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Using generalized Landau gauge, we study the continuous change of gluon properties from the
Landau gauge toward the Coulomb gauge in SU(3) lattice QCD. We investigate “instantaneous
interquark potential”, which is deﬁned by the spatial correlation of the temporal link-variable U4
and is an interesting gauge-dependent concept. In the Coulomb gauge, the instantaneous potential
is expressed by the Coulomb plus linear potential, where the slope is, however, 2-3 times as large
as the physical string tension. In the Landau gauge, the instantaneous potential has no linear
part. We ﬁnd that the linear part is continuously growing by varying gauge from the Landau
gauge toward the Coulomb gauge. We also ﬁnd that the instantaneous potential approximately
reproduces the physical interquark potential in a speciﬁc intermediate gauge, λC -gauge. This λC gauge is expected to be a useful gauge for modeling effective theories such as the quark potential
model.
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1. Introduction

2. Formalism
2.1 Generalization of the Landau gauge
The Landau gauge is one of the most popular gauges in QCD, and its gauge ﬁxing is given by
∂µ Aµ = 0,

(2.1)

where Aµ are SU(Nc ) gauge ﬁelds. The Landau gauge keeps the Lorentz covariance and global
SU(Nc ) color symmetry. In the Euclidean space-time, the Landau gauge is also deﬁned as the global
{
}
∫
condition to minimize the quantity RLandau ≡ d 4 x Tr Aµ (x)Aµ (x) by gauge transformation [6].
The Coulomb gauge is also one of the most popular gauges, and is deﬁned as
∂i Ai = 0.

(2.2)

This condition resembles the Landau gauge, but there are no constraints on A4 . In the Coulomb
gauge, the Lorentz covariance is partially broken, and gauge ﬁeld components are completely decoupled into ⃗A and A4 : ⃗A behave as canonical variables and A4 becomes an instantaneous potential.
2
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Quantum Chromodynamics (QCD) is the fundamental theory of the strong interaction, and
color SU(3) gauge symmetry is one of the guiding principles to construct the theory. In fact, QCD
is formulated to satisfy the SU(3) gauge symmetry. In actual calculations, however, one needs to
choose some gauge in order to remove redundant gauge degrees of freedom. According to the
choice of the gauge, different physical pictures could be obtained, while physical quantities and
phenomena do not depend on the gauges.
On the conﬁnement, the most intuitive picture would be the dual-superconductor effect, which
was proposed by Nambu, Mandelstam and ’t Hooft [1]. In this scenario, the linear conﬁnement
potential between quarks is derived from the one-dimensional formation of color-electric ﬂux tube
in the dual-superconductor, and is mainly discussed in the maximally Abelian gauge. One of the
other famous conﬁnement scenarios is Kugo-Ojima criterion [2]. In this scenario, the conﬁnement
is mathematically analyzed in terms of the BRST charge, which is formulated in a covariant and
globally SU(Nc ) symmetric gauge such as the Landau gauge.
In the Coulomb gauge, Gribov and Zwanziger proposed that the conﬁnement force is closely
related to “instantaneous color Coulomb interaction” between quarks [3, 4], which is known as
Gribov-Zwanziger scenario. Greensite et al. showed that the instantaneous interaction actually
produces a linear interquark potential from lattice QCD calculation [5]. However, the slope of the
instantaneous potential is 2-3 times larger than the actual value of the physical string tension.
In this paper, we investigate the change of gluon properties and physical picture by varying
gauge continuously from the Landau gauge toward the Coulomb gauge. In particular, we focus
on behavior of the instantaneous interquark potential, which is a key concept in Gribov-Zwanziger
scenario. We also discuss about the linkage between QCD and the quark potential model, which is
one of the most successful effective models to describe hadron properties.
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From Eqs.(2.1) and (2.2), we consider generalization of the Landau gauge, which is deﬁned as
∂i Ai + λ ∂4 A4 = 0.

(2.3)

This generalized Landau gauge is called as “λ -gauge” [7]. By varying λ -parameter from 1 to 0,
we can change the gauge continuously from the Landau gauge toward the Coulomb gauge.
The lattice QCD action is constructed from link-variables Uµ (x) ∈ SU(Nc ) instead of the gauge
ﬁelds Aµ (x) ∈ su(Nc ), and gauge ﬁxing condition is also expressed in terms of Uµ (x). On the lattice,
λ -gauge ﬁxing is deﬁned as the maximization of

