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1. Introduction

In recent works [1, 2, 3] it has been shown that lattice QCD is a powerful tool for the determi-
nation of the charm quark mass and the strong coupling constant via the so called current-current
correlator method. Precise estimates of these Standard Model parameters are one prerequisite for
precision tests of QCD. We apply this method in the framework of twisted mass latticeQCD with
two flavors of dynamical quarks and focus on the charm vector current correlator and charm vac-
uum polarization function. In continuum QCD this quantity is related by causalityand unitarity
to the ratioR of the hadronic cross sectionσ(e+e− → cc̄) to the leptonic oneσ(e+e− → ν+µ−).
In the traditional approach the charm quark mass would be extracted frommoments of the ratio
R using the experimental cross section data to account for the nonperturbative QCD effects in the
low energy region and at flavor thresholds. Matching the perturbative expansion of the moments
in terms of the strong couplingαs and the charm quark mass ¯mc with their experimental values
gives a defining relation for the value of the latter. A nonperturbative latticeQCD calculation of
the charm contribution to the vacuum polarization function gives an alternative access to the effects
of the strong interaction and hence when combined with the perturbative expansion of the latter in
theMSscheme [4] allows for anR-independent determination of the charm quark mass and strong
coupling constant.

2. Moments in perturbative QCD and Lattice QCD

In continuum QCD the moments of the charm contribution to the cross section ratioR are
related to derivatives of the charm vacuum polarization functionΠc

Mn =
∫

ds
sn+1Rc(s) =

12π2

n!

(

d
dq2

)n

Πc(q
2)

∣

∣

∣

∣

q2=0
(2.1)

where

(

qµqν −gµνq2)Πc(q
2) =

∫

dxeiqx〈Jc
µ(x)Jc

ν(0)〉 (2.2)

andJc
µ = ψ̄γµψ is the charm vector current. The perturbative expansion of the polarization function

Πc in the region wherez= q2/(4m̄2
c) ≪ 1 has reached the 4-loop level [4].

Πc(q
2) = ∑

n≥0

C̄nzn (2.3)

C̄n =
3

∑
l=0

l

∑
k=0

C̄lk
n

(αs

π

)l
log

(

m̄2
c/µ2)k

. (2.4)

µ denotes the renormalization scale and ¯mc = m̄c(µ), αs = αs(µ) are the charm quark mass and
strong coupling in theMSscheme. Given the expansion (2.3) one then has

Mn =
12π2

(4m̄c(µ)2)n C̄n(αs,µ) . (2.5)
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The dimensionless lattice momentsGm are defined in a standard way [1] via the time dependent
two-point correlation function at zero spatial momentum

Gm =
T/(2a)−1

∑
t/a=1

( t
a

)m
(CV(t)+CV(T − t))

CV(t) = Z2
V

a6

3L3

3

∑
i=1

∑
~x

〈 j c
i (t,~x) j c

i (0)〉 . (2.6)

The renormalization factorZV has been determined nonperturbatively in [5]. The choice for the
lattice vector currentj c

i will be given below.
To eliminate the explicit dependence on the lattice spacing the moments are multiplied by

a suitable power of the light pseudoscalar decay constanta fPS in lattice units such that in the
continuum limit and when tuned to the physical point it follows that

G2n+2(a fPS)
2n =

(

fπ

m̄c

)2n (2n+2)!
4n C̄n + lattice artifacts. (2.7)

G2n+2

G2n+4(a fPS)2 =

(

m̄c

fπ

)2 4
(2n+4)(2n+3)

C̄n

C̄n+1
+ lattice artifacts. (2.8)

3. Lattice setup and calculation

The lattice momentsGm are estimated using the gauge field ensembles of the European Twisted
Mass Collaboration [8]. In the partially quenched setup of this calculation a doublet of heavy
valence quarksχ = (χ+,χ−) is added to the two dynamical light quarks in the sea sector, withχ±

differing by the sign of the twisted mass term as given in equation (3.1).

