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1. Introduction

The study of mesons containing heavy quarks plays an important role in particle physics by
helping constrain the standard model parameters. The first-principle methodsof lattice quantum
chromodynamics (QCD) have been used to obtain some of the most accurate theoretical informa-
tion so far, and connect to the experimental observations of those hadronic properties. However,
the relatively large masses of charm and bottom quarks (mc = 1.25GeV,mb = 4.20GeV) make it
impractical to work with lattice spacing sufficiently small to properly control discretization errors
of O(ma)[1]. To overcome this problem, we have adopted the Fermilab or the relativisticheavy
quark (RHQ) method[2, 3, 4], which takes the following form:

Slat = ∑ ψ̄(m0a+ γ0D0+ζ~γ ·~D−
1
2
(D0)2

−
1
2

ζ (~D)2+∑
µ,ν

i
4

cpσµνFµν)ψ (1.1)

It only contains three parameters to tune: the Wilson quark massm0a, an asymmetry pa-
rameterζ describing the ratio of the coefficients of the spatial and temporal derivative, andcp, a
generalization of the Sheikholeslami and Wohlert term to the case of nonzero mass. By adjusting
these coefficients properly, this action can accurately describe heavy quark systems. The hardronic
masses computed in the resulting theory will contain errors no larger than(~pa)2[2, 3, 4].

The three RHQ parameters can be obtained by matching to the experimental data, if lattice
spacing is known. In earlier studies, this has been successfully done onthe RBC/UKQCD 243×64
lattice ensembles[5], and on the 323

×64 ensembles for the charm system[6].

2. Methods

We have calculated bottomium and bottom-strange correlators using the RHQ action of eq.
1.1, on a 1k-node partition of the QCDOC machines in the RIKEN BNL Research Center (RBRC).
The pseudoscalar, vector, scalar, and axial-vector state meson massesare determined from the time
dependence of the correlators. Following our old convention in Ref.[7],we work with the spin-
averaged mass,(mBs +3mB∗

s
)/4, the hyperfine splitting,(mB∗

s
−mBs), and the mass ratio,m1/m2,

obtained from the dispersion relation,E2 = m2
1+

m1
m2

p2, with m1 the rest mass andm2 the kinetic
mass. By matching these two meson masses/splittings to the experiment results and requiring
m1/m2 = 1, we can then determine the three parametersm0a, ζ andcp.

To do the matching, we choose a sufficiently small region in the parameter space, so that meson
masses are well approximated by a simple linear dependence on the heavy quark parameters:

Y = A+J ·X (2.1)

whereX is a vector of input RHQ parameters,XT = (m0a,cp,ζ ), andY is made up of computed
masses and mass ratios, e.g.,YT = (msaa,mhsa,m1/m2). The quantitiesA and J represent the
linear coefficients. In our calculation we start with the seven sets of initial RHQ parameters shown
in Figure 1. ThenA andJ can be simply determined by taking the derivative of each component
of Y in each direction through differencing. In the end the RHQ parametersXc are determined
explicitly as

Xc = J−1
· (Yexp−A), (2.2)
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whereYexp is from PDG. The error onXc is calculated from the jackknifed results ofJ andA which
represent the statistical fluctuations in our lattice ensembles. With known RHQ parameters, we can
make predictions in the reversed way:

YP = AP+JP ·Xc, (2.3)

where the vectorYP consists of predicted meson masses, e.g.,mηb, mϒ, mχb0, mχb1; JP andAP are
linear coefficients of these states calculated in the same way as above.
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Figure 1: The 7 initial trial RHQ parameters are (m0a = 3.4± 0.5,cp = 3± 1,ζ = 2.5± 0.3), distributed
as shown in the box(left). It seems bottom meson masses show strong nonlinear dependence on the RHQ
parameters in the long range(right). So we require the box size to be small enough, and determined RHQ
parameters must be inside the box.

