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1. Introduction

Although lattice calculations have given us much insigkd ihe non-perturbative regime of QCD,
a thorough understanding of infrared phenomena like comi@me and chiral symmetry breaking
has not been achieved yet by lattice calculations as evelaihest lattice calculations presently
available do not yet probe sufficiently deep into the infdarélence, in recent years there have
been many activities devoted to the non-perturbative studf the infrared sector of continuum
QCD. Among these are functional renormalization group (F8fiiations [1, 2] and the variational
approach to the Hamiltonian formulation of QCD [3, 4]. Ea@pmach has its own advantages
and drawbacks and by combining these approaches one cact éxggin new insights into the
theory, in particular into the non-perturbative regime.

My talk is devoted to the application of FRG flows to the Haomilan formulation of Yang-Mills
theory as put forward in [1]. First, to motivate the FRG sagdlil will briefly summarize some
essential results of the variational Hamiltonian approddten | will give a short general introduc-
tion to FRG equations and present the new flow equations famiktaian Yang-Mills theory in
Coulomb gauge together with their solutions for the gluod gimost propagators [1].

2. Summary of the variational approach to Hamiltonian Yang-Mills theory

In the variational approach to Yang-Mills theory in Coulomiduge developed in our group one
makes the following ansatz for the vacuum wave functionpl [4

1
V- s ( / AwA> 2.1)

where Def—DJ) is the Faddeev-Popov determinant ands a variational kernel, which is related
to the static gluon propagator by
(AA) = (2w) 7t (2.2)

and therefore has the meaning of the gluon energy. Minimi#ire vacuum energy density with
respect taw(p) [4] one finds the gluon propagator [5], shown in Fig. 1 togethigh lattice data
[6]. Both, the lattice data and the continuum solution caffitbed with Gribov’s formula

w(p) = + p? (2.3)

p2

with M ~ 860 MeV. At large momentav(p) ~ p, in accordance with asymptotic freedom, whereas
at small momentay(p) ~ 1/p, and this divergence shows the absence of gluons from theqathy
spectrum, also called gluon confinement. Fig. 2 shows thetdbom factord(p), defined by

((-Da) %) - 8. 2.4

obtained in the variational approach and on the lattice hénvariational approach one can show
that the infrared exponents of the ghost and gluon propegato

wp—0)~1/p*,  d(p—0)~1/pF, (2.5)
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Figure 1: Gluon propagator from the variational approach compared to lattice data

approach compared to lattice data

are related by a sum rule under the assumption of a trividihgcaf the ghost-gluon vertex [7],
a=2p3-1. (2.6)

Furthermore, assuming an infrared scaling behaviour oftfest form factor, i.eB > 0, one finds
two “critical” solutions

i) a=06, B=08 i) a=1, B=1. 2.7)

The latter results in a linearly rising quark potential shaw Fig. 3. However, sub-critical solu-
tionsd~1(0) # 0 do also exist [8]. Previous lattice calculations in Coutogauge seemed to yield
B = % However, these calculations were carried out on ratheil $attices. As one increases the
lattice size,3 seems to increase as well and recent lattice calculatidrar¢6at least compatible
with B = 1. In Coulomb gauge the inverse ghost form factor has beenrstmrepresent the di-
electric function of the Yang-Mills vacuum [94,(p) = d~*(p), and the so-called horizon condition
d=1(0) = 0 implies then that the Yang-Mills vacuum is a perfect dudbcsuperconductor.

The advantage of the Hamiltonian formulation is its closenaztion to physics. In the variational
approach one makes an ansatz for the unknown vacuum waviohadcwhich encodes all the
physics. This ansatz can be systematically improved tosviime full theory. The price to pay is
the apparent loss of renormalization group invariance kvhleeady complicates the discussion of
perturbative renormalization, but also the discussiorcalisg laws in the infrared.

