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1. Introduction

QCD is well established as theory of the strong interaction, and its pertuntihgory expan-
sion can be used to obtain quantitative predictions for observables in heggyeparticle colli-
sions. QCD effects are omnipresent in hadronic collisions, and a detaitkaisianding of QCD is
mandatory for the interpretation of collider data, for new physics seaamfor precision studies.
In this talk, | review the recent progress on applications of QCD at highggrcolliders.

2. Jetsand Event Shapes

Hadronic jets are the final state signatures of quark or gluon productipariitle collisions
at high energies. As such, they are important both as tool for precigsidies of QCD, and in
searches for new physics effects [1]. Jets are defined throughalygetthm (a measurement and
recombination prescription to reconstruct the jet momenta from measureitlirali hadron mo-
menta). Jet algorithms must fulfill infrared-safety criteria, i.e. the recocistd jet kinematics must
be insensitive to radiation of soft or collinear particles. Historically, twosgasof jet algorithms
were widely used at high energy colliders: cone-based algorithms apuesal recombination
algorithms. Cone-based algorithms allow an intuitive understanding of thajetsan be formu-
lated in an infrared-safe manner [2]. Recombination algorithms are lessvafiaid their slow
performance for a large number of final state particles was overcomeemdytly with the FastJet
implementation [3]. Variants of these algorithms differ in the distance measacetasdentify
neighboring momenta, it turns out the the so-called kntiecombination algorithm results in per-
fectly cone-shaped jets [4].

Much recent progress has been made recently in using jets as analisig teoconcept of the
jet catchment area [5] allows to obtain a geometrical interpretation of recatidsinalgorithms,
and to identify outside-jet regions, which can be used for underlyingtestedies. Aiming for
the reconstruction of highly boosted massive patrticles, the study of jetreghure [6] has proven
to be very promising. All decay products are first clustered in one faijebse substructure is
then resolved by lowering the resolution, resulting in a pronounced discdy once the particle
decay is resolved. As one of the first results obtained using this prageta reconstruction ofH
(a reaction that could not be observed with standard cut-based metheds the large standard
model background) final states appears to become feasible [7]. Mamyapplications are under
study.

Closely related to jet observables are event shapes, which charadterigeometrical prop-
erties of a hadronic final state. Distributions in several event shajsibles were measured very
extensively by LEP in view of precision studies of QCD. These results havide variety of appli-
cations, ranging from precision measurementagtests of resummation, study of hadronization
effects, and tuning of multi-purpose Monte Carlo event generators. adtom colliders, event
shapes were only studied little up to now, and their definition is more involvetbdihe restricted
final state region usually accessible in this environment. If defined dyppkeey can serve as
tools for model-independent searches [8], and may be complementaryofosirtvables [9]. An
extensive classification of event shapes at hadron colliders hasiiznvery recently [8].
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3. Multiparticle Production at NLO

The search for new physics signals at the CERN LHC will very often irezohwulti-particle
final states, consisting of numerous jets, leptons, photons and missirgy.eq@iite in general,
massive short-lived particles are detected through their decay sigsiadsrior example top quark
pair production, which was first observed in final states with four jetgptateand missing energy.

Meaningful searches for these signatures require not only a very guaticipation of the ex-
pected signal, but also of all standard model backgrounds yielding idéfitial state signatures.
Since leading-order calculations are affected by large uncertaintiesimtrmalization and their
kinematical dependence, it appears almost mandatory to include NLQtons which also al-
low to quantify the jet algorithm dependence, and effects of extra radidfmna long time, these
corrections were available only for at most three final state particles.

An NLO calculation of an-particle observable consists of two contributions: the virtual one-
loop correction to then-particle production process, and the real radiation contribution from the
(n+ 1)-particle production process. Both contributions are infrared diverged can be evalu-
ated numerically only after extracting the infrared divergent contributitoma the real radiation
process. Several well-established and widely used methods exist feagkigL0-17].

The evaluation of the one-loop multi-leg amplitudes poses a challenge in compléugy
to the large number of diagrams, and large number of different scalssmiyeand stability (due
to possible linear dependences among the external momenta). It hasiosanfkr long that any
one-loop amplitude can be expressed as a linear combination of one-lagnaist®ith at most four
external legs, plus a rational remainder. Enormous progress hasriasmin recent years in the
systematic computation of the one-loop integral coefficients and rational.t&¥tmiée previously
established Feynman-diagram based techniques for tensor redudafidoranfactor decomposi-
tion were successfully extended [18, 19] to multi-leg problems, a new @rsétechniques was
emerging from the use of unitarity and multi-particle cuts [20]. Using theseyriedoop integral
coefficients of an amplitude can be inferred [21-24] without evaluatiall @fidividual diagrams.
An extension of these ideas is made by performing the reduction at the imtdgreel in the OPP
method [25, 26]. The rational coefficients can be determined in the sameviiark by extending
the unitarity relations from four dimensions to higher-dimensional space-2ie2P].

