αs ) 2
hGµν in.p. + O(α) + · · · .
4αs

(2.1)

where εvac denotes the vacuum energy, n.p. is "nonperturbative part" and the term O(α) is the
contribution of quark polarization effects. We suppose that hadrons acquire observable masses due
to interaction with the field ϕ. Taking the metric ηAB = (1, −1, −1, −1, −1), the action describing
the pure vacuum sector is postulated to be (A = 0, 1, 2, 3, 4)


Z
1
1 2 2 1 4
4
A
SCSB = d xdz
∂ ϕ∂ ϕ + m ϕ − λ ϕ .
(2.2)
2 A
2
4
By assumption, the self-interaction is weak, λ m  1, hence, the semiclassical analysis may be
applied.
The classical equation of motion is
∂µ2 ϕ − ∂z2 ϕ − ϕ(1 − ϕ 2 ) = 0.

(2.3)

We also assume that the v.e.v. ϕvac does not depend on the usual space-time coordinates, ϕ(xµ , z) =
ϕ(z). The equation (2.3) has then a kink solution
√
ϕvac = ± tanh(z/ 2).
2

(2.4)
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In the given report, we will discuss an effective five-dimensional model for excited light
mesons (basing on our paper [1]) which represents an alternative to the standard bottom-up holographic approach to QCD [2]. The main difference consists in the mechanism for mass generation:
Instead of mimicking the spectrum as Kaluza-Klein excitations of 5D fields living in a non-trivial
5D background we consider 5D fields in flat space coupled to a scalar field which acquires non-zero
vacuum expectation value (v.e.v.) dependent on the fifth coordinate that has a physical meaning
of inverse energy scale. The scalar field is supposed to be dual to the gluonic field strength tensor
square. Such a construction mimics the scale anomaly in QCD and generates a discrete hadron
spectrum with finite number of states plus continuum.
We will regard our model as an effective field theory that is valid below some energy scale, say
below 2.5 GeV where the light mesons have been detected [3]. Staying within this viewpoint, we
do not need the AdS metric in the UV limit as we do not perform matching to the UV asymptotics
of QCD correlators and the simplest possibility will be considered — the flat metric. In addition,
as is the case of many effective theories, our model is supposed to be applicable only on the tree
level even in the strong coupling regime.
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This one-dimensional Schrödinger equation can be easily solved analytically, it is known to have
two normalizable discrete states (we omit the normalization factors),
1
√ ,
cosh (z/ 2)
√
tanh(z/ 2)
√ ,
ε1 =
cosh(z/ 2)

ε0 =

2

M02 = 0;

(2.6)

3
M12 = .
2

(2.7)

The continuum begins at p2 = 2. The zero-frequency mode ε0 corresponds to the Goldstone boson of spontaneously broken translational invariance along the z-direction. This "dilaton" mode is
located at high energies, z → 0, where the scale invariance of the vacuum is restored asymptotically. An interesting feature of the model is the existence of a massive mode that is located near
√
√
z0 = 2 arctanh(1/ 2) ≈ 1.25 and could be associated with a glueball according to the physical
meaning of the field ϕ.

3. Adding bosons
Let us embed a massless hadron H in the vacuum. The interaction with the field ϕ should
generate a certain mass for the hadron. We consider the simplest situation: The relevant action
is quadratic in H and there is the factorization H(xµ , z) = H(xµ )H(z) that permits to obtain the
particle-like excitations. Since the field H must be normalizable, we can then easily integrate
over z and arrive at a 4D effective action. We will not introduce the couplings of bosons to the
gradients of the scalar field ϕ since such vertices, although could play a role at high energies, are
not important for the mass generation at low energies.
For simplicity, we analyse a scalar field Φ coupled to the vacuum field ϕ, the extension of the
analysis below to the higher spin fields is straightforward. The action is


Z
1
G 2 2
4
A
Sbos = d xdz
∂ Φ∂ Φ − ϕ Φ .
(3.1)
2 A
2
Consider the particle-like excitations Φ(xµ , z) = eipx f (z), p2 = M 2 over the background (2.4). The
classical equation of motion represents a one-dimensional Schrödinger equation


√
G
2
2
−∂z + tanh (z/ 2) fn = Mn2 fn ,
(3.2)
λ
3
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We choose the plus sign. The solution (2.4) breaks the translational invariance along the z-direction
making thereby different energy scales non-equivalent. The given effect is important at large
enough z, i.e. at low energies, at high energies the effect becomes negligible. This construction
mimics the scale anomaly in QCD, with the dependence on the fifth coordinate in the solution ϕvac
being related to the existence of anomalous dimension by the operator G2µν .
Consider the particle-like excitations of the vacuum state. Substituting ϕ = ϕ +ε into Eq. (2.3),
retaining only linear in ε contributions and assuming ε(xµ , z) = eipx ε(z), where p2 = M 2 is the
usual 4D momentum defining the physical mass M, we obtain the following equation for the discrete mass spectrum,


√
−∂z2 + 3 tanh2 (z/ 2) − 1 εn = Mn2 εn .
(2.5)
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which determines the discrete spectrum
"r
#

 
2
1
8G
1
1
1
Mn2 =
1+
n+
− n+
−
,
2
λ
2
2
4
"
√ #
√
2)
1
−
tanh(z/
fn = coshn−s (z/ 2)F −n, 2s + 1 − n, s + 1 − n,
2

n = 0, 1, 2, . . . ,

n < s.

