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The determination of the CKM matrix elements |Vub| and |Vcb| is the focus of substantial ex-
perimental and theoretical effort. Both exclusive and inclusive semileptonic B decays are used
to determine these quantities; these two approaches use complementary theoretical descriptions.
The experimental measurements are dominated by results from the e+e− B factories. The trend
seen in recent years for the determinations based on inclusive decays to give larger values than
the determinations based on exclusive decays continues.
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1. Semileptonic B decays

The main challenge in determining the CKM matrix elements |Vcb| and |Vub| is to reduce the
decay rate uncertainties caused by the strong interaction. This leads one to use the semileptonic
decays B̄→ X`ν̄ , which involve only one hadronic current. The presence of a charged lepton
in the final state provides a clean experimental signature for these decays, but the presence of a
neutrino reduces the kinematic constraints available to distinguish signal from background. Decays
to charmed (Xc) and charmless (Xu) hadronic states can be distinguished experimentally primarily
via kinematics, since the minimum Xc mass is mD, and to some extent by the presence of kaons
and detached vertices in the final state. The squared momentum transferred to the leptons in the
semileptonic decay is denoted by q2.

The weak decay of a left-handed spin-1/2 fermion is calculable to high precision in the stan-
dard model. The impact of strong interaction corrections to this picture (see Fig. 1) can be system-
atically incorporated using the Operator Product Expansion (OPE)[1]. The OPE is a double expan-
sion in powers of αS and ΛQCD/mb, where ΛQCD represents a typical QCD scale of 0.5-1.0GeV/c2.
Its application to modeling inclusive decays relies on the validity of analytic continuation into the
region of time-like momenta (p2

B = M2
B), which is equivalent to the assumption of quark-hadron

duality. The leading term in the OPE expression for the semileptonic B decay rate reproduces the
parton model. Non-perturbative contributions arise as matrix elements of each local operator ap-
pearing in the expansion. The first power correction vanishes, leaving terms of order O(Λ2

QCD/m2
b)

as the leading corrections.
Exclusive semileptonic decays, where the hadron accompanying the lepton pair is explicitly

reconstructed, are described as weak decays with q2-dependent form factors. The calculation of
these form factors requires non-perturbative QCD methods, such as lattice QCD (LQCD) or light-
cone sum rules (LCSR). While neither method is able to provide precise value of the full q2 range,
they complement each other, with LQCD best suited to large (q2 > 16GeV2/c4) values and LCSR
best suited to small (q2 < 12 GeV2/c4) values.

Figure 1: Cartoon of semileptonic B decay

The measurement of inclusive semileptonic B decays starts with an identified electron or muon
above some momentum cut, usually about 1GeV/c in the B rest frame. The measurement of the
electron momentum spectrum requires relatively few additional cuts, primarily to reduce the level
of background from continuum e+e−→ qq̄ events. Analyses wishing to use q2 must additionally
determine the missing momentum vector of the event; the modeling of the resolution in this variable
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is sensitive to limited acceptance and imperfect reconstruction of a priori visible momentum. The
use of properties of the accompanying hadronic system, like the hadronic mass mX , requires an
assignment of each particle to one of the two B mesons. This entails fully reconstructing the second
B meson in the event, since the decay products of the two B mesons overlap in the detector. This
"recoil method", is very powerful, and results in clean samples of semileptonic decays. It does,
however, come at a substantial cost; the efficiency for fully reconstructing the second B meson is
≈ 0.3%.

Exclusive semileptonic decays are measured by fully reconstructing a hadron (D, D∗, π , ρ ,
etc.) and requiring the kinematics of the event to be consistent with a semileptonic decay; in
particular, that the missing energy and missing momentum are roughly equal. Analyses using fully
differential spectra allow the determination of both the decay rate and the slope of the form factor,
and of two additional form factor ratios in decays with a vector hadron in the final state. Analyses
of B̄→ Xu`ν̄ decays reduce background by further requiring the remaining particles in the event to
be consistent with a B meson decay, either through full reconstruction, through a somewhat looser
criterion in which the second B is reconstructed in a common semileptonic decay (ε ≈ 0.6%) or by
making loose requirements on the energy and invariant mass of the set of remaining particles.