Rλ [U] ≡ ∑{ ∑ Re Tr Ui (x) + λ Re Tr U4 (x)}
x

(2.4)

i=1

by gauge transformation of link-variables, Uµ (x) → Uµ′ (x) = Ω(x)Uµ (x)Ω† (x + µ̂), Ω ∈ SU(Nc ).
2.2 Terminated Polyakov line and instantaneous potential
After generalized Landau gauge ﬁxing, we calculate “T -length terminated Polyakov line”
L(⃗x, T ), which is deﬁned as
L(⃗x, T ) ≡ U4 (⃗x, 1)U4 (⃗x, 2) · · ·U4 (⃗x, T ),

T = 1, 2, . . . , Nt

(2.5)

on Ns3 × Nt lattice. Here, we use the lattice unit of a = 1. We note that L(⃗x, T ) is a gauge-dependent
quantity. For T = Nt , the trace of T -length Polyakov line, Tr L(⃗x, Nt ), results in the Polyakov loop.
Using T -length Polyakov line, we deﬁne “ﬁnite-time potential” Vλ (R, T ) in λ -gauge as
Vλ (R, T ) ≡ −

1
ln〈Tr[L† (⃗x, T )L(⃗y, T )]〉,
T

R = |⃗x −⃗y|.

(2.6)

Vλ (R, T ) gives the energy between two color sources, which are created at t = 0 and annihilated at
t = T.
Especially for T = 1, we call Vλ (R, 1) as “instantaneous potential”
Vλ (R) ≡ Vλ (R, 1) = − ln〈Tr[U4† (⃗x, 1)U4 (⃗y, 1)]〉,

R = |⃗x −⃗y|.

(2.7)

In the Coulomb gauge, the instantaneous potential is expressed by the Coulomb plus linear potential
[5], while no linear part appears in this potential in the Landau gauge [6, 8].

3. Lattice QCD calculation
We perform SU(3) lattice QCD Monte Carlo calculations on 164 with lattice-parameter β =
5.8 at the quenched level. The lattice spacing a is 0.152fm, which is determined so as to repro√
duce the string tension as σ phys = 427MeV [9]. We investigate the Landau gauge, the Coulomb
gauge, and their intermediate gauges, i.e., λ -gauge with λ = 0.75, 0.50, 0.25, 0.10, 0.05, 0.04, 0.03,
0.02, 0.01. The number of gauge conﬁgurations is 50 for each λ . The statistical error is estimated
by the jackknife method.
3
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Figure 2: “Instantaneous string tension” σλ in
generalized Landau gauge. σλ changes continuously from the Landau gauge to the Coulomb
gauge. σλ coincides with physical value σphys at
λC ≅ 0.02.

Figure 1:
“Instantaneous potential” Vλ (R) in
generalized Landau gauge for typical values of λ .
Symbols are lattice QCD results, and curves are ﬁt
results using Coulomb plus linear Ansatz.

3.1 Instantaneous potential
We investigate the instantaneous potential Vλ (R) in generalized Landau gauge. Figure 1 shows
gauge dependence of Vλ (R). In this ﬁgure, the statistic error is small and hidden in the symbols.
In the Coulomb gauge (λ = 0), the instantaneous potential shows linear behavior, while there
is no linear part at all in the Landau gauge (λ = 1). Thus, there is a large gap between these
gauges in terms of the instantaneous potential. By varying gauge from the Landau gauge toward
the Coulomb gauge, the potential Vλ (R) grows monotonically, and these two gauges are connected
continuously. (See Fig.1.)
To analyze the instantaneous potential quantitatively, we ﬁt the lattice QCD results using
Coulomb plus linear functional form as
Aλ
+ σλ R +Cλ ,
(3.1)
R
where Aλ is Coulomb coefﬁcient, σλ slope of the potential (string tension), and Cλ a constant.
Here, besides the Coulomb plus linear Ansatz, we try several candidates of the functional form,
−A/R + σ (1 − e−εR )/ε, −A exp(−mR)/R, −A/R + σ Rd , and −A/Rd , but they are less workable.
The curves in Fig. 1 are the best-ﬁt results using Eq.(3.1). The Coulomb plus linear Ansatz works
well at least for R . 0.8fm, which is relevant region for hadron physics. In the deep IR limit,
R → ∞, Vλ (R) goes to a saturated value, except for λ = 0.
We focus on the gauge dependence of the linear slope σλ , which we call “instantaneous string
tension”. (See Fig.2.) For λ & 0.1, σλ is almost zero, so that this region can be regarded as
“Landau-like.” For λ . 0.1, Vλ (R) is drastically changed near the Coulomb gauge, and σλ grows
rapidly in this small region. Finally, in the Coulomb gauge, one ﬁnds σλ ≅ 2.6σphys (σphys =
0.89GeV/fm). Thus, the slope of the potential grows continuously from the Landau gauge (σλ ≅ 0)
towards the Coulomb gauge (σλ ≅ 2.6σphys ), and therefore there exists some speciﬁc λ -parameter
of λC where the slope of the instantaneous potential coincides with the physical string tension.
From Fig.2, the value of λC is estimated to be about 0.02. In this λC -gauge, the physical
static interquark potential Vphys (R) is approximately reproduced by the instantaneous potential.
Vλ (R) = −

4
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Figure 3:
Comparison of the instantaneous
potential Vλ (R) at λ = 0.02(≅ λC ) (black dots)
with the physical interquark potential (solid line),
Vphys (R) ≅ −0.27/R + 0.89GeV/fm · R.