Sval = ∑
x

χ̄(x)
(

DW +m0c + iµhγ5τ3)χ(x) . (3.1)

DW denotes the massless Wilson Dirac operator,m0c the critical bare mass andµh the bare twisted
mass in the heavy quark sector.

As interpolating operators for the charm current in terms of the physical charm fieldΨc the
flavor non-singlet vector current has been used

j c
i =

1
2

(

Ψ̄c
+ γi Ψc

− + Ψ̄c
− γi Ψc

+

)

=
1
2

(χ̄+ iγiγ5 χ− + χ̄− iγiγ5 χ+)

which corresponds to the flavor non-singlet axial vector current in thetmLQCD setup at maximal
twist [9].

In the present calculation the light and heavy quark mass dependence is parameterized in terms
of the dimensionless ratiosmPS

fPS
and

mJ/ψ
fPS

, respectively, which are determined from the same lattice

correlator data. The physical point is then given bymPS
fPS

= 1.068(3),
mJ/ψ
fPS

= 23.69(7). The scalea
is set via the light pseudoscalar decay constant usingfπ = 130.7(4)MeV.

Table 1 shows the data for the mass ranges the moments were calculated for. The ensembles
comprise four lattice spacings and two different volumes forβ = 3.90 andβ = 4.20. With these
sampling points themPS

fPS
and

mJ/ψ
fPS

dependence of the moments and ratios is interpolated to common

3
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β L/a aµl a[ fm] mPS
fPS

mJ/ψ
fPS

3.80 24 0.0060 0.0998 (19) 2.390 (20) 16.91(10) . . .27.59(16)
0.0080 2.479 (15) 15.52(08) . . .25.28(12)
0.0110 2.720 (13) 14.58(06) . . .23.76(10)
0.0165 3.042 (11) 13.39(05) . . .21.76(08)

3.90 24 0.0040 0.0801 (14) 2.126 (18) 18.25(10) . . .31.52(17)
0.0064 2.426 (20) 16.69(10) . . .28.87(18)
0.0085 2.603 (19) 15.86(09) . . .27.38(16)
0.0100 2.748 (16) 15.34(08) . . .26.48(13)
0.0150 3.117 (15) 14.17(06) . . .24.44(11)

3.90 32 0.0030 1.833 (14) 18.36(10) . . .31.75(17)
0.0040 2.014 (12) 17.56(09) . . .30.37(15)

4.05 32 0.0030 0.0638 (10) 2.056 (23) 18.69(14) . . .33.65(25)
0.0060 2.517 (17) 16.47(09) . . .29.69(16)
0.0080 2.769 (17) 15.70(08) . . .28.26(14)
0.0120 3.126 (16) 14.48(07) . . .26.03(11)

4.20 32 0.0065 0.05142 (83) 2.850 (28) 18.51(14) . . .31.25(24)
4.20 48 0.0020 1.869 (20) 21.48(15) . . .28.98(21)

Table 1: Mass ranges ofmPS
fPS

and
mJ/ψ
fPS

for the present investigation. The lattice spacings were taken from
[7].

reference points for all lattice spacings and the continuum limit is taken at fixed reference values
of mPS

fPS
and

mJ/ψ
fPS

. Finally, the physical point is reached by an interpolation of the continuum values

in
mJ/ψ
fPS

and an extrapolation to the physical value ofmPS
fPS

.

To simultaneously model the
(

mPS
fPS

)2
and

mJ/ψ
fPS

dependence of any given specific moment or
ratio G the ansatz in equation (3.2) is used for each lattice spacing individually to fit the sam-
ple points. The pseudoscalar decay constant in lattice unitsa fPS needs to be interpolated to the
reference points inmPS

fPS
as well and here too a polynomial ansatz is employed:

a fPS =
N

∑
j=0

a j

(

mPS

fPS

) j

G =
M

∑
k=0

N

∑
l=0

bkl

(

mPS

fPS

)2l (mJ/ψ

fPS

)k

, (3.2)

where in generalM ≤ 3 andN ≤ 2 is found to be sufficient to describe the data.

