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1. Experimental facts

Experiments on neutrino oscillations, which measure difiees of squared masses and mix-
ing angles [1], [2] have established that neutrinos have ssma@wo distinct oscillation frequen-
cies have been first measured in solar and atmospheric mewiscillations and later confirmed
by experiments on earth, like KamLAND, K2K and MINOS. A sifjearresponding to a third
mass difference was claimed by the LSND experiment (witinaatrinos) but not confirmed by
KARMEN. More recently MiniBooNE [3] has reported some p&dsisupporting evidence for the
LSND effect in their antineutrino run while no oscillationébserved in the neutrino run. Two well
separated differences need at least three different neutrass eigenstates involved in oscillations
so that the three known neutrino species can be sufficierdgn Bhleast twa’'s must be massive
while, in principle, the third one could still be masslessieTexistence of a third oscillation fre-
quency would imply the need for additional sterile neutsirfoe. with no weak interactions, as
any new light active neutrino was excluded by LEP) or CPTatioh (as, in this case, the masses
of neutrinos and antineutrinos can be different). The MouRE experiment is continuing to take
data and it is very interesting to see whether the hint forva inequency will be confirmed. In
the following we will assume the simplest picture with no neeaguency, three active neutrinos,
no sterile neutrinos and CPT invariance. The mass eigesstatolved in solar oscillations ang
andmy and, by definition|my| > |my|, so thatAmg,,,= |my|?> — |my|2 > 0. The atmospheric neu-
trino oscillations involvemg: AmZ,, = |Am3,| with Am3, = |mg|? — [my|? either positive (normal
hierarchy) or negative (inverse hierarchy). The presetda dee still compatible with both cases.
The degenerate spectrum occurs when the average absdugefthe masses is much larger than
all mass squared differencelsni|? >> |Am?,|. With the standard set of notations and definitions
[1] the present data are summarised in Table(1).

Quantity ref. [4] ref. [5]
AmE,, (10 °eV?) [ 7677035 | 7.590%
A, (102 eV?) | 2397058 | 2407017

Si? 61 0.312°35313 | 03183512
Sin? 23 0.466'00% | 0.50'00¢
Sint 613 0.016+0.010 | 0.0133913

Table 1. Fits to neutrino oscillation data.

Oscillation experiments do not provide information abdwe absolute neutrino mass scale.
Limits on that are obtained [1] from the endpoint of the tiiti beta decay spectrum, from cosmol-
ogy and from neutrinoless double beta decay3@). From tritium we have an absolute upper limit
of 2.2 eV (at 95% C.L.) on the mass of electron antineutrinbicty, combined with the observed
oscillation frequencies under the assumption of three @ParHant light neutrinos, also amounts
to an upper bound on the masses of the other active neut@aaplementary information on the
sum of neutrino masses is also provided by the galaxy powestgspn combined with measure-
ments of the cosmic microwave background anisotropiesoisiicg to recent analyses of the most
reliable data [6]y; |m;| < 0.60+-0.75 eV (at 95% C.L.) depending on the retained data (the number
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for the sum has to be divided by 3 in order to obtain a limit aniass of each neutrino). The dis-
covery of B3 decay would be very important because it would establistofepumber violation
and the Majorana nature ofs, and provide direct information on the absolute scaleeaftrino
masses. The present limit fronvB (with large ambiguities from nuclear matrix elements) is
about|me¢ < (0.3+0.8) eV [6] (see eq. (3.1)).

2. Majorana Neutrinos and the See-Saw M echanism

Given that neutrino masses are certainly extremely sntadl really difficult from the theory
point of view to avoid the conclusion that the lepton numberonservation is probably violated
and thatv’s are Majorana fermions. In this case the smallness of meutnasses can naturally be
explained as inversely proportional to the very large sedilere L conservation is violated, of the
order of the grand unification scaldgyt or maybe, for the lightest among them, the Planck scale
Mp [7]. If neutrinos are Majorana patrticles, their massesdriasm the generic dimension-five non
renormalizable operator of the form:

(HDTA(HD; o

O5: M )

(2.1)
with H being the ordinary Higgs doubldi,the SU(2) lepton doubletg, a matrix in flavour space,
M a large scale of mass and a charge conjugation matbetween the lepton fields is understood.