Given the large number of different multi-particle final states of potentiakeésteto new
physics searches, an automation of NLO calculations is highly desiratdedBm existing multi-
purpose leading order matrix element generators, the implementation of tladiasion contri-
butions and their infrared subtraction terms is straightforward, and fasdezomplished in the
Sherpa [30], MadGraph [31-33] and Helac/Phegas [34] framesyakwell as in the form of in-
dependent libraries [35, 36], which complement already existing librarise MCFM [37, 38]
and NLOJET++ [39] packages. The automation of the virtual correciasmuch larger chal-
lenge, which is currently being accomplished in several program paskagsed on the various
available methods. A semi-numerical form factor decomposition is automated @oleen pack-
age [40]. Unitarity and multi-particle cuts are used in the BlackHat packébje 4nd the OPP
method is automated in CutTools [42]. NumeriBatimensional unitarity is applied in the Rocket
package [43] and the Samurai package [44]; it also forms the basevefa currently ongoing
implementations [45, 46].
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Figure 1: Transverse momentum distribution of the third-hardesnj@’ + 3j events at the Tevatron (left)
and the LHC (right) to LO and NLO. Figure taken from [73].

Several NLO calculations of 2> 3 reactions at hadron colliders were completed recently.
These include the production of two vector bosons and one jet [47eb62]Higgs boson and two
jets [53-56], ottZ [57], and of three vector bosons [58—62]. Of a similar kinematical type/ec-
tor boson fusion processes, which are computed to NLO accuracy inBR&IMO package [63].
The current frontier of complexity are NLO calculations 6£24 reactions. Several very important
processes of this type have been computed most recently.

An important channel for Higgs boson searches, and for subsedegmnminations of Yukawa
couplings, is the associated production of a Higgs with a heavy quarkdsariigair, with the Higgs
boson decaying intbb. The QCD background processes yieldit_tgﬁ final states were computed
recently to NLO [64—67], displaying moderate but non-constant QCBections, which show a
non-trivial dependence on the event selection cuts. A natural exteosithese calculations are
tt + 2j final states [68]. Extended Higgs sectors predict a sizable rate afiassbproduction with
bottom quark pairs, and the calculationbibb final states is in progress [69].

The final state signature of a vector boson and three hadronic jets isreléeant in generic
new physics searches. NLO correction$\b- 3j were obtained by two groups in the Rocket [70]
and in the Blackhat+Sherpa [71,72] framework. The correctiod8 03] were also obtained with
Blackhat+Sherpa [73]. For both observables, corrections are mtedend stabilize the QCD pre-
diction to the ten per cent level, required for precision phenomenolog@arabe seen in Figure 1
from [73]. Knowledge of the NLO corrections to these processes altoarsy phenomenological
studies, such as for example the stability of final state correlations [72Jryedturbative correc-
tions, and the optimal choice of scales in multi-scale processes [72—75psaing ofZ° + 3j is
the procesg™ e~ — 5j, which was measured at LEP. The NLO calculation of it is in progress.

4. Precision Observablesat NNLO

Few benchmark observables (e.g. jet cross sections, vector bosducpon, heavy quark
production) are measured experimentally to an accuracy of one pesrdegibw. For a theoretical
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interpretation of these observables, an NLO description (which has atyp&idual uncertainty

around ten per cent) is insufficient: extractions of fundamental parasrfesen these observables
would be limited by the theory uncertainty. For a meaningful interpretation gktbbservables,

NNLO corrections are mandatory. Likewise, NNLO corrections areireddor a reliable descrip-

tion of observables with potentially large perturbative corrections, like Higg®n production.