(3.4)

(3.5)

The continuum spectrum sets in at n = s. The states with n > 0 carry the same quantum numbers
as the ground state, in the language of potential models they are referred to as radial excitations.
These excitations emerge if G/λ > 1, the number of the radial excitations is controlled by the
value of coupling G/λ to the field ϕ. An interesting feature of obtained spectrum is that it is
Regge-like, Mn2 ∼ n, in the strong coupling regime G/λ  1. A numerical fit for the vector case
(the experimental situation with the scalar mesons is ambiguous) is presented in Ref. [1]

4. Adding fermions
Consider massless fermions coupled to the scalar field ϕ. Following the standard procedure
for introduction of fermions in 5D space, the simplest action is
Z

Sferm =


d 4 xdz iΨ̄ΓA ∂A Ψ − hϕ Ψ̄Ψ ,

(4.1)

where ψ is a four component spinor and Γµ = γ µ , Γ4 = −iγ 5 , here γ µ , γ 5 represent the usual
4D Dirac matrices. Let us find the particle-like excitations over the background (2.4). With the
factorization ΨL,R (xµ , z) = eipxUL,R (z) for the left and right components, γ5 ΨL,R = ±ΨL,R , the
relation for masses follows from the classical equation of motion,


√
h
±∂z + √ tanh(z/ 2) UL,R = MUL,R .
(4.2)
λ
At z ≥ 0, the equation (4.2) possesses a normalizable zero-mode solution describing a massless
left-handed fermion,
M = 0,

−

UL = cosh

√
√2 h
λ

√
(z/ 2),

UR = 0.

(4.3)

This mode is localized near z = 0. If we considered the region z < 0 the situation would be opposite: The normalizable zero-mode solution describes a massless right-handed fermion. This
feature is in agreement with the interpretation of negative-energy solutions of the Dirac equation
as antiparticles. On the other hand, there is an asymptotic solution
z→∞:

h
M=√ ,
λ
4

UL,R = CL,R .

(4.4)
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where F is the hypergeometric function and
!
r
1
8G
s=
1+
−1 ,
2
λ

(3.3)
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Here CL,R are some constants.
The generation of mass for the fermion in question can be obtained directly by means of
integration over z. With the help of parametrization
Ψ(xµ , z) = s(z)ψ(xµ ),

Z ∞

s2 (z)dz = 1,

(4.5)

0

we can integrate over z (the zero-mode will not contribute) and arrive at an effective 4D Lagrangian
(4)
Lferm
= ψ̄(iγ µ ∂µ − M )ψ,

h
M=√
λ

Z ∞

√
s2 (z) tanh(z/ 2)dz.

(4.7)

0

√
We note that M < h/ λ and the principal contribution to the effective mass M comes from
integration over large enough z, i.e. over the low-energy region.
Thus, the fermion described by Eq. (4.2) is massless and left-handed, this fermion is localized
only at high energies, at low energies its wave function is suppressed exponentially; this phenomenon could mimic the confinement. In the limit of zero energy, z → ∞, the massless fermion
disappears and instead a massive fermion emerges that resembles a kink propagating like a particle.
It is natural to associate this solution with a light quark in QCD which looks practically massless
and left-handed if we probe it at high energies and acquires a constituent mass at low energies.
After integration over the energy scales the zero-mode is lost and the model describes a massive
fermion.

5. Discussions and outlook
The presented phenomenological model can serve as a basis for constructing various effective
models for QCD. We have considered an application of the model to the calculation of boson
masses and a coupling of fundamental quarks to a field mimicking the physical vacuum. The
next natural applications of the proposed approach is the description of the baryon spectrum. A
somewhat related question to be answered is the computing dynamical information encoded in
the correlation functions and finding restrictions from the QCD sum rules in the narrow-width
approximation (see, e.g., [5] for a review).
The model has a natural limitation — it should be regarded as an effective model valid below
some scale. As long as the model has only one massive excitation that might be associated with
the scalar glueball, this scale could be the mass of the second scalar glueball. Since this mass is
expected at approximately the same scale as the onset of perturbative continuum in light meson
spectrum, about 2.5 GeV, the model is able to describe the whole discrete meson spectrum. As
is the case of all effective models of QCD, the considered model has no well established relation
to QCD itself, but rather mimics some features of the physics of strong interactions at low and
intermediate energies.
The five-dimensional model of low-energy strong interactions studied here shares some general features with the bottom-up AdS/QCD models (see, e.g., [2] and references in [6]). First of all,
the 5th space dimension is introduced that has the physical meaning of inverse energy scale. The
5
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with

(4.6)
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equations determining the mass spectrum of hadrons are reduced to the one-dimensional equations
of the Schrödinger type. The holographic models, however, suffer from a large arbitrariness in
the choice of background metric and boundary conditions on the holographic fields. As a consequence, any ad hoc spectrum can be obtained, in particular, the spectrum of the kind (3.3) [7]. The
presented approach is much less arbitrary since the fifth coordinate is singled out dynamically, as
a result one has a dynamical violation of the scale invariance while within the usual holographic
models this is implemented "by hands". The considered approach represents thus a scheme for
building the low-energy models of QCD in which the dependence on energy scale is included via
the extension of usual space-time to the fifth "energetic" dimension, the latter can be always integrated out but we loose then the dynamical content of the theory. It turns out that the introduction
of "energetic" space permits to calculate the spectrum of 4D theory and perhaps another static properties of hadrons in an essentially semiclassical way, such a possibility was the starting hypothesis
of the AdS/QCD conjecture.