Neutrino masses generated @y are of the ordem, ~ v?/M for Ajj ~ O(1), wherev ~
O(100 GeV is the vacuum expectation value of the ordinary Higgs. Indimeplest case the
exchanged particle is the right-handed (RH) neutwfida gauge singlet fermion here described
through its charge conjugate field), and the resulting meutmass matrix reads (type | see-saw
[7]):

my =myMmp . (2.2)

wheremp andM denote the Dirac neutrino mass matrix (defined/8smpv) and the Majorana
mass matrix of/¢ (defined asv°"Mv°), respectively. As one sees, the light neutrino masses are
guadratic in the Dirac masses and inversely proportion#héodarge Majorana mass. Foy, ~
V/AMg, ~ 0.05 eV andm, ~ m3 /M with mp ~ v~ 200 GeV we findM ~ 10'° GeV which
indeed is an impressive indication that the scale for leptomber violation is close tMgyT.
Thus probably neutrino masses are a probe into the physasMg;t. This argument, in my
opinion, strongly discourages models where neutrino nseeagegenerated near the weak scale and
are suppressed by some special mechanism.

3. Importance of Neutrinoless Double Beta Decay

Oscillation experiments cannot distinguish between Déradt Majorana neutrinos. The detec-
tion of neutrino-less double beta decay would provide diesidence ofL non conservation, and
the Majorana nature of neutrinos. It would also offer a wapdesibly disentangle the 3 cases of
degenerate, normal or inverse hierachy neutrino spectitna.quantity which is bound by exper-
iments on @B is the 11 entry of th& mass matrix, which in general, from, = U*mdiagUT, is
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Figurel: A plot [8] of meein eV, the quantity measured in neutrino-less double betayeiven in eq.(3.1),
versus the lightest neutrino masg, also in eV. The upper (lower) band is for inverse (normady&ichy.

given by :

IMed = [(1—SZ3) (MuCE, + Mpsky) + Me? ¥y (3.1)

wheremy » are complex masses (including Majorana phases) whilean be taken as real and
positive andp is theUpyns phase measurable from CP violation in oscillation expenitsieStart-
ing from this general formula it is simple to derive the bosifior degenerate, inverse hierarchy or
normal hierarchy mass patterns shown in Fig.1 [8].

In the next few years a new generation of experiments wilteslarger sensitivity onw33
by about an order of magnitude. If these experiments wilkoles a signal this would indicate that
the inverse hierarchy is realized, if not, then the normatdrchy case remains a possibility.

4. Baryogenesisvia L eptogenesis from Heavy v¢ Decay

In the Universe we observe an apparent excess of baryonsiatilearyons. It is appealing that
one can explain the observed baryon asymmetry by dynamicéiten (baryogenesis) starting
from an initial state of the Universe with zero baryon numliser baryogenesis one needs the three
famous Sakharov conditions: B violation, CP violation andimermal equilibrium. In the history
of the Universe these necessary requirements have possblyred at different epochs. Note
however that the asymmetry generated during one epoch bewddased in following epochs if not
protected by some dynamical reason. In principle theseittons could be fulfilled in the SM at
the electroweak phase transition. In fact, when KT is of tiieoof the weak scale, B conservation
is violated by instantons (but B-L is conserved), CP symynistviolated by the CKM phase and
sufficiently marked out-of- equilibrium conditions coulé bealized during the electroweak phase
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transition. So the conditions for baryogenesis at the wealesn the SM superficially appear to
be present. However, a more quantitative analysis [9] shibatsbaryogenesis is not possible in
the SM because there is not enough CP violation and the praassition is not sufficiently strong
first order, unless the Higgs mass is below a bound which byie@axcluded by LEP. In SUSY
extensions of the SM, in particular in the MSSM, there ardtamdhl sources of CP violation and
the bound onmy is modified but also this possibility has by now become at bestgyinal after the
results from LEP2.

If baryogenesis at the weak scale is excluded by the data iboeur at or just below the GUT
scale, after inflation. But only that part witB — L | > 0 would survive and not be erased at the weak
scale by instanton effects. Thus baryogenesisTat- 101 — 10'° GeV needs B-L violation and
this is also needed to allom, if neutrinos are Majorana particles. The two effects codddated
if baryogenesis arises from leptogenesis then convertedbaryogenesis by instantons [10]. The
decays of heavy Majorana neutrinos (the heavy eigenstéatiae see-saw mechanism) happen with
violation of lepton number L, hence also of B-L and can welbine a sufficient amount of dCP
violation. Recent results on neutrino masses are compatiibh this elegant possibility. Thus the
case of baryogenesis through leptogenesis has been bbydies recent results on neutrinos.