4. Results for vector moments and moment ratios

A first step of the investigation was the calculation of ratios of consecutive (even) moments of
the charm vector current and the comparison to the moments derived using experimentalRdata [4].
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Figure 1: Examples of continuum extrapolation (left) and extrapolation in mPS
fPS

(right) for vector moment
ratios.

As can be seen from equation (2.6) ratios of lattice moments do not require any renormalization
factor (and any other normalization factors per se) and hence lend themselves to a test case.

The left panel of figure 1 shows examples of the continuum extrapolation for G6/G8/(a fPS)
2

and three fixed reference values ofmPS
fPS

= 2.0, 2.2, 2.5. Each curve in the plots represents one fixed

reference value of
mJ/ψ
fPS

= 22.5, 23.0, 23.5, 24.0, 24.5. Given the non-negligible curvature of the
data an extrapolation ansatz taking into accounta2 as well asa4 contributions seemed necessary.
The extrapolation inmPS

fPS
to the physical value forG4/G6, G6/G8 andG8/G10 (at fixed

mJ/ψ
fPS

) is

shown in the right panel of figure 1: a second order polynomial in
(

mPS
fPS

)2
seems both necessary

and sufficient to describe the data. The final values at the physical point are listed in table 2; the
values for theMn are given in [4].
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n Mn−1/Mn/ f 2
π /((2n+2)(2n+1)) G2n/G2n+2/(a fPS)

2

2 28.23 (65) 28.72 (63)
3 11.93 (33) 12.66 (31)
4 6.83 (20) 6.97 (17)

Table 2: Comparison of continuum and lattice results for charm vector moment ratios.
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Figure 2: Examples of continuum extrapolation (left) and extrapolation in mPS
fPS

(right) for vector moments.

The error of the lattice result quoted in table 2 contains the statistical uncertainty from the
interpolations and extrapolations and the systematic uncertainty stemming from thedefinition of
the physical point.

Figure 2 and table 3 show analogue results for the vector moments themselves.Seeing how
the data for the largest lattice spacing stands out from the remaining points theformer was left out
when taking the continuum limit and a linear extrapolation ina2 was used in these cases.

The fourth column in table 3 gives theMS charm quark mass at renormalization scaleµ =

3GeV as extracted from the lattice results of the vector moments using equation (2.7). The quoted
uncertainty of the quark mass contains the statistical error as well as the uncertainty ofαs. A full
investigation of all systematic uncertainties is under way.

When determining the quark mass the lattice results were compared to continuum QCD with
three massless and one heavy quark flavor with regard to both the input value for αs(Nf = 4, µ =

3GeV) = 0.252(10) [1] and the definite numerical values of the coefficientsC̄lk
n . This introduces

6
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n Mn−1/Mn/ f 2
π /((2n+2)(2n+1)) G2n/G2n+2/(a fPS)

2 m̄c(µ = 3GeV)

1 0.04107 (32) 0.04235 ( 33) 0.954 (13)
2 0.08792 (48) 0.08810 ( 52) 0.984 (15)
3 0.13081 (60) 0.13059 ( 68) 0.998 (15)
4 0.17106 (70) 0.17110 ( 82) 1.024 (10)

Table 3: Comparison of continuum and lattice results for charm vector moments together with the extracted
quark mass.

a systematic error since in the present lattice calculation any effects of the strange quark as well
as effects of secondary charm quark production were neglected. This systematic effect can be
overcome in a future lattice calculation including dynamical strange and charmquarks [6].

5. Conclusions and outlook

The low moments of the charm vector current were calculated with results in good agreement
with experimental data. Yet large lattice artifacts as well as the light quark massextrapolation
require a further careful analysis and investigation of systematic errors.

As advocated already in [1] the analysis is now being extended to include alsothe pseudoscalar
and axial vector charm current correlators. An analysis using ETMC’s Nf = 2+1+1 ensembles
is in preparation.
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