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TMD parametrizations
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1. Sivers function extraction from polarized SIDIS data

Data on the transverse single spin asymmetry Asin(φh−φS)
UT for polarized SIDIS processes col-

lected by the HERMES [1] and COMPASS [2, 3] collaborations allowed us [4] to extract the Sivers
distribution functions [5]. The asymmetry Asin(φh−φS)

UT can be written as:

Asin(φh−φS)
UT =

∑
q

∫
dφS dφh d2kkk⊥∆

N fq/p↑(x,k⊥)sin(ϕ−φS)
dσ̂ `q→`q

dQ2 Dh
q(z, p⊥)sin(φh−φS)

∑
q

∫
dφS dφh d2kkk⊥ fq/p(x,k⊥)

dσ̂ `q→`q

dQ2 Dh
q(z, p⊥)

, (1.1)

where φS and φh are the azimuthal angles identifying the directions of the proton spin SSS and of the
outgoing hadron h in the γ∗p c.m. frame w.r.t. the leptonic plane; ϕ defines the direction of the
incoming (and outgoing) quark transverse momentum, kkk⊥ = k⊥(cosϕ,sinϕ,0); fq/p(x,k⊥) is the
unpolarized x and k⊥ dependent parton distribution function (PDF); dσ̂ `q→`q/dQ2 is the unpolar-
ized cross section for the elementary scattering `q→ `q; Dh

q(z, p⊥) is the fragmentation function
(FF) describing the hadronization of the final quark q into the detected hadron h with a light-cone
momentum fraction z and a transverse momentum ppp⊥ with respect to the fragmenting quark; fi-
nally, ∆N fq/p↑(x,k⊥) is the Sivers function, parametrized in terms of the unpolarized distribution
function as:

∆
N fq/p↑(x,k⊥) =−2k⊥

MN
f⊥1T (x,k⊥) = 2Nq(x)h(k⊥) fq/p(x,k⊥) , (1.2)

with Nq(x) = Nq xαq(1− x)β
(αq +β )(αq+β )

α
αq
q β β

, h(k⊥) =
√

2e
k⊥
M1

e−k2
⊥/M2

1 , (1.3)

where Nq ∈ [−1,1], αq, β and M1 (GeV/c) are free parameters to be determined by fitting the
experimental data. MN is the nucleon mass and f⊥1T (x,k⊥) is the Sivers function in the Amsterdam
notation [6]. For the unpolarized PDFs and FFs, we adopt a factorized Gaussian form

fq/p(x,k⊥) = fq(x)
1

π〈k2
⊥〉

e−k2
⊥/〈k2

⊥〉 , Dh
q(z, p⊥) = Dh

q(z)
1

π〈p2
⊥〉

e−p2
⊥/〈p2

⊥〉 , (1.4)

with 〈k2
⊥〉 = 0.25 (GeV/c)2 and 〈p2

⊥〉 = 0.20 (GeV/c)2 as found in Ref. [7]. Collinear PDFs are
taken at Leading Order (LO) as in Ref. [8] while for the FFs we used the DSS set [9].

We fitted the four experimental data sets on Asin(φh−φS)
UT , corresponding to pion and kaon pro-

duction at HERMES [1] and COMPASS [2] with 11 free parameters. We obtain a good description
of the data with a χ2/d.o. f . = 1.00. The best fit values of the parameters can be found in Table I.

2. Transversity and Collins functions from SIDIS and e+e− data

A combined fit of SIDIS asymmetries Asin(φh+φS)
UT together with e+e− → h1h2X data allowed

the simultaneous extraction of the transversity distribution and the Collins fragmentation func-
tions [10]. The azimuthal asymmetry Asin(φh+φS)

UT is proportional to the convolution of the transver-
sity and the Collins functions:

Asin(φh+φS)
UT ∝

∑q e2
q ∆T q(x,k⊥)⊗∆NDh/q↑(z, p⊥)

∑q e2
q fq/p(x,k⊥)⊗Dh/q(z, p⊥)

, (2.1)
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Nu = 0.35+0.08
−0.08 Nd =−0.90+0.43

−0.10 Ns =−0.24+0.62
−0.50

Nū = 0.04+0.22
−0.24 Nd̄ =−0.40+0.33

−0.44 Ns̄ = 1+0
−0.0001

αu = 0.73+0.72
−0.58 αd = 1.08+0.82

−0.65 αsea = 0.79+0.56
−0.47

β = 3.46+4.87
−2.90 M2

1 = 0.34+0.30
−0.16 (GeV/c)2

Table 1: Best values of the free parameters for the Sivers function extraction. The errors are determined
according to the procedure explained in Appendix A of Ref. [4].

where ⊗ stands for a convolution on the transverse momenta; ∆T q(x,k⊥) and ∆NDh/q↑(z, p⊥) are,
respectively, the transversity and the Collins functions. For the analysis of the Belle data, we used
the so called “cos(ϕ1 +ϕ2) method”in the Collins-Soper frame where the jet thrust axis is used as
the ẑ direction and the e+e−→ qq̄ scattering defines the x̂z plane (for details see Refs. [11, 12, 13]).
We define the quantity A as:

A(z1,z2,θ ,ϕ1 +ϕ2) = 1+
1
4

sin2
θ

1+ cos2 θ
cos(ϕ1 +ϕ2)

∑q e2
q ∆NDh1/q↑(z1)∆NDh2/q̄↑(z2)

∑q e2
qDh1/q(z1)Dh2/q̄(z2)

, (2.2)

where θ is the angle between the lepton beam direction and the thrust axis and

∆
NDh/q↑(z)≡

∫
d2 ppp⊥∆

NDh/q↑(z, p⊥) . (2.3)