Figure 4:
Schematic picture of physical interquark potential and instantaneous potential. In
λC -gauge, instantaneous potential Vinst approximately reproduces the physical potential Vphys .

(See Fig.3.) While Vphys (R) is derived from large T behavior of the Wilson loop W (R, T ) as
Vphys (R) = − limT →∞ T1 ln〈W (R, T )〉, only instantaneous correlation of U4 approximately reproduces the physical static potential in λC -gauge. (See Fig.4.)
3.2 Finite-time potential
Next, we analyze ﬁnite-time potential Vλ (R, T ) deﬁned by Eq.(2.6), which is a generalization
of instantaneous potential.
First, we consider the Coulomb gauge. Figure 5 shows the lattice QCD result for Vλ (R, T )
in the Coulomb gauge. Similar to the instantaneous potential, Vλ (R, T ) is well reproduced by the
Coulomb plus linear form. However, the parameter values are changed according to T -length.
In particular, the slope of the potential becomes smaller as T becomes larger, which shows an
“instability” of Vλ (R, T ) in terms of T in the Coulomb gauge.
For general λ , ﬁnite-time potential Vλ (R, T ) is found to be reproduced by the Coulomb plus
linear form as
A (T )
Vλ (R, T ) = − λ
+ σλ (T )R +Cλ (T ),
(3.2)
R
at least for R . 0.8fm, similarly for the instantaneous potential.
We focus on T -length dependence of the slope σλ (T ) of Vλ (R, T ) at each λ . (See Fig. 6.)
In the Coulomb gauge (λ = 0), σλ (T ) is a decreasing function: starting from 2-3 times larger
value, it approaches to the physical string tension σphys , as T increases. Around λC -gauge, i.e., for
λ ∼ λC (≅ 0.02), T -dependence is relatively weak, and σλ (T ) seems to converge on the same value
of about 1.3σphys around T ∼ 1fm. For λ & 0.1 (Landau-like), σλ (T ) is an increasing function of
T : starting from zero at T = 1, the linear part of Vλ (R, T ) appears and grows, as T increases. At
each λ , σλ (T ) seems to approach to the physical string tension σphys for sufﬁciently large T .

4. Summary and Discussion
In this paper, aiming to grasp the gauge dependence of gluon properties, we have investigated
generalized Landau gauge and applied it to instantaneous interquark potential in SU(3) lattice QCD
5
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Figure 5:
“Finite-time potential” Vλ (R, T ) in
the Coulomb gauge (λ = 0). An irrelevant constant is shifted. The curves are the ﬁt results using
Coulomb plus linear function.

Figure 6:
T -length dependence of the slope
σλ (T ) of ﬁnite-time potential Vλ (R, T ) in generalized Landau gauge for several typical λ -values.

at β =5.8. In the Coulomb gauge, the instantaneous potential is expressed by the sum of Coulomb
potential and linear potential with 2-3 times larger string tension. In contrast, the instantaneous
potential has no linear part in the Landau gauge. Thus, there is a large gap between these two
gauges. Using generalized Landau gauge, we have found that the instantaneous potential Vλ (R) is
connected continuously from the Landau gauge towards the Coulomb gauge, and the linear part in
Vλ (R) grows rapidly in the neighborhood of the Coulomb gauge.
Since the slope σλ of the instantaneous potential Vλ (R) grows continuously from 0 to 2-3σphys ,
there must exist some speciﬁc intermediate gauge where the slope σλ coincides with the physical
string tension σphys . From the lattice QCD calculation, the speciﬁc λ -parameter, λC , is estimated to
be about 0.02. In this λC -gauge, the physical static interquark potential Vphys (R) is approximately
reproduced by the instantaneous potential Vλ (R). (See Fig.4.)
We have also investigated ﬁnite-time potential Vλ (R, T ), which is deﬁned from T -length terminated Polyakov line and a generalization of the instantaneous potential. The behavior of the slope
σλ (T ) of ﬁnite-time potential is classiﬁed into three groups: the Coulomb-like gauge (λ . 0.01),
the Landau-like gauge (λ & 0.1), and neighborhood of λC -gauge (λ ∼ λC ). In the Coulomb-like
gauge, the slope σλ (T ) is a decreasing function of T , and seems to approach to physical string
tension σphys for large T . In the Landau-like gauge, σλ (T ) is an increasing function. Around the
λC -gauge, σλ (T ) has a weak T -length dependence.
Finally, we consider a possible gauge of QCD to describe the quark potential model from
the viewpoint of instantaneous potential. The quark potential model is a successful nonrelativistic framework with a potential instantaneously acting among quarks, and describes many hadron
properties in terms of quark degrees of freedom. In this model, there are no dynamical gluons, and
gluonic effects indirectly appear as the instantaneous interquark potential.
As for the Coulomb gauge, the instantaneous potential has too large linear part, which gives
an upper bound on the static potential [10]. It has been suggested by Greensite et al. that the energy
of the overconﬁning state is lowered by inserting dynamical gluons between (anti-)quarks, which
is called “gluon-chain picture”. This gluon-chain state is considered as the ground state in the
Coulomb gauge [5, 11]. Therefore, dynamical gluon degrees of freedom must be also important to
6