5. Models of Neutrino Mixing

By now, after KamLAND, SNO and the upper limits on the absehdlue of neutrino masses,
not too much hierarchy in the spectrum of neutrinos is indddy experiments:

r= AI’T€0|/AI’T1gtm ~1/30. (5.1)

Preciselyr = 0.03275.5%¢ at 30°s [4, 5]. Thus, for a hierarchical spectrummp/mg ~ /f ~ 0.2,
which is comparable to the Cabibbo angte~ 0.22 or ,/m,/m; ~ 0.24. This suggests that the
same hierarchy parameter (raised to powers with o(1) exgenenay apply for quark, charged
lepton and neutrino mass matrices. This in turn indicates tin the absence of some special
dynamical reason, we do not expect quantities Bikg or the deviation off,3 from its maximal
value to be too small. Indeed it would be very important tovkinmw small the mixing anglé 3

is and how close to maximdb; is.

Neutrino mixing is important because it could in principleyide new clues for the under-
standing of the flavour problem. Even more so since neutritxknmangles show a pattern that is
completely different than that of quark mixing: for quarkknaixing angles are small, for neutri-
nos two angles are large (one is even compatible with themedxialue) and only the third one is
small. For building up theoretical models of neutrino mgimne must guess which features of the
data are really relevant in order to identify the basic pples for the formulation of the model.
We see from Table(1) [4, 5] that within measurement erraesotbserved neutrino mixing matrix is
compatible with the so called Tri-Bimaximal (TB) form [11The best measured neutrino mixing
angle 6y, is just about & below the TB value sy, = 1/3, while the maximal value fo8,3
is well inside the 1g interval andf,3 is still compatible with zero (see Table 1). In fact, the TB
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mixing matrix (in a particular phase convention) is given by

2 1
PR
Ure= | % = | (5.2)
211
V6 V3 V2

Thus, one possibility is that one takes this coincidenc@ssly and only considers models
where TB mixing is automatically a good first approximatigsternatively one can assume that
the agreement of the data with TB mixing is accidental. lddéere are many models that fit the
data and yet TB mixing does not play any role in their architec[1]. The TB mixing matrix
suggests that mixing angles are independent of mass rativle for quark mixings relations like
)\é ~ my/ms are typical). In fact in the basis where charged lepton nsasediagonal, the effective
neutrino mass matrix in the TB case is givenrby = Utgdiag(m;, my, m3)U$B:

m
m, = [%Mg—l— %MZ-FF:LMl] : (5.3)

0O 0 O 1 11 4 -2 -2
Mg=10 1 -1, M=1(|1 1 1), Mi=|-2 1 1. (5.4)
0 -1 1 1 11 -2 1 1

The eigenvalues afi, arem;, mp, mg with eigenvector§—2,1,1)/+/6,(1,1,1)/v/3and(0,1, -1) /v/2,
respectively. The expression in eq.(5.3) can be reprodunceshdels with sequential dominance or
with form dominance, discussed by S. King and collaborditizé

As we see the most general neutrino mass matrix corresppmainB mixing, in the basis of
diagonal charged leptons, is of the form:

where:

X 'y y
m=[y x+v y-v]|, (5.5)
y Y=V X+v

This is a symmetric, 2-3 symmetric matrix with; + a1o = ap» + aps.

We now discuss models that naturally produce TB mixing it eippproximation. Discrete non
abelian groups naturally emerge as suiTable flavour synmsdit3]. In fact the TB mixing matrix
immediately suggests rotations by fixed, discrete angles. deries of papers [14, 15, 16, 17, 18,
19] it has been pointed out that a broken flavour symmetrychas¢he discrete groufy, appears to
provide a simplest realisation of this specific mixing pati@ Leading Order (LO). Other solutions
based on alternative discrete or continuous flavour groape hlso been considered [13], but the
A4 models have a very economical and attractive structure,ieigrms of group representations
and of field content.