Unpolarized PDFs and fragmentation functions are taken as in the previous section. For fitting
purposes, we define favoured and unfavoured fragmentation functions,

Dπ+/u,d̄ = Dπ−/d,ū ≡ Dfav , Dπ+/d,ū = Dπ−/u,d̄ = Dπ±/s,s̄ ≡ Dunf, (2.4)

and similarly for the ∆ND’s. For the transversity distribution and the Collins function we adopt the
following parametrization [12]:

∆T q(x,k⊥) =
1
2
N T

q (x) [ fq/p(x)+∆q(x)]
e−k2

⊥/〈k2
⊥〉T

π〈k2
⊥〉T

(2.5)

∆
NDh/q↑(z, p⊥)≡ p⊥

zMh
H⊥1 (z, p⊥) = 2N C

q (z)Dh/q(z)h(p⊥)
e−p2

⊥/〈p2
⊥〉

π〈p2
⊥〉

, (2.6)

with

N T
q (x) = NT

q xα(1− x)β (α +β )(α+β )

ααβ β
, (2.7)

N C
q (z) = NC

q zγ(1− z)δ (γ +δ )(γ+δ )

γγδ δ
, h(p⊥) =

√
2e

p⊥
M′h

e−p2
⊥/M′2h , (2.8)

and −1 ≤ NT
q ≤ 1, −1 ≤ NC

q ≤ 1. In Eq. (2.6) Mh is the mass of the produced hadron while H⊥1
denotes the Collins function in the Amsterdam notation. We assume 〈k2

⊥〉T = 〈k2
⊥〉. The helicity

distributions ∆q(x) are taken from Ref. [14]. We take into account, at LO, the QCD evolution of
the transversity distribution. For the Collins FF, ∆NDh/q↑ , as its scale dependence is unknown, we
tentatively assume the same Q2 evolution as for the unpolarized FF, Dh/q.

We analysed the data released by the HERMES [1] and COMPASS [3] Collaborations for
SIDIS, and by the Belle Collaboration [13] for e+e− annihilation processes. We fitted data with 9
free parameters obtaining χ2/d.o.f. = 1.3 [12]. The best fit parameters can be found in Table II.
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NT
u = 0.64±0.34 NT

d = −1.00±0.02 NC
f av = 0.44±0.07 NC

un f = −1.00±0.06

α = 0.73±0.51 β = 0.84±2.30 γ = 0.96±0.08 δ = 0.01±0.05

M′2h = 0.91±0.52 GeV2

Table 2: Best values of the free parameters for the u and d transversity distribution functions and for the
favoured and unfavoured Collins fragmentation functions [12].

3. Boer-Mulders function from unpolarized SIDIS data

In Ref. [15] we performed an analysis of the cos2φ asymmetry recently measured by the
COMPASS [16] and HERMES [17] collaborations in unpolarized SIDIS. At leading-twist the only
k⊥-dependent term contributing to the cos2φ asymmetry contains the Boer-Mulders distribution
h⊥1 coupled to the Collins fragmentation function H⊥1 of the produced hadron. This contribution to
the cross section is given by [6]

d5σ
(0)
BM

dxdydzd2PPPT

∣∣∣∣∣
cos2φ

=
4πα2

ems
Q4 ∑

q
e2

q x(1− y)
∫

d2kkk⊥
∫

d2 ppp⊥ δ
2(PPPT − zkkk⊥− ppp⊥)

× 2hhh · kkk⊥ hhh · ppp⊥− kkk⊥ · ppp⊥
zMNMh

h⊥q
1 (x,k2

⊥)H⊥q
1 (z, p2

⊥) cos2φ , (3.1)

where hhh ≡ PPPT /PT . Other contributions to the cos2φ asymmetry come from twist-4 effects. Here
we will consider only the twist-4 Cahn contribution. It has the form

d5σ
(0)
C

dxdydzd2PPPT

∣∣∣∣∣
cos2φ

=
8πα2

ems
Q4 ∑

q
e2

q x(1− y)
∫

d2kkk⊥
∫

d2 ppp⊥ δ
2(PPPT − zkkk⊥− ppp⊥)

× 2(kkk⊥ ·hhh)2− kkk2
⊥

Q2 f q
1 (x,k2

⊥)Dq
1(z, p2

⊥) cos2φ . (3.2)

Notice that the Cahn term is only a part of the complete, still unknown, twist-4 contribution.
The asymmetry determined experimentally is defined as

Acos2φ ≡ 2〈cos2φ〉= 2
∫

dσ cos2φ∫
dσ

. (3.3)

The available data on 〈cos2φ〉 do not allow a full extraction of the Boer-Mulders function.
Thus we simply take h⊥1 to be proportional to the Sivers function f⊥1T , h⊥q

1 (x,k2
⊥) = λq f⊥q

1T (x,k2
⊥) ,

with a coefficient λq to be fitted to the data. The Sivers functions are taken from Ref. [4], see also
Sec. 1. Unpolarized PDFs and FFs are taken as in Sec. 1. Fitting the HERMES and COMPASS
data we found the following values for the coefficients λu and λd :

λu = 2.0±0.1 , λd =−1.111±0.001 (3.4)

This implies that h⊥u
1 and h⊥d

1 are both negative. The χ2 per degree of freedom of our fit is
χ2/d.o. f . = 3.73. The quality of the description reflects our knowledge of the underlying Cahn
mechanism, in particular of the dependence of 〈k2

⊥〉 and 〈p2
⊥〉 on x and z. More experimental

information is needed to unravel this dependence. At present, the quality is good enough to draw
some preliminary conclusion on the sign and the approximate size of the Boer-Mulders functions,
which appear to be compatible with the theoretical expectations.
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