PoS(Lattice 2010)277

0

Takumi Iritani

Lattice QCD analysis for instantaneous interquark potential in generalized Landau gauge

Takumi Iritani

Acknowledgements
This work is supported by the Global COE Program, “The Next Generation of Physics, Spun
from Universality and Emergence” at Kyoto University. The authors thank Dr. H. Iida for his useful
arguments. H.S. is supported in part by the Grant for Scientiﬁc Research [(C) No. 19540287,
Priority Areas “New Hadrons” (E01:21105006)] from the Ministry of Education, Culture, Science,
and Technology (MEXT) of Japan. The lattice QCD calculations have been done on NEC-SX8 at
Osaka University.

References
[1] Y. Nambu, Phys. Rev. D10, 4262 (1974); S. Mandelstam, Phys. Rept. 23, 245 (1976);
G. ’t Hooft, Nucl. Phys. B190, 455 (1981).
[2] T. Kugo and I. Ojima, Suppl. Prog. Theor. Phys. 66, 1-130 (1979);
T. Kugo, Proc. of Int. Symp. on BRS Symmetry on the Occasion of Its 20th Anniversary, 107
[arXiv:hep-th/9511033].
[3] V. Gribov, Nucl. Phys. B139, 1 (1978).
[4] D. Zwanziger, Nucl. Phys. B518, 237 (1998).
[5] J. Greensite and S. Olejník, Phys. Rev. D67, 094503 (2003);
J. Greensite, S. Olejník, and D. Zwanziger, Phys. Rev. D69, 074506 (2004);
J. Greensite, Prog. Part. Nucl. Phys. 51, 1 (2003).
[6] T. Iritani, H. Suganuma, and H. Iida, Phys. Rev. D80, 114505 (2009);
H. Suganuma, T. Iritani, A. Yamamoto, and H. Iida, PoS (QCD-TNT09), 044 (2009)
[arXiv:hep-lat/0912.0437].
[7] C. Bernard, D. Murphy, A. Soni, and K. Yee, Nucl. Phys. B. (Proc. Suppl.) 17, 593 (1990);
C. Bernard, D. Murphy, and A. Soni, Nucl. Phys. B. (Proc. Suppl.) 20, 410 (1991).
[8] A. Nakamura and T. Saito, Prog. Theor. Phys. 115, 189 (2006).
[9] H. Suganuma, T.T. Takahashi, and H. Ichie, Color Conﬁnement and Hadrons in Quantum
Chromodynamics (World Scientiﬁc, Singapore, 2004), p.249;
T.T. Takahashi et al., Phys. Rev. D65, 114509 (2002); Phys. Rev. Lett. 86, 18 (2001).
[10] D. Zwanziger, Phys. Rev. Lett. 90, 102001 (2003).
[11] J. Greensite and C.B. Thorn, JHEP 02, 014 (2002).

7

PoS(Lattice 2010)277

describe hadron states in the Coulomb gauge.
For λC -gauge, the physical interquark potential Vphys (R) is approximately reproduced by the
instantaneous potential VλC (R). This physically means that all other complicated effects including
dynamical gluons and ghosts are approximately cancelled in the λC -gauge, and therefore we do
not need to introduce any redundant gluonic degrees of freedom. The absence of dynamical gluon
degrees of freedom would be a desired property for the quark model picture. The weak T -length
dependence of σλ (T ) around the λC -gauge (T -length stability) is also a suitable feature for the
potential model. In this way, as an interesting possibility, the λC -gauge is expected to be a useful
gauge in considering the linkage from QCD to the quark potential model.

