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1. Introduction

In recent works [1, 2, 3] it has been shown that lattice QCD is a powexdlifor the determi-
nation of the charm quark mass and the strong coupling constant via tladlessh @urrent-current
correlator method. Precise estimates of these Standard Model parametens grerequisite for
precision tests of QCD. We apply this method in the framework of twisted mass 1Q@Eewith
two flavors of dynamical quarks and focus on the charm vector ducerelator and charm vac-
uum polarization function. In continuum QCD this quantity is related by causatityunitarity
to the ratioR of the hadronic cross sectian(ete~ — cc) to the leptonic oner(ete” — vpu~).

In the traditional approach the charm quark mass would be extractednfiaments of the ratio

R using the experimental cross section data to account for the nonpérterQ&D effects in the

low energy region and at flavor thresholds. Matching the perturbatparesion of the moments

in terms of the strong couplings and the charm quark mass. with their experimental values
gives a defining relation for the value of the latter. A nonperturbative [aQIC® calculation of

the charm contribution to the vacuum polarization function gives an alteenaticess to the effects

of the strong interaction and hence when combined with the perturbatiemsim of the latter in
theMSscheme [4] allows for aR-independent determination of the charm quark mass and strong
coupling constant.

2. Momentsin perturbative QCD and Lattice QCD

In continuum QCD the moments of the charm contribution to the cross sectionRratie
related to derivatives of the charm vacuum polarization fundilgn

ds 122 / d \"
o= [ griRis = o () Ml @)
where
(Auy — 9uvaP) Me(0?) = /dxeiqx<3f1(x)~]3(0)> (2.2)

andJ; = Yy, is the charm vector current. The perturbative expansion of the pdiariZanction
M¢ in the region wherg = g?/(4m¢) < 1 has reached the 4-loop level [4].

m@%:gdf (2.3)

Cn

|i |<lzo(Elnk (C:TS>I Iog(rﬁg/lﬂ)k_ (2.4)

u denotes the renormalization scale angd= mq(u), as = as(u) are the charm quark mass and
strong coupling in thé1Sscheme. Given the expansion (2.3) one then has

127 =

Mn = ch(a&ﬂ)- (2.5)
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The dimensionless lattice mome@g are defined in a standard way [1] via the time dependent
two-point correlation function at zero spatial momentum

T/(2a)-1

e 3 (3)" @) +cu(T 1)
Cv(t) = Z&ilig(jf(t,i)jf(o». (2.6)

The renormalization factafy has been determined nonperturbatively in [5]. The choice for the
lattice vector currenj® will be given below.

To eliminate the explicit dependence on the lattice spacing the moments are multiplied by
a suitable power of the light pseudoscalar decay const&ngin lattice units such that in the
continuum limit and when tuned to the physical point it follows that

2n | —
Gongo(afpg)®™ = (ET) MCH + lattice artifacts (2.7)
Me 4n
Gons2 (rﬁc)z 4 Ch . .
" = = + lattice artifacts 2.8
Gonya(afps)? fr) (2n+4)(2n+3) Chia 28)

3. Lattice setup and calculation

The lattice moment&, are estimated using the gauge field ensembles of the European Twisted
Mass Collaboration [8]. In the partially quenched setup of this calculatiooubldt of heavy
valence quarkg = (x.+,x-) is added to the two dynamical light quarks in the sea sector, yvith
differing by the sign of the twisted mass term as given in equation (3.1).

Fal =y X(X) (Dw +Moe+iknT®) X (%) (3.1)

Dw denotes the massless Wilson Dirac operatgg,the critical bare mass ang, the bare twisted
mass in the heavy quark sector.

As interpolating operators for the charm current in terms of the physieahe fieldW° the
flavor non-singlet vector current has been used

_ 1, — — 1 _ . — .
= 5 (WSS W0 WS = 2 (X v X+ X- 1Y X+

which corresponds to the flavor non-singlet axial vector current innthe&CD setup at maximal
twist [9].