2. Exclusive B̄→ Xc`ν̄ decays

The differential decay rate for B̄→ D`ν̄ is given by1

dΓ(B̄→ D`ν̄)
dw

=
G2

F |Vcb|2

48π3 (G (w))2
Φ(w) (2.1)

where G (w) is the form factor, Φ(w) is a phase space factor, and

w≡ m2
B +m2

D−q2

2mBmD
(2.2)

is the boost of the D meson in the B̄ rest frame (1 < w < 1.59). The point w = 1 corresponds to
maximum q2, where the final state hadron is at rest in the B rest frame. This "zero recoil" point is
special in the limit of heavy quark symmetry, and the form factor there is unity: limmb,mc→∞ G (1) =
1. Corrections to this limit are parameterized as functions of w− 1 or in terms of a modified
expansion variable

z≡
√

w+1−
√

2
√

w+1+
√

2
; 0 < z < 0.065. (2.3)

Unitarity and analyticity can be used to constrain the expansion coefficients. The differential decay
rate for B̄→ D∗`ν̄ is similar, but there are three independent form factors in the decay (denoted
below by A1, A2 and V ), and the differential rate depends on three angles in addition to w (or z).

2.1 B̄→ D∗`ν̄

Measurements of B̄→ D∗`ν̄ decays have been made at CLEO, LEP and the B factories. Re-
cent measurements have significantly better precision and are based on three different methods. All

1Setting lepton masses to zero.
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measurements of B̄0→ D∗+`ν̄[2, 3] and B−→ D∗0`ν̄[4, 5] determine the branching fraction, the
form factor slope at zero recoil (ρ2

A1) and the product F (1)|Vcb|. In addition, some analyses[2] of
B̄0→ D∗+`ν̄ also measure the form factor ratios R1 = A2/A1 and R2 = V/A1 at w = 1. Measure-
ment of the B− → D∗0`ν̄ mode provides a valuable experimental cross-check, as the systematic
uncertainty associated with the transition pion reconstruction in the D∗ → Dπ decay is different
than in the D∗+ case. A global analysis[5] of B̄→ DX`ν̄ based on the kinematic properties of
the D-` pair is completely independent of soft pion reconstruction. In all analyses the limiting
experimental uncertainties are from detector modeling (particle reconstruction and identification
efficiencies), background from the ≈ 15% of the B̄→ Xc`ν̄ rate that is poorly understood, and,
where not directly measured, uncertainties in R1 and R2. The theoretical uncertainty on the form
factor normalization F (1) is dominant in determinations of |Vcb|.

The HFAG averages[6] (see Fig. 2) are

F (1)|Vcb| = (35.5±0.5)×10−3 (2.4)

ρ
2
A1 = 1.16±0.05 (2.5)

Our determination of |Vcb| uses an unquenched LQCD result,[7] F (1) = 0.927± 0.013± 0.020,
and scales the error on the average by

√
χ2/ndf = 1.37 to find

|Vcb|D∗ = (38.3±0.7exp±1.0th)×10−3 (2.6)

Figure 2: Measurements of F (1)|Vcb| versus ρ2
A1 compiled by HFAG.

2.2 B̄→ D`ν̄

The decay B̄→ D`ν̄ provides a second avenue for determining |Vcb| in exclusive decays. The
decay is easier to implement on the lattice than B̄→D∗`ν̄ , although existing calculations are not yet
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at the same level of accuracy. Experimentally, the presence of feed-down from B̄→ D∗`ν̄ decays
makes this mode more challenging. Two recent BABAR results[5, 8] have significantly improved
the experimental picture. The main experimental uncertainties come again from detector modeling
and B̄→ Xc`ν̄ backgrounds. Use of the full B factory data samples could reduce the experimental
uncertainty by a factor of about 0.8.

The HFAG averages[6] are

G (1)|Vcb| = (42.3±1.5)×10−3 (2.7)

ρ
2 = 1.18±0.06 (2.8)

Using G (1) = 1.074±0.018±0.016 from a preliminary unquenched LQCD calculation[9] gives

|Vcb|D = (39.1±1.4exp±1.3th)×10−3 (2.9)

where the lattice errors have been added linearly. Both the slope and the |Vcb| values agree well
with those obtained from B̄→ D∗`ν decays. Given the improved experimental accuracy, more
precise determinations of G (1) will be helpful.

3. Inclusive b→ c`ν̄ decays

The OPE expression for the semileptonic decay width is (schematically)

Γ(b→ c`ν̄) =
G2

Fm5
b

192π3 |Vcb|2(1+Aew)Apert(r,µ)
[

z0(r)+ z2(r)
(

µ2
π

m2
b
,

µ2
G

m2
b

)
+ z3(r)

(
ρ3

D

m3
b
,
ρ3

LS

m3
b

)
+ ...