3. Preliminary Results

We calculate correlators by combining box-source bottom propagators and wall-source strange
propagators produced by the RBC-UKQCD collaboration on 323

×64 lattices, the details of which
are shown in Table 1. Sample effective mass plots are shown in Figure 2, and the meson masses
are obtained by doing a hyperbolic cosine fit over a carefully chosen plateau. The mass ratio
is evaluated from the dispersion relation of one meson, by linear regression, shown in Figure 3.
Throughout our calculation, we use a lattice spacing ofa−1 = 2.32GeV, from Ref.[8].

volume Ls (msea,ms) Trajectory(step) # of configs

323
×64 16 (0.004, 0.025) 260-3320(10) 289

323
×64 16 (0.006, 0.025) 530-3760(10) 213

323
×64 16 (0.008, 0.025) 260-2880(10) 254

Table 1: The dynamical 2+1 flavorβ = 2.25 lattice configurations used for our bottomium and bottom-
strange calculators. The molecular dynamics time intervalbetween two sequential measurements is 20. A
single source is placed at 0, 16, 32 or 48 to minimize inter-correlations. The size of the box-source is set to
be 8. The fitting range forBs,B∗

s is 11-25, forηb,ϒ is 17-30 and forχb0,χb1 is 9-18.

In the charm system we determined the RHQ parameters competely from the charmonion
correlators. However, in the bottom system, we do not match with bottomium mesonmasses

3
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Figure 2: Sample effective mass plots of pseudo-scalar and vector states from bottom-strange correlators.
The red lines are the fitted results with one standard deviation error bands.

mηb or mϒ, since this approach could involve a large systematic error, estimated asO(p2a2) ∼

(αsmb)
2
∼ (1GeV· a32)

2
∼ 20%. Instead we choosemBs, mB∗

s
to minimize the systematic error,

which is O(p2a2) ∼ (ΛQCD)
2
∼ (300MeV· a32)

2
∼ 2%, but we will introduce a larger statistical

error in this way. A third approach was taken in the calculations on 243
× 64 lattices[5], where

m1/m2 was determined fromηb or ϒ, while mBs or mB∗
s

provided the other two inputs. A reduced
statistical error but an increased systematic error will result from this hybrid approach.
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Figure 3: Dispersion relation ofBs andϒ on the ensemble ofmsea= 0.004. Fits are based on the first 3
momenta(green points), i.e.,p2 = 0,1,2. The greater precisions ofEϒ can be easily seen.

3.1 RHQ parameters and predictions

The resulting RHQ parameters and corresponding predicted meson massesare listed in Table
2 and 3. The values of the RHQ parameters and the predicted masses atmphys=0.000399 are
obtained by linear extrapolation from those on the three ensembles, as shown in Figure 4 and 5.
We find the RHQ parameters listed in the three seperate sections of Table 2 atmphys agree with
each other within one standard deviation. The results using(m1/m2)ϒ have a small statistical error,
but could include a large systematic bias. On the other hand, using(m1/m2)Bs or (m1/m2)B∗

s
gives

a much larger statistical errors, because the input valuem1/m2 has larger errors than that from the
bottomium system. To avoid large systematic errors, which are difficult to estimatereliably, we
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msea Inputs m0a cp ζ
0.004 mBs,mB∗

s
,(m1/m2)ϒ 3.57(11) 3.36(45) 2.42(6)

0.006 mBs,mB∗
s
,(m1/m2)ϒ 3.49(12) 2.98(49) 2.41(5)

0.008 mBs,mB∗
s
,(m1/m2))ϒ 3.56(12) 3.37(52) 2.42(5)

chiral mBs,mB∗
s
,(m1/m2)ϒ 3.56(23) 3.28(97) 2.41(12)

0.004 mBs,mB∗
s
,(m1/m2)Bs 3.72(26) 3.61(66) 2.24(30)

0.006 mBs,mB∗
s
,(m1/m2)Bs 3.32(25) 2.79(56) 2.67(35)