In the present calculation the light and heavy quark mass dependeeansgierized in terms
of the dimensionless ratid%S and%, respectively, which are determined from the same lattice

correlator data. The physical point is then given%g = 1.068(3), "PT/S“” = 23.69(7). The scala
is set via the light pseudoscalar decay constant uirng 130.7(4) MeV.

Table 1 shows the data for the mass ranges the moments were calculateldef@nsembles
comprise four lattice spacings and two different volumes@et 3.90 andf = 4.20. With these

sampling points th(%‘iS and ¥ dependence of the moments and ratios is interpolated to common
Ps fps
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B Lja ay alfm] e T
3.80 24 0.0060 0.0998(19) | 2.390(20)| 16.91(10)...27.59(16)
0.0080 2.479 (15)| 15.52(08)...25.28(12)
0.0110 2.720(13) 14.58(06)...23.76(10)
0.0165 3.042 (11)| 13.39(05)...21.76(08)
3.90 24 0.0040 0.0801(14)| 2.126(18) 18.25(10)...31.52(17)
0.0064 2.426(20)| 16.69(10)...28.87(18)
0.0085 2.603(19)| 15.86(09)...27.38(16)
0.0100 2.748(16)| 15.34(08)...26.48(13)
0.0150 3.117(15)| 14.17(06)...24.44(11)
3.90 32 0.0030 1.833(14)| 18.36(10)...31.75(17)
0.0040 2.014(12)| 17.56(09)...30.37(15)
4.05 32 0.0030 0.0638(10) | 2.056(23)| 18.69(14)...33.65(25)
0.0060 2.517 (17)| 16.47(09)...29.69(16)
0.0080 2.769 (17)| 15.70(08)...28.26(14)
0.0120 3.126 (16)| 14.48(07)...26.03(11)
420 32 0.0065 0.05142(83) 2.850(28)| 18.51(14)...31.25(24)
420 48 0.0020 1.869 (20)| 21.48(15)...2898(21)

Table 1: Mass ranges oﬁ% and% for the present investigation. The lattice spacings wekertdrom

[7].

reference points for all lattice spacings and the continuum limit is taken ak feference values
of %55 and%. Finally, the physical point is reached by an interpolation of the continuaioes

in =¥ and an extrapolation to the physical valuei}gg.

To simultaneously model thé%f)z and % dependence of any given specific moment or
ratio ¥ the ansatz in equation (3.2) is used for each lattice spacing individually taefsam-
ple points. The pseudoscalar decay constant in lattice arfigsneeds to be interpolated to the
reference points i#ﬂ% as well and here too a polynomial ansatz is employed:

N j
Mps
afps= Y aj( ——
PS J; ) < fPS)
M N 2l k
Mps m.]/(b)
G = by | — —= 3.2
kZOIZO ‘ < fPS) ( fps 52
where in generdll < 3 andN < 2 is found to be sufficient to describe the data.

4. Resultsfor vector moments and moment ratios

A first step of the investigation was the calculation of ratios of consecudixen) moments of
the charm vector current and the comparison to the moments derived ypergeentaR data [4].
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Figure 1: Examples of continuum extrapolation (left) and extragotain TTPSS (right) for vector moment
ratios.

As can be seen from equation (2.6) ratios of lattice moments do not reqyineormalization
factor (and any other normalization factors per se) and hence lend threstea test case.

The left panel of figure 1 shows examples of the continuum extrapolaiioBef/ Gg/ (a fps)?
and three fixed reference valueSE@SF =2.0,2.2,2.5. Each curve in the plots represents one fixed
reference value 0% = 225,230, 235, 24.0, 24.5. Given the non-negligible curvature of the
data an extrapolation ansatz taking into accafras well asa* contributions seemed necessary.
The extrapolation iri?PiSS to the physical value fo64/Gg, Gg/Gg and Gg/Gyp (at fixed me—P/;") is

2
shown in the right panel of figure 1: a second order ponnomie(IﬁE) seems both necessary
and sufficient to describe the data. The final values at the physical greitisted in table 2; the
values for theM,, are given in [4].
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N Mh1/Mn/f2/((2n+2)(2n+1)) Gon/Gani2/(afps)?
2 28.23 (65) 28.72 (63)
3 11.93 (33) 12.66 (31)
4 6.83 (20) 6.97 (17)

Table 2: Comparison of continuum and lattice results for charm vettoment ratios.

