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1. Introduction

Excitation of the nucleon is an interesting problem in nuclear and particle physics. Negative-
parity partners of the baryon octet arise from excitation of one unit of orbital angular momentum,
and their mass splittings can be traced to spontaneous breaking of chiral symmetry of QCD. Given
that the mass spectrum of the 1/2− spin-parity states has been reasonably well established from
lattice QCD calculations [1, 2, 3, 4], it is instructive to investigate the magnetic moment of the
states. Magnetic moment is the leading-order response of a bound system to a soft external mag-
netic field, and offers a venue to peek into its internal structure and the inner workings of QCD.
Although the magnetic moments of the 1/2+ baryon octet are well-known both experimentally and
theoretically, little is known about their 1/2− counterparts. Experimentally, they can be accessed
in photo- and electro-production of mesons at intermediate energies, but to date no such measure-
ments have been made. It would be interesting to see what QCD predicts for these negative-parity
states.

2. Method

It is known as the background field method [5, 6, 7, 8, 9, 10, 11, 12]. For a particle of spin S
in an uniform magnetic field, the interaction energy is

E± = m+ µBs+ · · · , (2.1)

where the ellipses indicate higher-order terms in the magnetic field, and s = Sz/S (for spin-1/2
particles s = ±1). The upper sign means spin-up and the lower sign means spin-down relative to
the magnetic field. The magnetic moment is related to the so-called g-factor by µ = g e

2m . So by
computing the mass shift δm = E(B)−m in the presence of a small background magnetic field,
one can extract the magnetic moment.

In order to place a magnetic field on the lattice, we construct an analogy to the continuum
case. The fermion action is modified by the minimal coupling prescription Dµ = ∂µ +gGµ +qAµ

where q is the charge of the fermion field and Aµ is the vector potential describing the background
field. On the lattice, the prescription amounts to multiplying a U(1) phase factor to the gauge links.
Choosing Ay = B(x− x0), a constant magnetic field B can be introduced in the z-direction. Then
the phase factor is in the y-links

Uy → exp(iqa2B(x− x0))Uy. (2.2)

Here x0 is the origin of the phase factor which we choose to be the same as the quark source
location. In general, the computational demand of such calculations can be divided into three
levels. The first is a fully-dynamical calculation. For each value of external field, a new dynamical
ensemble is needed that couples to u-quark (q=2e/3), d-and s-quark (q=-e/3). This requires a Monte
Carlo algorithm that can treat the three flavors separately. Quark propagators are then computed
on the ensembles with matching field values. This is very challenging and has not been attempted.
The second can be termed re-weighting in which a perturbative expansion of the action in terms of
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external field is performed. The third can be called U(1) quenched: No field is applied in the Monte-
Carlo generation of the gauge fields, only in the valence quark propagation in the given gauge
background. In this case, any gauge ensemble can be used to compute valence quark propagators.

In this work, we use standard Wilson actions on 243 × 48 lattice at β = 6.0, both SU(3) and
U(1) quenched, and the following pion masses 796, 592, 563, 548, 533, 517 MeV. The strange
quark mass is set at the pion mass 592 MeV. We analyzed 1000 configurations. The point source
location for the quark propagators is (t,x,y,z)=(0,12,12,12). We considered 4 magnetic fields given
in terms of the dimensionless number η = qBa2 = 0.001364×n (for n = 1,2,3,4) on the d-quark.
Of the 4 values, only the n=4 field satisfies the quantization condition for uniform magnetic flux
in the xy plane which requires η to be integer multiples of 2π/(NxNy)[7]. To minimize boundary
effects, we work with Dirichlet b.c. in the x and y directions and place the source in the center of the
lattice. We also apply Dirichlet b.c. in the time direction for longer time evolution. The b.c. in the z
direction is periodic. To minimize possible contamination from higher power terms, we repeat the
entire calculation with the magnetic field reversed. By taking the mass shift combination (δm(B)−
δm(−B))/2, the even-powered terms are eliminated, so the contamination comes in at O(B3). The
added cost is further compensated by the fact that the same data set can yield information on the
magnetic polarizability, by taking the average (δm(B)+δm(−B))/2 to eliminate the odd-powered
terms in the mass shift [8, 9].

The interaction energies for positive and negative-parity baryon states E± are extracted from
the correlation function

G(t) = ∑
~x
〈vac|η(x)η̄(0)|vac〉 (2.3)

= (1+ γt)
[
A+e−E+(t−t0) +bA−e−E−(Nt+t−t0)

]
+(1− γt)

[
bA+e−E+(Nt+t−t0) +A−e−E−(t−t0)

]
where b = 1,−1,0 correspond to periodic, anti-periodic, and Dirichlet boundary conditions in the
t direction, respectively. In the case of the Dirichlet b.c. used in this work, parity projection is
natural since G(t) separates into two branches, one for each parity. We use standard interpolating
fields of the Cγ5 type for octet baryons. For example, η = εabc

(
uaTCγ5db

)
uc for the proton. The

interpolating fields for other baryons can be found in Ref. [9].

3. Results and discussion

First we look at the signal for masses in the absence of magnetic fields. Figure 1 displays the
effective mass plot in the nucleon channel and the extracted masses for both parities. Very long
plateaus are observed for positive parity, as expected. The signal for negative parity is much noisier
and the plateau is much shorter. The fitted masses for positive parity in the time window of [17,26]
and negative parity in [8,12] are also shown in this figure, along with experimental values.

