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1. Introduction

Since the chiral symmetry on the lattice is preserved by using the overlap fermions [d], dy-
namical simulations with this formalism enable us to study the continuum chiral perturbation theory
(ChPT) including its dependence on Ny. In particular, it is important to examine the convergence
property of ChPT using basic quantities such as the light meson masses and the decay constants to
test the validity of the phenomenological studies around the kaon mass region ~ 500 MeV. Along
this direction, as an extension of our previous study for the Ny = 2 case [Q], we generate gauge
configurations with the Ny =2+ 1 dynamical overlap fermions [B]. Preliminary results of the chi-
ral extrapolation were presented in the last conference [H] with 5 X 2 combinations of the quark
masses (m,4,m;) on a 163 x 48 lattice.

For the convergence study, the discussion can be made simpler by considering ChPT in the
SU(3) limit with the degenerate quark masses m,; = m,. Since last year, we have added two
more such simulations at the second and third lightest m,,;’s. On the other hand, because of high
computational cost required for the overlap fermion, numerical simulations are performed on a
small lattice, 163 x 48. Since the finite size effects (FSEs) could be significant in our work, we
correct the data using the analytic formulae [B, B]. In order to validate this step, we generate new
gauge configurations on a larger volume, 243 x 48, at the two lightest m,,;’s and explicitly compare
the data with the FSE correction formulae. In the following section, after explaining the profile
of the data briefly, we discuss the finite volume effects on our data. A study on the convergence
property of the SU(3) ChPT is given in Section 3. With the increased number of data points, in
Section 4, we carry out the chiral extrapolation using the next-to-next-to-leading order (NNLO)
ChPT and update the physical results.

2. Data profile and finite size effect

The details of the gauge configuration generation will be presented in a forthcoming paper
which is under preparation [[]. In the data analysis, we first determine the lattice scale by the
Q-baryon mass. As shown in Figure 0, we fit all available data to the linear function amg =
My +A(amyz)? + B(amg)?* with x2/dof = 0.77 and determine the parameters My, A and B. From
the input mg =1.672 GeV, m; = 135 MeV and mg = 495 MeV, we obtain a~' = 1.759(8)(5) GeV,
where the first error is statistical while the second contains systematic errors including the finite
volume effect. Our data of the pion mass therefore cover the range 290-780 MeV.

Relevant observables my, mg, fr and fx are computed by a simultaneous fit of the pseudo-
scalar correlation functions with the local and the exponentially smeared sources. The renormalized
decay constants are obtained by applying the axial-Ward-Takahashi identity to the amplitude of the
pseudo-scalar correlator. In advance to the analysis, we compute a certain number of low-lying
eigenvalues and eigenvectors on each gauge configuration and store on the disk; 80 (120) eigenpairs
are computed in steps of 10 (100) trajectories for the simulations on the 163 x 48 (243 x 48) lattice.
Using these eigenmodes, we improve the statistical signal by averaging the contribution of the
low-modes over various source locations in the temporal direction [B, B]. As explained in [[d],
we calculate the renormalization factor of the quark mass Zn@( 1 =2 GeV) through the RIMOM
scheme on the lattice [[T].
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Figure 1: Plot of amgq from all gauge ensembles as a function of (amy)>.
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Figure 2: Transition of the data for the lightest quark mass by the finite size corrections. Left panels
correspond to meson masses while the right shows the decay constants.

The conventional FSE caused by the pion wrapping around the spatial directions is analytically
estimated in [B]. On top of that, since our gauge configurations are generated with a fixed topologi-
cal charge, some deviation from the 8-vacuum is known to appear as another kind of finite volume
effect [[3, 3, B]. The value of the topological susceptibility x;, which is needed for the correction,
has already been calculated on the same ensembles in [[d]. We therefore correct the data by a
combination of the formulae for the two sources of FSE. In the case of the lightest m,,;, Figure D
shows how much FSE corrections the original data of the meson masses m,zr /myq and m%( /myq (left)
and the decay constants f; and fx (right) receive on the different volumes 16> x 48 (circles) and
243 x 48 (squares). As expected from the values m;L = 2.75 and 4.01 on these lattices, while all
quantities in the smaller volume receive significant correction, the larger volume data remain stable
against the corrections. (Note that f; does not receive the fixed-topology correction at the leading
order that we apply.) Between the fully corrected values in different volumes, we observe differ-
ences of at most 2¢. This remaining difference might be explained by higher order effects of the
fixed-topology FSE. In order to include this effects, we have to reanalyze the correlators that may
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Figure 3: Plot of f; for Ny = 3 (circles) and 2 (squares). Fit curves shown as an eye guide are obtained from
the NNLO ChPT formulae.

have non-exponential functional form [H]. We take this difference into account in the systematic
error of the final result.