We recall thatA4, the group of even permutations of 4 objects, can be genkmtehe two
elementsSandT obeying the relations (a "presentation” of the group):

S=(ST3P=T3=1 . (5.6)
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The 12 elements of, are obtained as: 5 T, ST, TS T2, ST2, STSTST, T2S, TST?, T2ST.
The inequivalent irreducible representationsigfare 1, 1’, 1" and 3. It is immediate to see that
one-dimensional unitary representations are given by:

1 S=1T=1
1 S=1T=d41/3 =2 (5.7)
1" S=1T =623 =

The three-dimensional unitary representation, in a baber@&the element is diagonal, is given
by:

100 12 2
T=|0w?0 |, s=z|2-12]. (5.8)
00w 2 2 -1

Note that the generic mass matrix for TB mixing in eq.(5.5) t& specified as the most
general matrix that is invariant undgr— t symmetry, implemented by the unitary matAy;:

100
010
and under th&transformation:
m=8SmS m=A,;mA,; (5.10)

where S is given in eq.(5.8). Tha mass matrix of the previous example is derived in the basis
where charged leptons are diagonal. It is useful to congfgeproduct? = m{me, whereme is

the charged lepton mass matrix (definedgagney ), because this product transformsrd$ =
UJmPUe, with Ue the unitary matrix that rotates the left-handed (LH) chdrtgpton fields. The
most general diagonal? is invariant under a diagonal phase matrix with 3 differemge factors:

mime = T mimeT (5.11)

and conversely a matrimme satisfying the above requirement is diagonalT'= 1 the matrix
T generates a cyclic groufy,. The simplest case is= 3, which corresponds tdz (butn > 3 is
equally possible) and to the matrix in eq.(5.8).

We can now see whiy works for TB mixing. It works becausgandT are matrices oy (in
fact they satisfy egs.(5.6)). One could object that the im@3 is not an element of\4, (because
the 2-3 exchange is an odd permutation). But it can be shoatrintth, models the 2-3 symmetry
is maintained by imposing that there are no flavons transfayras 1 or 1” that breakA, with two
different VEV’s (in particular one can assume that thererexdavons in the model transforming
aslor?).

The groupA4 has two obvious subgroup&s, which is a reflection subgroup generatedy
and Gr, which is the group generated By which is isomorphic t&s. If the flavour symmetry
associated td\, is broken by the VEV of a triplep = (¢1, 92, ¢3) of scalar fields, there are two
interesting breaking pattern. The VEV

(¢) = (vs,Vs,Vs) (5.12)
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breaksA4 down toGs, while
(¢) = (vr,0,0) (5.13)

breaksA, down toGt. We have seen th&s and Gt are the relevant low-energy symmetries of
the neutrino and the charged-lepton sectors, respectivelged we have shown that the TB mass
matrix is invariant undeGs and, for charged leptons, a diagomglm is invariant undeiGr. A
crucial part of all serious A4 models is the dynamical getienaof this alignment in a natural
way. In most of the modeldy is accompanied by additional flavour symmetries, eithecrdie
like Zy or continuous like U(1), which are necessary to eliminateamted couplings, to ensure
the needed vacuum alignment and to reproduce the observesl mexarchies. In the leading
approximationA4 models lead to exact TB mixing. Given the set of flavour synmieetand having
specified the field content, the non leading correctionsed® mixing pattern arising from higher
dimensional effective operators can be evaluated in a vediheld expansion. In the absence of
specific dynamical tricks, in a generic model, all the thragimy angles receive corrections of
the same order of magnitude. Since the experimentally aliodepartures o06,, from the TB
value sirf 65 = 1/3 are small, at most oﬁ()\cz), with Ac the Cabibbo angle, it follows that, in
these models, both;3 and the deviation of,3 from the maximal value are expected to also be
at most ofﬁ()\cz) (note thatA¢ is a convenient hierarchy parameter not only for quarks taat a
in the charged lepton sector with, /m; ~ 0.06 ~ A2 andme/my, ~ 0.005~ A3~%). A value of
13~ ﬁ()\é) is within the sensitivity of the experiments which are novpraparation and will take
data in the near future. Explicit realizations of models T& mixing based o\, can be found,
for example, in [15, 16, 17, 18, 19]. The possible origilgffrom a deeper level of the theory has
been discussed in the context of extra dimensions and @inifp[17], [21] or as related to the fact
that A4 is a subgroup of the modular group [16], which plays a roletrimg theory.

While A4 is the minimal flavour group leading to TB mixing, alternatiffavour groups have
been studied in the literature and can lead to interestingnia with some specific features [13].