]
(3.1)

where r = mc/mb, Aew and Apert are electroweak and perturbative QCD corrections, and the non-
perturbative quantities µ2

π , µ2
G, ρ3

D and ρ3
LS are matrix elements of local operators whose values are

to be determined from data. These same non-perturbative quantities appear in calculated moments
of the spectrum for decays satisfying E` > E0:

〈En
` M2m

X 〉E0
=

1
Γ0

∫ Emax

E0

dE`

∫
dM2

X
dΓ(µ2

π ,µ2
G,ρ3

D, ...)
dE`dM2

X
En

` M2m
X (3.2)

This allows one to measure a large number of experimental moments in the electron energy or
hadronic mass or energy, for a variety of minimum lepton energy thresholds, and perform a global
fit to extract |Vcb|, mb and mc, and the non-perturbative parameters in the expression. Perturbative
corrections[10] are known to α2

S on leading terms and αS on 1/mb terms, although not all cor-
rections are incorporated into global fits using these moments. The calculations are available in
two mass renormalization schemes: the "1S" scheme[11] and the "kinetic" scheme[12]. Similar
expansions can be written for b→ u`ν̄ and b→ sγ decays.

Experiments at the ϒ(4S), CDF and DELPHI have measured spectral moments in b→ c`ν̄ de-
cays. Moments of the electron energy spectrum[13] can be measured using inclusive analyses, but
moments involving hadronic variables[14] (e.g. m2

x) require reconstruction of the full semileptonic
decay. The uncertainties come principally from detector modeling and the modeling of B and D
decays. Measurements of the photon energy moments from b→ sγ decays[15] are still statistically
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limited due to the large background subtraction needed at energies below∼ 2.2GeV. A global fit to
64 moments in the kinetic scheme[16] gives the results shown in Table 1. A fit excluding the b→ sγ

moments gives similar precision on |Vcb|, but has less sensitivity to mb. The points used in the fit
are correlated - each moment is used at a series of minimum lepton momentum or minimum photon
energy cuts, so the samples have significant overlap. These correlations, as well as correlations in
the systematic uncertainties, are taken into account in the fit. The treatment of correlations in the
theoretical uncertainties (due to, e.g., uncalculated higher order terms, or assumptions on param-
eters that cannot be determined directly in the fit) is also considered. Nevertheless, the chisquare
probability of the fit – 0.9995 – is far too good and demands an explanation.

The results of a global fit in the 1S scheme[17] are similar and give |Vcb| = (41.87± 0.25±
0.08)×10−3, and again give an unreasonably small χ2/ndf.

Table 1: Global fit results in the kinetic scheme.

Input |Vcb|(10−3) mkin
b (GeV) µ2

π (GeV2) χ2/ndf
all moments 41.54±0.43fit±0.08τB±0.58th 4.620±0.035 0.424±0.042 26.4/(64−7)
only b→ c`ν 41.31±0.49fit±0.08τB±0.58th 4.678±0.051 0.410±0.046 20.3/(53−7)

The |Vcb| from the global fit is about 2.4σ higher than the values obtained from B̄→D∗`ν̄ and
B̄→ D`ν̄ decays. The average of the three values, after scaling the error by

√
χ2/ndf, is

|Vcb|= (40.6±1.0)×10−3 (3.3)

4. Inclusive b→ u`ν̄ decays

The OPE used to describe b→ c`ν̄ decays is valid for b→ u`ν̄ decays when calculating quan-
tities over broad regions of phase space. However, the large difference in rate (b→ c`ν̄ decays
are 50 times more prevelant than b→ u`ν̄ decays) makes it experimentally challenging to measure
b→ u`ν̄ decays in regions where b→ c`ν̄ decays are not highly suppressed. The imposition of
restrictive kinematic cuts ruins the convergence of the OPE, and brings in dependence on a non-
perturbative shape function. In addition, decay rates in restricted regions of phase space depend
parametrically on powers of mb much higher than the m5

b of the total semileptonic rate. The pres-
ence of competing processes like weak annihilation, which can contribute significantly at high q2,
brings additional uncertainty. Determinations of |Vub| using inclusive decays therefore involve a
tradeoff between statistics, experimental systematic uncertainties and theoretical uncertainties.

Measurements of b→ u`ν̄ partial rates fall into two broad categories: fully inclusive analyses,
where the lepton momentum and, in some cases, the missing (neutrino) momentum are measured;
and recoil analyses, where the other B meson in the event is fully reconstructed, allowing a clear
identification of the remaining particles with the semileptonically decaying B, and giving access
to the full set of potential kinematic variables. The second approach is more flexible and provides
some additional background suppression, but suffers from low efficiency. In both approaches,
feeddown from mis-reconstructed b→ c`ν̄ decays, due to additional neutrinos, limited acceptance
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and hard-to-reconstruct particles like K0
L , are significant sources of systematic uncertainty. Other

significant sources of uncertainty include detector modeling and the modeling of charm decays.
A recent result from Belle uses a multivariate discriminator to extract the b→ u`ν̄ rate with

minimal kinematic cuts, namely Ee > 1GeV. In this and other analyses that probe deep into the
region dominated by b→ c`ν̄ decays, the knowledge of the shape of the b→ u`ν̄ differential
spectrum becomes an important source of systematic uncertainty, and correlations between this
uncertainty and theoretical and parameteric (mb) uncertainties are not easy to evaluate. The partial
rate measurements used by HFAG are shown in Table 2. These partial rates explore a range of
different kinematic regions, providing tests of theoretical partial rate predictions.