0.11 T T - T T 0.05

IN,“/’/L,/fp‘g =235 e
23.0
105 | 1 0.048 | 23.5 o
0-105 z ¢ 24.0 o
" 245
01t , 0.046 |
) ES 1 E
= 8 = Poox
= 0095 - . = 0044 : ¥ i i
0.09 N J 0.042 % % % %
Mg/ fps =225 oove LA i i §
23.0 )
0.085 - 234 s 0.04
240 e
245
008 L L L L 0038 L L L L L L L L L
0 0.002 0.004 0.006 0.008 0.01 1 2 3 4 5 6 7 8 9 10
(a fps)? (mps/frs)?
0.11 ‘ ‘ ‘ ‘ 0.1 r . . . . . . ‘ .
e myyp/frs =225 v v
; 23.0
0.105 | 1 23.5 owes
5 o 24.0 o=
i ? 0.095 | 2.5
0.1 b :
@ ¥ # “u e ;
< : < ’ ! : 3
o= 009 - p = 009t :
E:j * : g 3 F
0.09 R g % .
myp/fps =225 v 0.085 L 5
o 23.0 8 "
0.085 |- 235 s
240 e
245
()[]8 L L L L []08 L L L L L L L L L
0 0.002 0.004 0.006 0.008 0.01 1 2 3 4 5 6 7 8 9 10
(afps)? (mps/fps)?

Figure 2: Examples of continuum extrapolation (left) and extrapotatn TTPS (right) for vector moments.

The error of the lattice result quoted in table 2 contains the statistical undgrieom the
interpolations and extrapolations and the systematic uncertainty stemming fratefthigion of
the physical point.

Figure 2 and table 3 show analogue results for the vector moments themsabeisg how
the data for the largest lattice spacing stands out from the remaining poiritsrier was left out
when taking the continuum limit and a linear extrapolatiomdwas used in these cases.

The fourth column in table 3 gives thdS charm quark mass at renormalization sgale-
3GeV as extracted from the lattice results of the vector moments using equafipnihe quoted
uncertainty of the quark mass contains the statistical error as well as tedainty ofas. A full
investigation of all systematic uncertainties is under way.

When determining the quark mass the lattice results were compared to contifDDrwith
three massless and one heavy quark flavor with regard to both the inpetfeaas(Ns = 4, u =
3GeV) = 0.252(10) [1] and the definite numerical values of the coefficieBé This introduces
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N Mn1/Mn/fZ/((2n+2)(2n+1)) Gon/Goni2/(afes)® Me(p =3GeV)

1 0.04107 (32) 0.04235 ( 33) 0.954 (13)
2 0.08792 (48) 0.08810 ( 52) 0.984 (15)
3 0.13081 (60) 0.13059 ( 68) 0.998 (15)
4 0.17106 (70) 0.17110( 82) 1.024 (10)

Table 3: Comparison of continuum and lattice results for charm vactoments together with the extracted
quark mass.

a systematic error since in the present lattice calculation any effects of &mgestquark as well
as effects of secondary charm quark production were neglectei$ systematic effect can be
overcome in a future lattice calculation including dynamical strange and aipaainks [6].

5. Conclusions and outlook

The low moments of the charm vector current were calculated with result®ohagreement
with experimental data. Yet large lattice artifacts as well as the light quark edsapolation
require a further careful analysis and investigation of systematic errors

As advocated already in [1] the analysis is now being extended to includihalpseudoscalar
and axial vector charm current correlators. An analysis using EEBMNE= 2+ 1+ 1 ensembles
is in preparation.
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