The calculation of NNLO corrections to arparticle final state requires three ingredients: the
two-loop matrix elements for the-particle production, the one-loop matrix elements for (the-
1)-particle production and the tree-level matrix elementgifor 2)-particle production. The latter
two contributions develop infrared singularities if one or two particles becswfteor collinear,
requiring a subtraction method to extract these infrared poles, which emectimbined with the
virtual corrections to yield a finite prediction. The two major challenges of BNklculations are
the two-loop matrix elements and the handling of the real radiation at NNLO. bgvwiptwo types
of approaches to real radiation have been applied in NNLO calculatiomschfsive observables.
The sector decomposition method [76—78] is based on a systematic expandistnibutions, fol-
lowed by numerical integration over many different small phase spaterseSubtraction meth-
ods search to approximate the full real radiation contribution by subtraetiors in all unresolved
limits; these terms are then integrated analytically. While many subtraction metheelHéan
worked out at NLO, only two methods have so far yielded results at NNh®antenna subtrac-
tion method [79] for processesd@ie annihilation, and ther-subtraction [80] for hadron collider
processes in specific kinematic configurations. Alternative approacbesder intensive develop-
ment [81-83]. A combination of subtraction with sector decomposition [84]imaég/the potential
to become a general multi-purpose method.

The dominant Higgs boson production process is gluon fusion, mediataagthea top quark
loop. This process has been computed (in the infinite top mass limit) to NNLOasgcur a
fully exclusive form including the Higgs boson decay, i.e. allowing foiiteaby infrared-safe final
state cuts, both using sector decomposition [85-87] and ugirgubtraction [88, 89]. These re-
sults can be directly applied to the Higgs boson search at the Tevatrau ®as neural network
combination of many different kinematical distributions [90]. Finite top massceffat NNLO
were derived most recently [91-93] for the inclusive gluon fusiorsemection. At this level of
precision, mixed QCD and electroweak corrections [94] become equallyriamio The gluon fu-
sion reaction can be mediated through loops involving any type of massaedamrged particles,
thereby offering an indirect constraint on physics beyond the stdndadel, such as supersym-
metric particles [95—-99], extra heavy quark families [100] or color-catatars [101].

Another very promising Higgs discovery channel is vector boson fusibime factorizable
NNLO corrections to the inclusive cross section for this process arelgloslated to inclusive
deep inelastic scattering. They were computed very recently [102], amdwtito be rather small,
resulting in a high theoretical stability of the prediction. This channel carghally sensitive on
supersymmetric contributions [103].

Fully exclusive NNLO corrections to vector boson production have iygoeen derived using
sector decomposition [104,105] and with-subtraction [106], including the leptonic vector boson
decay. Observables derived from vector boson production ayem@ortant for precision studies
of the electroweak interaction, and for the determination of the quark distnifsuin the proton.
Using the newly obtained results, the NNLO corrections (and their uncsftéirthe lepton charge
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Figure 2: Lepton charge asymmetry at the Tevatron at NLO and NNLO, @etgpto CDF data. Figure
taken from [107].

asymmetry [107] can be quantified, see Figure 2, and this observabbecamsistently included
into NNLO fits of parton distributions.

Jet production observables have been computed to NNLO onlg'fer annihilation up to
now. Two implementations of the NNLO correctionsebe™ — 3j and related observables are
available [108-115], both based on antenna subtraction. The magnituble BINLO correc-
tions differs substantially between different event shape obseryab&hsding these new NNLO
corrections, LEP data on event shapes and jet cross sections \waedymed in view of an im-
proved determination of the strong coupling constant. In general, an iegamnsistency among
different observables was observed. To use measurements oveteadexl kinematical range,
resummation of large logarithmic corrections in the two-jet limit is needed. Thisaitable to
next-to-leading logarithmic accuracy (NLLA) for all shape variables[117], and to RLLA for
thrust [118, 119] and heavy jet mass [120] distributions. The by-now lii@ctor in precision
physics with event shape observablesfie~ annihilation is the description of the parton-to-hadron
transition (hadronization), which was previously modeled from partowshbased event genera-
tors. Substantial differences are observed between the LEP-grapr®and more modern genera-
tors, and to analytic approaches to hadronization, based on the shaperidormalism [118-120]
and on a dispersive model [121-123]. The recent determinations sfritrey coupling constant
from event shapes and jet cross sections at NNLO [118-120, 2ZBafle summarized in Figure 3.
Electroweak NLO corrections to jet observables [128-130] are poligrifathe same numerical
importance as NNLO QCD corrections, and could be included in future studie

In view of the very precise jet production data from HERA [131, 132] #re Tevatron [133,
134], the derivation of NNLO corrections to jet cross sections in hadroallisions is of high
priority. The relevant two-loop matrix elements for hadronic collisions andiéep inelastic scat-
tering [135] are known for some time already, and substantial progrdssirig made to extend
the antenna subtraction method to include hadrons in the initial state. The fuap8oning of
this method on thgg — 4g subprocess to hadronic dijet production has been demonstrated [136]
most recently. The integrated forms of all antenna functions have beediéor one parton in
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Figure 3: Determinations ofxs from event shapes and jet cross sections'ia~ annihilation at NNLO,
compared to the Particle Data Group world average. Expetiherrors are indicated in black, theoretical
errors in blue.