Table 2: Partial branching fraction measurements (×105). The total b→ u`ν̄ branching fraction in these
units is ≈ 220. The entries to the right of the vertical bar are from recoil analyses.

CLEO[18] BaBar[19] Belle[20] BaBar[21] Belle[22] BaBar[23] BaBar[23] BaBar[23] Belle[24]
Ee > 2.1 Ee-q2 Ee > 1.9 Ee > 2.0 mX -q2 mX < 1.55 mX -q2 P+ Ee > 1

33±2±7 44±4±4 85±4±15 57±4±7 74±9±13 118±9±7 81±8±7 95±10±8 196±17±16

Figure 3: |Vub| determinations from measured b→ u`ν̄ partial rates using four different theoretical calcula-
tions.

There are several theoretical calculations of these partial rates in terms of |Vub|2; details are in
the talk of T. Mannel. They include sophisticated error analyses, including terms for uncertainties
from parametric and perturbative sources, weak annihilation and the shape function. The |Vub|
determinations based on these calculations are shown in Fig. 3. The spread in |Vub| values for each
measurement is roughly consistent with the independent uncertainties assigned in the calculations.
Averaging over the partial rates and performing an "average of the averages" gives

|Vub|= (4.37±0.16exp±0.20th±0.30NNLO)×10−3 (4.1)

The last uncertainty has been added "by hand" to account for the larger than expected shift seen
in the BLNP calculation[25] (+8% on |Vub|; not applied in values quoted here) when NNLO per-
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turbative terms are included. It will be interesting to see whether or not the other calculations see
large effects at NNLO.

5. Exclusive B̄→ Xu`ν̄ decays

The cleanest exclusive B̄→ Xu`ν̄ mode to measure is B̄→ π`ν̄ . This is also, by far, the mode
for which theoretical calculations of the decay form factor are most precise. While the program of
measuring other charmless exclusive semileptonic B decays is of interest in its own right, for the
determination of |Vub| we restrict ourselves to this golden mode.

Here again, measurements are performed both with and without reconstruction of the recoiling
B meson. Given the small branching fraction for B̄→ π`ν̄ , the recoil-based measurements[26, 27]
are statistically limited, and are unable at present to provide much information on the shape of the
partial branching fraction versus q2. Untagged measurements[28, 29, 30] can do so, and combined
fits to data points and LQCD points as a function of q2 provide the most precise determination
of |Vub| from this mode. The world average[6] branching fraction for B̄→ π`ν̄ is (1.36± 0.05±
0.05)×10−4.

The lattice points entering the fit are calculated using 2+1 light quark flavors, and are pro-
vided in the region q2 > 16GeV2/c4. A combined fit to the most recent BABAR preliminary q2

spectrum[30], parameterizing the form factor to order O(z2) (see Fig. 4) gives

|Vub|= (2.95±0.31)×10−3 (5.1)

where the uncertainty has comparable contributions from experiment and lattice. Determinations
based on comparing partial rates at high q2 with lattice calculations or at low q2 with Light Cone
Sum Rule calculations give somewhat larger values and larger uncertainties.

Figure 4: Combined fit to BABAR data and LQCD points to extract |Vub|.

6. Summary and outlook

The |Vub| values obtained from the inclusive and exclusive determinations differ by 2.7σ . This
trend has been seen for several years, and seems to persist despite improvements in precision and

8



P
o
S
(
F
P
C
P
 
2
0
1
0
)
0
2
8

Determination of |Vub|and |Vcb| Robert Kowalewski

the confidence gained from additional, independent measurements and calculations. The most ob-
vious potential sources of error in the inclusive result are in determinations of mb, weak annihilation
and perturbative corrections. The exclusive result relies heavily on the determination of the form
factor normalization from LQCD.

The same trend is seen in |Vcb| determinations, where the inclusive result is larger than the
exclusive determinations by about 2.4σ .

The existing B factory data sets can still provide increased precision on experimental input,
in particular on the B̄→ D`ν̄ and B̄→ π`ν̄ partial branching fractions and on inclusive b→ u`ν̄

partial rates.
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