Recently, in ref. [22], the claim was made that, in order taobthe TB mixing "without fine
tuning", the finite group must b®, or a larger group containing,. For us this claim is not well
grounded being based on an abstract mathematical critddua natural model (see also [23]).
For us a physical field theory model is natural if the intargstesults are obtained from the most
general lagrangian compatible with the stated symmetrythadpecified representation content
for the flavons. For example, we obtain frofy (which is a subgroup o%&;) a natural (in our
sense) model for the TB mixing by simply not including symméireaking flavons transforming
like the T and the 1 representations of4. This limitation on the transformation properties of
the flavons is not allowed by the rules specified in ref. [22Jjonhdemand that the symmetry
breaking is induced by all possible kinds of flavons (note, thecording to this criterium, the SM
of electroweak interactions would not be natural becausdg ldiggs doublets are introduced!).
Rather, for naturalness we also require that additionasighi/ properties like the VEV alignment
or the hierarchy of charged lepton masses also follow froenatssumed symmetry and are not
obtained by fine tuning parameters: for this actudllycan be more effective tha®, because it
possesses three different singlet representationsandll’ which leads to unrelated masses for
the three charged leptons. Models of neutrino mixing basefl,dave in fact been studied (see,
for example, [20]).
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6. A4, quarksand GUT’s

Much attention has been devoted to the question whetherlmadth TB mixing in the neu-
trino sector can be suitably extended to also successfebgribe the observed pattern of quark
mixings and masses and whether this more complete framegarkbe made compatible with
(supersymmetric) SU(5) or SO(10) Grand Unification.

The simplest attempts of directly extending models basedsdn quarks have not been sat-
isfactory. At first sight the most appealing possibility agsadopt for quarks the same classification
scheme undef, that one has used for leptons (see, for example, [16]). Thegentatively as-
sumes that LH quark double@transform as a triplet 3, while the antiquarks,d°), (c®,s") and
(t° b%) transform as 1,”1and 1, respectively. This leads 4, = Vy and to the identity matrix
for Vekm = V[V in the lowest approximation. This at first appears as verynising: a LO ap-
proximation where neutrino mixing is TB angxym = 1 is a very good starting point. But there
are some problems. First, the correction8/@y = 1 turn out to be strongly constrained by the
leptonic sector, because lepton mixing angles are vergdmthe TB values, and, in the simplest
models, this constraint leads to a too sivgli(i.e. the Cabibbo angle is rather large in comparison
to the allowed shifts from the TB mixing angles). Also in therodels, the quark classification
which leads tdvckm = 1 is not compatible withA, commuting with SU(5). An additional con-
sequence of the above assignment is that the top quark mass &om a non-renormalizable
dimension-5 operator. In that case, to reproduce the top,ma&sneed to compensate the cutoff
suppression by some extra dynamical mechanism. Altegigtiwe have to introduce a separate
symmetry breaking parameter for the quark sector, suftigietose to the cutoff scale.

Due to this, larger discrete groups have been considerethéodescription of quarks. A
particularly appealing set of models is based on the disgetupT’, the double covering group of
A4 [24], [25], [26]. The representations @f are those of\4 plus three independent doublets 2, 2
and 2. The doublets are interesting for the classification of et fivo generations of quarks [27].
For example, in ref. [25] a viable description was obtained,in the leptonic sector the predictions
of the A4 model are maintained, while tH€ symmetry plays an essential role for reproducing the
pattern of quark mixing. But, again, the classification addpn this model is not compatible with
Grand Unification.

As a result, the groupy was considered by many authors to be too limited to also tescr
quarks and to lead to a grand unified description. It has besently shown [18] that this negative
attitude is not justified and that it is actually possible dostruct a viable model based Anwhich
leads to a grand unified theory (GUT) of quarks and leptonk Wi mixing for leptons and with
qguark (and charged lepton) masses and mixings compatitkeexperiment. At the same time
this model offers an example of an extra dimensional SU(5) @Uwhich a description of all
fermion masses and mixings is accomplished. The formuaifaSU(5) in extra dimensions has
the usual advantages of avoiding large Higgs representatm break SU(5) and of solving the
doublet-triplet splitting problem. The choice of the tremmmation properties of the two Higgses
Hs and Hz has a special role in this model. They are chosen to transémmwo differentA,
singlets 1 and 'l As a consequence, mass terms for the Higgs colour tripletqat directly
allowed and their masses are introduced by orbifolding,kal@amura [28]. In this model, proton
decay is dominated by gauge vector boson exchange giviagaidimension-6 operators, while
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the usual contribution of dimension-5 operators is forbiadby the selection rules of the model.
Given the largeMgyt scale of SUSY models and the relatively huge theoreticakdaimties,
the decay rate is within the present experimental limits.eA-saw realization in terms of a,
triplet of RH neutrinosv® ensures the correct ratio of light neutrino masses withees the
GUT scale. In this model extra dimensional effects directintribute to determine the flavour
pattern, in that the two lightest tenpleTfs and T, are in the bulk (with a doubling; and T,