the initial state [137], the case of two initial state partons [138] is work in @sg

The large number of top quark pairs expected to be produced at the LiH&8llew for pre-
cision top quark studies, requiring NNLO accuracy on the theoretical Side relevant two-loop
matrix elements were first derived in the high energy limit [139,140]. Tlaetex] — tt matrix ele-
ment is known numerically [141], substantial parts of it have been cordiby@n analytic calcula-
tion [142,143]. The one-loop self-interference contributions aralgknown [144-146] The ma-
trix elements with one and two extra partons form part oftthe j production at NLO [147-149].
Methods to handle real radiation at NNLO in the presence of massive agsjare currently un-
der intensive development. Generalizing the subtraction method of [10] tdON&d numerically
integrating the relevant subtraction terms using sector decomposition [84ymnage a powerful
method by combining the virtues of both approaches.

5. Parton Distributions

The parton distribution functions in the proton are a crucial ingredient ihaalfon collider
cross sections. They are determined (at LO, NLO or NNLO) from gléitea[150] to a variety
of data sets from fixed target experiments, from HERA and from thet@va On the theory
side, the parton distribution fits require the DGLAP splitting functions (whictego the scale
evolution of the parton distributions, and are known to NNLO [151, 1524) eoefficient functions
for each process considered in the global fit. These coefficientifunscare known to NNLO for
inclusive DIS [153], the Drell-Yan process [105] and for heavyrguaoduction in DIS [154], but
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only to NLO for jet production observables. The fit procedure mustrjmm@ate experimental and
theoretical errors in a consistent manner.

Global fits of parton distributions are performed by various collaboratiaith slight dif-
ferences in the methodology [150]. Recent sets of parton distributienf@n MSTW [155],
CTEQ [156], JR [157], NNPDF [158] and ABKM [159]. A comparisofthem shows that the
quark distributions are known rather precisely at laxgerhile the gluon distribution is uncertain
to within ten per cent at large and systematic differences between the fits exist within errors. For
small values ok < 103, uncertainties on the distributions become very large.

6. Infrared Structure and Resummation

The perturbative expansion of QCD observables in the strong coupimgtant is reliable if
only a single hard scale is present, it becomes problematic for obsendspending on several
hard scales, leading to large logarithmic corrections at all orders. Ie ta®s, a rearrangement
of the perturbative series by means of a resummation of large logarithmexctiorrs often appears
more suitable.

Resummation of leading logarithmic corrections is accomplished by eventagersef160]
based on parton showers, initially based on leading order calculatiorteniBaowers can be com-
bined with fixed order NLO calculations in the MC@NLO [161] or the POWHHBEGZ] approach.
The MC@NLO event generator already covers a large number of fiffgarocesses, wit*t
production [163] andd*t production [164] among the most recent additions. Within POWHEG,
single top production [165] and Higgs production in vector boson fusiég]were accomplished
most recently. The POWHEG box [167] provides users with a framewarkriplementing exist-
ing NLO calculations in this framework.

A detailed understanding of the infrared structure of QCD can be gaingdthe observation
that infrared poles in loop amplitudes translate into large logarithms in realticadjgrocesses
and vice versa. This relation can be applied successfully in both directionexample to pre-
dict infrared poles at two loops from resummation [168, 169] and to eXegex resummation
constants [170] from the poles of the QCD form factors. By relating thraiiafl poles in QCD to
ultraviolet poles in soft-collinear effective theory (SCET) [171], it bees possible to express the
infrared pole structure of QCD amplitudes by a multiplicative renormalization BTSBased on
constraints [172,173] and symmetry arguments, it becomes possible totcoajthat the infrared
pole structure of massless QCD multi-loop amplitudes is uniquely determined]13Rby the
cusp anomalous dimension and the collinear anomalous dimensions of thekpéetitles.

The resummed description of an observable consists [176, 177] ofdacbafficient, a soft
function, jet functions containing final state collinear radiation and paritritsitions containing
initial state collinear radiation. In SCET [171], each of these elements is idehtifth an operator
or a non-local function. The resummation [178,179] then proceedsimpuating their anomalous
dimensions and solving the respective evolution equations. First applisafddCET-based re-
summation are the thrust [118, 119] and heavy jet mass [120] distributiogiseinannihilation,
the inclusive Drell-Yan and Higgs production [178, 180] and inclusilietpn production [181].
This topic is currently under fast development, any many yet open islkesget production and
radiation off incoming partons [182, 183] are being addressed.
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Figure 4: Top quark invariant mass distribution at the Tevatron indixeder expansion (left) and resum-
mation (right). Figure taken from [190].