To access the magnetic moments, we construct the following ratio of correlation functions

R(t,B) =
[

G+(t,B)
G−(t,B)

]
/

[
G+(t,−B)
G−(t,−B)

]
(3.1)

where G+ is the spin-up component of the correlation function and G− spin-down. At large time,
the ratio R → e−∆mt where ∆m = 4µB. This ratio would be unity in the absence of the field or
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for zero µ . For positive B values in R(t,B), we expect positive/negative R for negative/positive
magnetic moment µ , and the rate of change is controlled by the magnitude of µ . In Figure 2 we
show the logarithm of the ratio for the proton channel at smallest positive field on the left. The result
shows unambiguously that the sign of the negative-parity magnetic moment is opposite to that of
its positive-parity partner. On the right in the same figure are the extracted mass shifts at all four
fields. The same fitting window of [17,26] and [8,12] were used to extract these mass shifts. Good
linear behavior is observed as a function of the field, indicating that the fields chosen are indeed
small, except at the strongest field where there is a slight deviation from linearity suggesting a small
contamination from the B3 term in the mass shift. For this reason, we do not use the data at the
strongest field.

Our results for the magnetic moments in the proton channel are displayed in Figure 3. There
is some curvature in the data so we attempted a chiral extrapolation using the simple ansatz

µ = a0 +a1mπ +a2m2
π , (3.2)

where the mπ term provides the non-analytic behavior in the quark mass. Note that the magnetic
moment defined in Eq. (2.1) is in particle’s natural magnetons. To convert it into nuclear magnetons
(µN), we need to scale the results by the factor 938/M where M is the mass of the particle measured
in the same calculation at each pion mass. We see that the extrapolation points to a result consistent
with the experimental value of 2.79 for positive parity, and predicts a negative value of −1.8 for
negative parity.

Next we turn to the results in the neutron channel, as shown in Figure 4. Here we see that the
magnetic moments have the same sign. The extrapolated result for positive parity agrees with the
experimental value of −1.91, and predicts a negative value of about −1.0 for negative parity.
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Figure 1: Effective mass plots (left) and the extracted masses (right) as a function of the pion mass squared
at zero field in the nucleon channel. The (blue) circles are for positive parity, and the purple squares negative
parity.
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Figure 2: Left: the logarithm of the ratio defined in Eq. (3.1) in the proton channel at the six pion masses
for the smallest field. Right: the extracted mass shifts as a function of the field at the six pion masses.
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Figure 3: Magnetic moments in the proton channel.

In fact, we surveyed all members of the baryon octet in order to establish a pattern. In Table
1, we summarize all of our results and compare them with experiment and other theoretical calcu-
lations. The comparison is meant to be qualitative at this stage so no error bars are assigned. The
statistical error on our results are less than 10% for positive-parity states and 20% for negative-
parity states. We have not studied systematic errors. In addition to the octet lambda (ΛO), we
also computed the flavor-singlet lambda (ΛS). The masses listed are standard values found in the
particle data group, except that of Λ∗

S(1/2+) which we measured. In fact, we measured the masses
for all the channels (ignore isospin effects) at the six pion masses and used them to convert our
magnetic moment results to nuclear magnetons. For the 1/2+ states, it is encouraging to see that
our results for the magnetic moments are consistent with experiment. Although not listed, we know
the simple SU(6) quark model can largely reproduce this pattern, as well as a host of other models
too numerous to cite here. For the 1/2− magnetic moments, there exist limited theoretical studies
based on simple quark model, effective Lagrangian approach, and unitarized chiral perturbation
theory [13, 14, 15]. It is interesting to see that our results disagree with model calculations by and
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Figure 4: The same results in the neutron channel.

large. For example, our result for p∗(1/2−) has the opposite sign. For the ΛS channel, no signal
for magnetic moments is observed in either parity.

4. Conclusion

We have performed an exploratory study of the magnetic moments of spin-1/2, negative-parity
baryons on the lattice using the background field method and standard lattice technology. The
signal for 1/2+ states is strong and robust and the results are consistent with experiment and other
calculations. Against that backdrop, the signal for 1/2− states is more limited but nonetheless
discernible. Relatively high statistics (over 800 configurations) are required to stabilize the signal.
A preliminary pattern across the entire spectrum is revealed for the first time. The most intriguing
result is that the sign of the p∗(1/2−) state is opposite to that expected from other theoretical
calculations. An experimental measurement in the nucleon channel (both proton and neutron),
as proposed in Refs. [13, 14, 15], would be interesting. Overall, our results demonstrate that the
methodology is robust and relatively inexpensive (only mass shifts are required).

The calculation can be improved in a number of ways. The most important is the better isola-
tion of the signal for the negative-parity states. This could be achieved by using smeared sources
and/or a finer resolution in the time evolution, coupled with high statistics. A study of systematic
errors such as chiral extrapolations and finite-volume effects is also in order.
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Table 1: A comparison of magnetic moments for octet baryons.

State (spin-parity) Mass (MeV) µ (Expt) µ (LQCD) µ (Unitary χPT) µ (Quark Model)
p(1/2+) 938 2.79 3.2

p∗(1/2−) 1535 -1.8 1.1 1.9
n(1/2+) -1.91 -2.0

n∗(1/2−) -1.0 -0.25 -1.2
ΛO(1/2+) 1115 -0.61 -0.6 -1.9
Λ∗

O(1/2−) 1670 -0.1 -0.29 -1.9
ΛS(1/2−) 1405 0 0.24 to 0.45 0.04
Λ∗

S(1/2+) ∼2400 0 -1.9
Σ+(1/2+) 1190 2.45 2.4

Σ+∗(1/2−) 1620 -0.6
Σ0(1/2+) 0.65 0.8

Σ0∗(1/2−) 0.1
Σ−(1/2+) -1.16 -1.5

Σ−∗(1/2−) 1.0
Ξ0(1/2+) 1320 -1.25 -1.0

Ξ0∗(1/2−) 1690 -0.5
Ξ−(1/2+) -0.65 -0.5

Ξ−∗(1/2−) 0.8
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