In the following sections, it is understood that all observables are renormalized and FSE cor-
rected so that they are directly comparable with the continuum ChPT.

3. Convergence of SU(3) ChPT

In the previous work for Ny = 2 [Q], we found that the SU(2) ChPT calculation at NLO be-
comes questionable at around 500 MeV. To carry out the convergence study around this mass
region, it is needed to employ the NNLO (or higher order) formulae. By the analogy of this ob-
servation, for the chiral extrapolation of the degenerate mass data, we employ the SU(3) NNLO
formulae, which are given as

m2/mg = 2Bo| 1+ Mg (& L1, L5, 15) — 8(4m) (3L + L5))E (1~ FEIn€)
+48(4m)’LgE (1— 2&EE) +16(4m)* Ly & (1 —8§ln<§)] +ak?, (3.1)
Jr = fo[l+ng(§;L?,L£7L§)+4(47t)2(3L£+L§)€ (1- %élné)} +BE% (32

where the low-energy constants (LECs) L} are renormalized at 4 = 47 f;. Among them, Lj,L}
and L only appear in the two-loop terms in the non-analytic functions Mge(&) and Fye(&) [].
For their values, we use the phenomenological estimates [[H] as input: L} (m,) = 0.43(12) - 1073,
Ly(mp) =0.73(12) - 1073 and Lj(m,) = —2.53(37) - 1073, Figure B compares the f; data between
Ny =2 and 3. We note the difference of the curvature can be explained by the flavor dependence
of the chiral log Fyo(§) =Ny/2-EIn& +---.

From our experience in Ny = 2 QCD [, the fit is expected to be numerically stabilized by
using the expansion parameter & = 2m2 /(47 f,)* which is constructed by the measured values.
For the degenerate Ny = 3 case, due to the limited number of data points hence the small degree of
freedom of the fit, there still remains large uncertainties. We therefore constrain the fit with a fixed
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Figure 4: Result of the simultaneous fit to the NNLO ChPT prediction at the SU(3) limit for m,2r /my (left)
and f7 (right). Dashed curves represent mass dependence truncated at NLO.

Table 1: Convergence ratio of the chiral expansion for m2 /m, and f at m, ~my/2. As well as the Ny =2+ 1
results, those from the Ny = 2 case are listed for comparison.

m2/my (NLO) m2/m, (NNLO)  fr (NLO)  fr (NNLO)
Ny=2+1  —56(11)% +95(268)% +4129%  +23.7(5.6)%
Np=2 —4.52.1)% +1.91(63)%  +29.6(5.7)% +16.0(1.0)%

value of the ratio 2B/ fy = 54.76 which is determined by an independent fit using all available data
points to the non-degenerate SU(3) formulae (see Section 4). Taking the correlation between mi;
and f; on the same gauge ensemble into account, we carry out a simultaneous fit with 2 /dof =
2.97. We plot the deviations from the tree level values m2/(2Bom,) — 1 and fr/ fo — 1 respectively
in the left and right panels of Figure Bl. In the same figure, we draw curves truncated to NLO by
using the same fit parameters. While the large jackknife errors represented by shades obscure the
convergence property for m2/ my, we have a signal for fr.

An important issue to be addressed here is the convergence property of the chiral expansion
around mg ~ 500 MeV. In Table [, we list the convergence ratio (XnLo — X1.o)/XLo and (XnnLo —
XnLo)/XNLo, Where X represents the value of m2 /myg or fr at my ~ mg/2. As expected from
Figure B, the large error for m2/ my does not allow for any solid conclusion. On the other hand, for
[z, we see the ratio decreasing from NLO to NNLO. This is a similar in magnitude to that in the
Ny =2 case [2] listed in the table for comparison.