Many of the constraints used to obtain the all-order conjecture for ma€3@dsamplitudes
do not apply in the presence of particle masses. Consequently, the poieistrof massive am-
plitudes is more involved; in particular, it contains multi-particle correlationgd]1&hich were
absent in the massless case. Only recently, a prediction of the infraieitpdwo-loop order has
been accomplished [184,185]. With these results, the resummation of theadppair production
cross section to third logarithmic order (NNLL) could be completed. While domtic@ntributions
at this order were known for some time [186, 187] the full correction teen obtained now in
two approaches: based massive soft anomalous dimensions [18&rBBY using SCET [190].
Thett invariant mass distribution is compared in fixed order and resummed expansiwgure 4,
taken from [190]. It can be seen that the resummation has only moderatrioal impact on the
central value, but results in a substantial reduction of the scale undgrtBy1expanding the re-
summed results to fixed order, one can in turn approximate the NNLO comsd¢tighe top quark
production cross section [186,191,192].

7. Multi-loop Results

Several reasons motivate the derivation of perturbative correcti@mskEyond NNLO. Such
theoretical accuracy is required to describe very precisely measueadities (like sum rules or
total decay rates) or for processes with a very slowly converging nhative series. Moreover,
these corrections allow insight into the infrared structure of QCD at higkrer and determine
resummation coefficients.

The current frontier of complexity for QCD loop amplitudes are-2l processes at one loop,
2 — 2 processes at two loops2 2 processes at three loops and-11 processes at four loops.
Various innovative techniques have allowed substantial progress onloagtiQCD calculations
in recent times: a substantial reduction of complexity is achieved by redtioenarge number
of integrals appearing in a calculation to a small number of master integralsphgitarg linear
relations among the integrals [193]. Various techniques have proveessfal in the derivation
of these master integrals: for example the Mellin-Barnes transformation 1994, differential
equations [196-199] in masses and momenta, and the sector decompositiiguec[76, 200].
The reduction to master integrals is usually based on a lexicographic @yqérenLaporta algo-
rithm [201]). Implementations of this algorithm are available in several compilgebra frame-
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works: the AIR package [202] in Maple, the FIRE package [203] in Mathtica, and the Reduze
package [204] as a stand-alone C++ implementation based on Ginac and CLN

The Mellin-Barnes method allows to express master integrals in a systematicn{z0sjen
a form suitable for analytical or numerical evaluation. Recent resultsnatotavith this method
include the massless three-loop QCD form factor integrals [206—208hth&n very successful
method is the glue-and-cut technique, which exploits relations among topdlpgiirent mas-
ter integrals. It recently led to the derivation of the four-loop propagataster integrals [209].
Many of these results were validated independently [210] using the sgetomposition tech-
nique.

The quark and gluon form factors are the simplest infrared-divémjgjects in QCD. They
allow the determination of resummation coefficients and enter benchmark reatike Drell-
Yan and Higgs production. They were recently computed to three loods 222]. The static
QCD potential formed by an infinitely heavy quark-antiquark pair is an impoitegredient in
the determination of heavy quark masses from sum rules, and in the diescaptop quark pair
production at threshold. It was computed at three-loop accuracy ewsttty [213,214].

Many important observables can be expressed as two-point functmasdecay rates, sum
rules and moments of structure functions. Massless two-point functiores ettained recently
at four loops. Among the results derived in this context are the hadRratio and ther-decay
rate [215], which allow some of the most accurate determinations of the stouding constant:
as(Mz)r = 0.1190+ 0.0026 andas(Mz); = 0.12024+0.0019. Most recent results [216] are the
polarized Bjorken sum rule, the Adler function and the Crewther relation.

8. Conclusions

QCD is crucial for the success of the LHC physics programme in undéistasignals and
backgrounds, knowing parton distribution functions, and using jets asult shapes as analysis
tools. Particle theory is getting ready for this challenge on many frontiers: imitinoved jet
algorithms and event shape definitions, with an enormous progress orcélt@ations for multi-
leg final states, with first NNLO results for precision observables, wittraarging understanding
of the all-order structure of infrared singularities, and with landmarkltesu three loops and
beyond.
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