0.008 mBs,mB∗
s
,(m1/m2)Bs 4.30(69) 4.83(1.52) 1.59(84)

chiral mBs,mB∗
s
,(m1/m2)Bs 3.72(72) 3.41(1.74) 2.28(85)

0.004 mBs,mB∗
s
,(m1/m2)B∗

s
3.67(31) 3.53(71) 2.31(36)

0.006 mBs,mB∗
s
,(m1/m2)B∗

s
3.12(47) 2.61(84) 2.97(63)

0.008 mBs,mB∗
s
,(m1/m2)B∗

s
4.38(1.07) 4.99(2.59) 1.50(1.08)

chiral mBs,mB∗
s
,(m1/m2)B∗

s
3.75(97) 3.88(2.16) 2.44(1.09)

Table 2: The RHQ parameters determined from different approaches.

msea 0.004 0.006 0.008 chiral experiment

mχb0 9874(52) 9944(57) 9777(135)98883(144) 9859(3)
mχb1 9910(49) 9967(57) 9827(127) 9922(136) 9893

mχb1 −mχb0 36.3(7.7) 23.6(6.4) 49.4(17.0) 35.6(20.1) 33.34

mηb 9452(42) 9502(51) 9355(113) 9474(119) 9389(3)(3)
mϒ 9499(39) 9537(50) 9420(102) 9524(110) 9460

mϒ −mηb 46.4(9.6) 34.7(8.1) 65.1(22.3) 43.0(25.5) 71(3)(3)

Table 3: Predicted Bottom meson masses. All quantities are in unit ofMeV

will calculate everything usingm1/m2 from the heavy-strange system. These large statistical errors
can be reduced by adding more lattice configurations. Another problem wenotice is that for the
msea=0.008 ensemble, the linearly determined RHQ parameters fall outside the box formed by our
seven parameter choices as shown in Figure 1, which applifies their statistical errors relative to
the other two ensembles because of the linear extrapolation instead of interpolation. Again more
statistics are required.

The predicted meson masses are based on the RHQ parameters in the 2nd section of Table
2, using(m1/m2)Bs, which have smaller errors compared to(m1/m2)B∗

s
. It turns out ourmχb0,

mχb1, metab andmϒ agree with the experimental results within one standard deviation. However,
the large statistical errors, which are above 100MeV, limit the accuracy ofthis test of the RHQ
prediction method. The hyper-fine mass splitting,(mϒ −mηb), is about half of the experimental
value, similar to what was found on the 243

×64 lattices[5], which may indicate a larger systematic
errors expected when the RHQ method is applied to a system of two heavy quarks.

3.2 Scaling Limit

We present some predicted bottom meson masses from our past lattice calculations in Figure
6. The masses from the 243

×64 lattices are re-calculated using(m1/m2)B∗

S
instead of originally
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Figure 4: The RHQ parameters extrapolated to the physical light quarkmass limit atmphys= 0.000399.
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Figure 5: The predicted bottom meson masses extrapolated to the physical light quark mass limit,
mphys=0.000399

chosen(m1/m2)ϒ[5], so that we can make a comparison based entirely on heavy-strange correla-
tors. Unfortunately, the present errors are too large to place more than acrude bound on thea2

dependence of the bottom masses.

4. Conclusions

In this proceedings we have illustrated the method of tuning the RHQ parametersusing 323×
64 lattices, and data entirely from heavy-strange systems. We find, however, that the statistical
errors in the tuned RHQ parameters are quite large, and we plan to reduce them by adding statis-
tics. We emphasize that these results are preliminary, and we expect them to change before a final
publication. The final tuned RHQ parameters will be used to compute theBd andBs meson decay
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Figure 6: The masses ofχb0 andχb1 at different lattice spacings.

constants and mixing parameters[9], which are important quantities for flavor physics phenomenol-
ogy.
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