i = 1,2 to ensure the correct zero mode spectrum), whereas thapbetst and T3 are on the
brane. The hierarchy of quark and charged lepton massesfaoak mixings is determined
by a combination of extra dimensional suppression factodscdU (1)gn charges, both of which
only apply to the first two generations, while the neutrinoxing angles derive fron®4 in the
usual way. If the extra dimensional suppression factorsth@d (1)gn charges are switched off,
only the third generation masses of quarks and chargedigsiarvive. Thus the charged fermion
mass matrices are nearly empty in this limit (not mucli\peffects remain) and the quark mixing
angles are determined by the small corrections inducedegltbve effects. The model is natural,
since most of the small parameters in the observed pattemas$es and mixings as well as the
necessary vacuum alignment are justified by the symmetfideeanodel. However, in this case,
like in all models based ol (1)gy, the number of7'(1) parameters is larger than the number of
measurable quantities, so that in the quark sector the nmoahebnly account for the orders of
magnitude (measured in terms of powers of an expansion péeanand not for the exact values
of mass ratios and mixing angles. A moderate fine tuning ig nekded to enhance the Cabibbo
mixing angle between the first two generations, which woddegically be ofﬁ()\é).

The problem of constructing GUT models basedsai{5) @ G or SQ(10) ® G¢ with approx-
imate TB mixing in the leptonic sector has also been consiibéy many authors. Examples of
models based oA, are [29]. An interesting model based 8b)(5) ® T’ is discussed in ref. [26].
Recently some GUT models based on SW(§) have appeared [30]. As for the models based on
SO(10) ® Gt recent examples witls; = & are [31] andGs = PSLy(7) [32]. Clearly the case of
SQ10) is even more difficult than that &U(5) because the neutrino sector is tightly related to that
of quarks and charged leptons as all belong to the 15@1.0) (for a discussion 06Q(10) ® A4
models, see [33]). In our opinion most of the models are irgete (for example, the crucial issue
of VEV alignment is not really treated in depth as it shouldl/ar involve a number of unjustified
steps and ad-hoc fine tuning of parameters. In particulaptbblem of constructing a satisfactory
natural model based d®Q(10) with built-in TB mixing at the LO approximation, remains ope

7. Bimaximal Mixing and 4

Alternatively one can assume that the agreement of TB miwiitly the data is accidental. In-
deed there are many models that fit the data and yet TB mixiag dot play a role in their architec-
ture. However, in most cases, for this type of models dififersixing angles could also be accom-
modated by simply varying the fitted values of the parame#&ssuming that the agreement of TB
mixing with the data is accidental, we observe that the mitedata do not exclude a larger value
for 613, 613 ~ O(Ac), than generally implied by models with approximate TB mixiftypically
13~ ﬁ()\é)). In fact, two recent analyses of the available data leaihfcds; = 0.016+ 0.010 at
10 [4] and sirf 6;3 = 0.013733%3 at 10 [5], which are compatible with both options. If experimen-

10
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Figure 2: The values of sifif;» for TB 0 BM mixing are compared with the data

tally it is found that6,3 is near its present upper bound, this could be interpreteh asdication
that the agreement with the TB mixing is accidental. Therheise where instead the Bimaximal
(BM) mixing is the correct first approximation could be redat. The BM mixing matrix is given

by:
g 1

)
NIHNIHQ“
N

Upm = (7.1)

NI NI
|
HS‘ o
N =

V2
A comparison of the TB or BM mixing values with the data or?€lpp is shown in Fig. (2).