4. Chiral extrapolation at NNLO

With increased data points explained in Section 2, we update the chiral extrapolation of the
light meson observables using the NNLO ChPT formulae given as

miz g = 2Bo [1+M" (&, & Ly, LS, Lo, L)) + o - &2 + o - Enl + o -8, (4.1)



Chiral properties of light mesons in Ny = 2+ 1 overlap QCD J. Noaki

T T T

2 2 ©® 1, m=0.08 . -

4.8 ¢ mJ/m,, m’/mg [GeV] O, m.=0.10 | 020 . T [GeV]
! m K, m,=0.08
\ 0K, m=0.10
| degenerate

4.6 H! ® 1, m_=0.08, Q=1 1

\ m K, m=0.08, Q=1
\ ® 7, m_=0.08, 24°x48
\ WK, m_=0.08, 24°x48

0.16

@1, m=0.08
Om m=0.10
m K, m,=0.08
0K, m,=0.10 y
degenerate

@, m=0.08, Q=1

m K, m=0.08, Q=1

@ 7, m_=0.08, 24°x48

WK, m_=0.08, 24°x48

0.08 1

012 L/

1 1 1

0 0.2 0.4 0.6 0 0.2 0.4 0.6
m? [GeV] m,? [GeV’]

Figure 5: Chiral extrapolation of m,2r /myq and m%( /myq (left panel) and fr and fx (right panel).

mi /msq = 2Bo [1+M¥ (&, & L, L5, L, L) | + of - En(&n — Ex) + 0 - Ex(Ek — &r), (4.2)
fr = foll +F®(Ex, Exs Ly, L) + B - E2 4 BF - Erlx + BT - €2, (4.3)
fic = fo[1+F¥ (&, i Ly, L5)] + B - En(En — Ek) + By - Ex (Ek — &), (4.4)

where there are two expansion parameters defined as &; = 2m2 /(47 fz)? and &g = 2m% /(47 f )%
Non-analytic functions M*, MX, F™ and FX represent the loop corrections to the two-loop level [[3].

By a simultaneous correlated fit, we obtain fit curves shown in Figure B with 2 /dof=2.6(1.0).
Besides increased data points, we modify the fit scheme so that the fit is done for fixed values of
2By/fo. Then we minimize x> by varying the input value for this ratio. By this simplification,
the fit formulae (E)—(E4) become a set of linear functions of unknown parameters. We further
approximate the formulae by setting af = B = 0 to drop the &2 terms which cannot be distin-
guished from other analytic terms with our data. As seen in the formulae by the partially-quenched
ChPT [I], this is amount to dropping the dependence on the sea-strange quark mass squared in the
NNLO analytic terms. No significant effect from this approximation is observed in the fit results
which are consistent with the independent fit in previous section.

Because of the degenerate mass point, we obtain more stable fit results for SU(3) LECs than
before. The pre-final results are

fo = 74.0(6.6) MeV, £)° = (fuBo/2)"/* = 177(12) MeV, 4.5)
Ly(mp) = 8.2(3.4)- 107, Li(mpy) = —8.0(6.7)- 1074, (4.6)
Lg(mp) = 3.5(2.5)- 1074, Li(m,) = —3.2(3.0)-107*. 4.7

Our result of fj is substantially smaller than the phenomenological estimate fo = 124 MeV [[4d].
As mentioned in the previous section, the Ny dependence of our data can be described by ChPT.
Therefore, it is inevitable for fj to be significantly smaller than the SU(2) LEC f ~ 110 MeV, which

is obtained in [B]. Also, there is a large difference between Z(l)/ 3 and the SU(2) chiral condensate
»!/3 ~ 230 MeV [D].
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By the extrapolation to the physical point (mz,mg) = (135 MeV,495 MeV ), we extract phys-
ical values of the decay constants. Also, from the ratio of the physical pion mass (kaon mass) and
the extrapolated values of m,zt /My (m%{ /myq), we obtain physical quark masses m,, and mg. The
results with the jackknife error estimate are

fr = 118.5(3.6) MeV, fx = 145.8(2.7) MeV, fx/fr = 1.230(19), (4.8)
Mug = 4.028(57) MeV, my = 113.4(1.2) MeV, mg/m,q = 28.15(23). (4.9)

There are also systematic errors originating from the FSE correction, the determination of the lattice
scale and the quark mass renormalization. Errors in the input LECs values have to be considered,
as well. More discussions and studies about these issues will be presented in [].

Numerical simulations are performed on Hitachi SR11000 and IBM System Blue Gene Solu-
tion at High Energy Accelerator Research Organization (KEK) under a support of its Large Scale
Simulation Program (No. 09/10-09). This work is supported in part by the Grant-in-Aid of the
Ministry of Education (Nos. 20105001, 20105002, 20105003, 20105005, 20340047, 21105508,
21674002, 21684013, 220340047) and the National Science Council of Taiwan (Nos. NSC99-

2112-M-002-012-MY3, NSC99-2112-M-001-017-MY 3, NSC99-2119-M-002-001), and NTU-CQSE

(Nos. 99R80869, 99R80873).
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