3. FRG flow equation

Renormalization group invariance is naturally built-intive functional renormalization group ap-
proach to the Hamilton formulation of Yang-Mills theory whihence has the advantage of com-
bining renormalization group invariance with the physidaimiltonian picture.

The starting point of the FRG flow equation approach [2] is(flemormalized) generating func-

tional of Green’s functions ‘
z]j] = / 7 (3.1)



Hamiltonian Flow in Coulomb Gauge Yang-Mills Theory Hugo Reinhardt

where ¢ and j denote collectively all fields and sources. In the FRG appradj] is infrared
regulated by adding the regulator term

ASI9]= 30 R 9= [ 4R 32)

to the classical action,
zj] = / D¢ & SOI-DSIOI+i¢ — QW] (3.3)

The regulator functiof(p) is an effective momentum dependent mass with the properties

pl/lkrgoRk(p) >0, k/"FmORk(p) =0, (3.4)
which ensures thd(p) suppresses propagation of modes witfy k while those withp > k are
unaffected and the full theory at hand is recovered as theftgtalek is pushed to zero.

By taking the derivative of Eq. (3.3) with re-

spect to the (dimensionless) momentum cut-off s . . . . .

t = Ink/ko, one obtains the flow equation for 141 g
the generating functional of connected Green's *[ i
functions

10 B -

: 1OWk - OWK 1 . &62Wk

AW[j] = _55—1Rk5—1 — ETrRkﬁ
(3.5)

(where the dot denoteg). In practice, it is T —

usually more convenient to perform first the 2 : " " p o "

Legendre transform from the sourgeto the

classical field

N o N A O o
T
!

Figure 3: Static quark potential
SWK(j]

o= 5] (3.6)

resulting in the effective action
- 1
M) = (Wil + - @) jjuig — 59 R, (3.7)

wherejy[¢] is given by solving Eq. (3.6) foy. By taking the derivative of Eq. (3.7) w.rit=1Ink/ko
and using Eqg. (3.5) one derives Wetterich’s flow equatior for

1 1
OTkle] = 3Tr——— (3.8)
2 12 +Re
where 50
Manle] = 75@“". g% (3.9)

are the one-particle irreduciblepoint functions (proper vertices). The generic structofr¢he
flow equation (3.8) is independent of the details of the ulydey theory, i.e., of the explicit form
of the actionS¢|, but is a mere consequence of the form of the regulator ter®), (3., that it is
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quadratic in the field. By taking functional derivatives af.H3.8) one obtains the flow equations
for the (inverse) propagators and proper vertices. Fontloepoint function this equation reads

3
rt

1. 1 @ 3) 1
atrl((z) = “TrRy {_r + Mo+ 12| p———, (3.10)
127 o r|((2)+Rk 12 r|(<2)+Rk Wi r|((2)+Rk

where all cyclic indices (summed over in the trace) have Isegpressed.

4. Hamiltonian flow

In the Hamiltonian approach the generating functional afictcorrelation functions reads

Z[j) = (wlexp(j-9)lw) = [ 78Iw()Pexpli ). @.1)
where(¢|Y) = @] is the vacuum wave functional. With the identification
|W[]* = exp(—Si$)) , (4.2)

defining the classical actio§¢] in terms of the vacuum wave functiondl[¢], Eq. (4.1) has
precisely the standard form of a generating functional pixteat the functional integral extends
over time independent fields. Here we are interested in tmeilttanian flow of Yang-Mills theory
in Coulomb gauge whose generating functional reads

z[3) = / ZADet(—Da)| WAl [Zexp(d - A) | (4.3)

where the integration is over transversal gauge fialdad the Coulomb gauge condition has been
implemented by the usual Faddeev-Popov method. Repregeht Faddev-Popov determinant in
the standard fashion by ghost fieldsg,

Det(—Dd) = /90_.@ce‘fa"”)° (4.4)
the underlying action, cf. Eq. (4.2), reads

Si¢) =~ InjylA| + [ &-Da)c. (4.5)

The general flow equation (3.10) still holds provided tlpais interpreted as the superfietgl=
(A,c,c). The FRG flow equations for the gluon and ghost propagatersiagrammatically given
in Fig. 4.