In the BM scheme t&B, = 1, to be compared with the latest experimental determinatio
tar? 8, = 0.45+ 0.04 (at 1) [4, 5], so that a rather large non leading correction is edeslich
that tarf 61, is modified by terms of’(Ac). This is in line with the well known empirical obser-
vation that6;,+ Ac ~ 11/4, a relation known as quark-lepton complementarity [34lsimilarly
612+ \/W ~ 11/4. No compelling model leading, without parameter fixingthte exact com-
plementarity relation has been produced so far. Probalklexact complementarity relation is to
be replaced with something lik& >+ &'(Ac) ~ 1/4 or 812+ &'(my /m¢) ~ 11/4 (which we could
call "weak" complementarity), as in models where the largrixings arise from the diagonalisa-
tion of charged leptons. Along this line of thought, the etige acquired with non Abelian finite
flavour groups can be used to construct a model [35] basedeopeimutation grous; which
naturally leads to the BM mixing at LO. The model is supersyatrin in 4 space-time dimensions
and the complete flavour group$ x Z4 x U (1)gn. In LO, the charged leptons are diagonal and
hierarchical and the light neutrino mass matrix, after s@e; leads to the exact BM mixing. The
model is built in such a way that the dominant correctioni®BM mixing pattern, arising from
higher dimensional operators in the superpotential, origegrom the charged lepton sector and
naturally inheritAc as the relevant expansion parameter. As a result the mixigiggadeviate from
the BM values by terms of’ (Ac) (at most), and weak complementarity holds. A crucial featfr
the model is that only;» and 8,3 are corrected by terms @f(Ac) while 6,3 is unchanged at this
order (which is essential for the model to agree with theguredata).

8. Conclusion

In the last decade we have learnt a lot about neutrino massesixings. A list of important
conclusions have been reached. Neutrinos are not all rsadsig their masses are very small.
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Probably masses are small because neutrinos are Majorditdegawith masses inversely propor-
tional to the large scale M of lepton number violation. It istg remarkable that M is empirically
not far fromMgyT, SO that neutrino masses fit well in the SUSY GUT picture. Adabof equi-
librium decays with CP and L violation of heavy RH neutrin@n @roduce a B-L asymmetry,
then converted near the weak scale by instantons into anrambB asymmetry compatible with
observations (baryogenesis via leptogenesis) [10]. Itdesh established that neutrinos are not
a significant component of dark matter in the Universe. Weehago understood there there is
no contradiction between large neutrino mixings and smadirkj mixings, even in the context of
GUTs.

This is a very impressive list of achievements. Coming to titbal analysis of neutrino
masses and mixings a very long collection of models have fmeamulated over the years. With
continuous improvement of the data and more precise valligseanixing angles most of the
models have been discarded by experiment. By now, besidedethiled knowledge of the entries
of theVckm matrix we also have a reasonable determination of the meutrixing matrixUp_mns.
Itis a fact that, to a precision comparable with the measargraccuracy, the TB mixing pattern is
well approximated by the data (see Fig. (2)). If this expenital result is not a mere accident but
a real indication that a dynamical mechanism is at work to@juae the validity of TB mixing in
the leading approximation, corrected by small non leadenms, then non abelian discrete flavour
groups emerge as the main road to an understanding of thiagrpattern. Indeed the entries of
the TB mixing matrix are clearly suggestive of "rotationg' ¢imple, very specific angles. It is
remarkable that neutrino and quark mixings have such ardiffequalitative pattern. In the near
future the improved experimental precision on neutrinoingangles, in particular o3, could
make the case for TB mixing stronger and then, as a consegualso the case for discrete flavour
groups would be strenghtened. An obvious question is whedbtime additional indication for
discrete flavour groups can be obtained by considering ttension of the models to the quark
sector, perhaps in a Grand Unified context. The answer appeée that, while the quark masses
and mixings can indeed be reproduced in models where TB misirealized in the leptonic sector
through the action of discrete groups, there are no spedifigianal hints in favour of discrete
groups that come from the quark sector. Further importgnitinould come from the LHC. In fact,
new physics at the weak scale could have important feedbadkeophysics of neutrino masses
and mixing.

In conlusion, one could have imagined that neutrinos wouikgba decisive boost towards
the formulation of a comprehensive understanding of femmasses and mixings. In reality it
is frustrating that no real illumination was sparked on thebfem of flavour. We can reproduce
in many different ways the observations but we have not yenhlsble to single out a unique
and convincing baseline for the understanding of fermioigssaa and mixings. In spite of many
interesting ideas and the formulation of many elegant neoithed mysteries of the flavour structure
of the three generations of fermions have not been much ledvei
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