5. Approximation schemes and numerical solution

The FRG flow equations embody an infinite tower of coupled tong for the flow of the prop-
agators and the proper vertices. These equations have tarmated to get a closed system. We
shall use the following truncation: we only keep the gluod ghost propagators, to wit

r@ _ p*
k,cc dk(p) ’

In addition, we keep the ghost-gluon vert‘q%&c—c, which we assume to be bare, i.e., we do not solve
its FRG flow equation. The above truncation removes the tadpagrams from Fig. 4. Moreover,
we shall assume infrared ghost dominance and discard ghoms| Then the flow equations of the

ghost and gluon propagator reduce to the ones shown in Fig. 5.

(5.1)
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Figure 4: Flow equations of the propagators. The spiral and dottesslimith black circles denote the
regularized gluon and ghost propagators at cutoff momeituespectively. White circles stand for proper

vertices at cutofk, a regulator insertioR, is represented by a square with a cross.
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Figure 5: Truncated propagator flow equations. The bare verticks=af\ are symbolized by small dots.

The flow equations in Fig. 5 are solved numer-
ically using the regulators le+04 ¢

Rak(P) = 2pr(p) , Rex(p) = p?ru(p) ,
kK2 p? (5.2)
)=o) - k]

1e+03
le+02
le+01 ¢

1e+00
and the perturbative initial conditions at the *%.5

N
large momentum scale= A, p let0d ™ Ter02 1e+ol<<) le-02

1le-04

da(p) =da =const, wn(p)=p+a. (5.3) Figure 6: Flow dy(p) of the ghost form factor.

With these initial conditions, the flow equations

for the ghost and gluon propagators are solved under theéragrtf infrared scaling for the ghost
form factor. The resulting full flow of the ghost dressing étion is shown in Fig. 6. As the IR
cut-off momentunk is decreased, the ghost form facthf p) (constant ak = A) builds up infrared
strength and the final solution kt= knyin is shown in Fig. 7 together with the one for the gluon
energyw,,,(p). It is seen that the IR exponents, i.e., the slopes of theesuly,.(p), W, (P)

do not change as the minimal cut-&f;, is lowered. Let us stress that we have assumed infrared
scaling of the ghost form factor but not the horizon conditid he latter was obtained from the
integration of the flow equation but not put in by hand (the edmalso true for the infrared
analysis of the Dyson-Schwinger equations following frdra variational Hamiltonian approach,
i.e., assuming scaling the DSEs yield the horizon conditiofhe infrared exponents extracted
from the numerical solutions of the flow equations are

a=028 B=064. (5.4)

They satisfy the sum rule (2.6) resulting from the DSE olgtdim the variational approach but are
smaller than the ones of the DSE, see Eq. (2.7). Moreoveprdgent approach allows to prove
the uniqueness of the sum rule (2.6) [1], analogously to thefpn Landau gauge [10].

Replacing the propagators with running cut-off momentualesc under the loop integrals of the

flow equation by the propagators of the full theory,

dk(p) — dk=0(P) , ak(P) — k=0(P) , (5.5)
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Figure 7: Inverse gluon propagatos and ghost form factad at three minimal cutoff valudgnin.

amounts to taking into account the tadpole diagrams [1]. nTthe flow equations can be ana-
Iytically integrated and turn precisely into the DSEs ofstg in the variational approach to the
Hamiltonian formulation of Yang-Mills theory [4], with eXipit UV regularization by subtraction.
This establishes the connection between these two ap@wantd highlights the inclusion of a
consistent UV renormalization procedure in the presentcami.

The above results encourage further studies, which insltieflow of the potential between static
color sources as well as dynamic quarks.
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