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1. Introduction

Recently, a correlation between the arrival directions of events with energy greater than 57
EeV and the positions of catalogued Active Galactic Nuclei has been observed by the Pierre Auger
Observatory [1]. However, the determination of the sources for individual cosmic rays is very
difficult, because they suffer deflections during their travel to Earth due to interactions with the
galactic and extragalactic magnetic fields.

The knowledge of the magnetic fields in extragalactic space is quite limited. The observa-
tional technique is the measurement of the Faraday rotation, which also requires knowledge of the
electron density between the source and the observer. Very high fields, of order of and exceeding
1 µG, have been observed in clusters of galaxies on Mpc scales. The average random extragalactic
magnetic field does not exceed 1 nG if the coherence length lc of the field is 1 Mpc, in the order of
magnitude of the average distance between the galaxies [2].

Large-scale magnetic fields are generally assumed to have a cellular structure. Namely, the
magnetic field ~B is supposed to be constant over a domain of size Lc, randomly changing its direc-
tion from one domain to another but keeping approximately the same strength [3].

2. Random Magnetic Field

Figure 1: A sketch of a cellular magnetic field structure, valid for cells in a supercluster of galaxies, or cells
inside a cluster of galaxies.

Models employing a random magnetic field B in cells predicted an increase in the rotation
measure variance with redshift. Searches for such a Bran component yielded an upper limit of 1 nG
out to a redshift of z ∼ 3.5, using spherical cell sizes of ∼ 1 Mpc (figure 1). A similar study for a
random B, using thin elongated web-like filaments of size ∼ 1Mpc in voids, has led to a Bran < 1µG
[4]. Blasi et al. [5] assuming that the cosmological inhomogeneities are described by the observed
Lyman-alpha forest distribution and that the magnetic field direction is random from cell to cell and
its strength in a cell is B ∼ n2/3. For a cell size lc ∼ 50 Mpc, they found the primordial B < 6 nG,
or even smaller if there have been subsequent amplification by battery or dynamo processes. Sethi
[6] employed a two-point correlation function to study moments as a function of the redshift, for
distances up to z ≤ 3, and found no signal or oscillations due to the presence of a random magnetic

2



P
o
S
(
C
R
A
 
S
c
h
o
o
l
)
0
2
1

Propagation of UHECRs in extragalactic magnetic fields Lima E. F

field on scales > 10 Mpc, corresponding to fields < 3 × 10−8 G. He noticed that no signal or
anisotropy occasioned by random magnetic fields on the 3K microwave background radiation were
found, implying fields < 3 nG at this large redshift (last scattering surface).

3. Propagation of UHECRs using Frenet-Serret formulas

If an observer moves with a particle with charge q, rest mass m0 and Lorentz factor γ in a
magnetic field ~B, the Frenet-Serret equations can be used to describe the equations of motion of
this particle, with the advantage of this observer to be in a non-inertial frame, i.e., the Frenet-Serret
frame rotates with the particle and there is no need to change the reference frame to perform the
calculations. From the equation for the Lorentz force, we have:

d
dt

~v =
q

m0γ
(~v‖×~B)+

q
m0γ

(~v⊥×~B), (3.1)

where v‖ and v⊥ are, respectively, the velocity components parallel and perpendicular to the field.
The velocity parallel to the magnetic field is given by:

~v‖ =
(~v ·~B)

B2
~B. (3.2)

Substituing the equation (3.2) into the equation (3.1) we can write:

d
dt

~v =~v⊥×~ωB, (3.3)

where ~ωB is known as the angular gyrofrequency and is given by: ~ωB = q~B
m0γ .

The equation (3.3) implies that the particle accelaration is perpendicular to ~v⊥ which in turn
points in the direction of motion. Hence, we can define the Frenet-Serret frame as:

~T =
~v⊥
|~v⊥|

, (3.4)

~N =
~T ′

|~T ′|
=

d~v⊥
dt

|d~v⊥
dt |

=
(~v⊥×~ωB)
|(~v⊥×~ωB)|

, (3.5)

~M = ~T ×~N =
~v⊥
|~v⊥|

× (~v⊥×~ωB)
|(~v⊥×~ωB)|

= −
~ωB

ωB
. (3.6)

where ~T is the unit vector tangent to the particle trajectory, ~N is the vector normal to the particle
trajectory and ~M is the cross product of ~T and ~N.

The Larmor radius RL of the particle is inversely proportional to curvature κ , where RL = ωB
v⊥

,
consequently:

κ =
qB

m0γv⊥
. (3.7)

The torsion τ is defined by:

τ = −~N · d ~M
dt

. (3.8)
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Assuming that the magnetic field ~B is constant, d ~M
dt = 0 and τ = 0, which describes a particle

in a circular trajectory1 on a plane, named osculating plane. Taking the time derivative of the other
two vectors, one can easily show that:

d~T
dt

= v⊥κ~N and
d~N
dt

= −v⊥κ~T , (3.9)

which we can summarize in the following matrix equation:

d
dt

 ~T
~N
~M

 = v⊥

 0 κ 0
−κ 0 τ
0 τ 0


 ~T

~N
~M

 = v⊥

 0 κ 0
−κ 0 0
0 0 0


 ~T

~N
~M

 , (3.10)

To propagate the particle according to the equations 3.9, we first define a time bin ∆t much
smaller than the period of a revolution (∆t � 2πRL

v⊥
) and then calculate the next position of the

particle by:
~r =~r0 +~v∆t, (3.11)

Figure 2: Osculating plane π , generated by ~T and ~N (π : ~R0 + µ~T + ν~N), showing the particle movement
after one time bin.

Now, defining the osculating plane π , as shown in figure 2, we will have for each step:{
xπ

f = xπ
0 +RL sin(ω∆t) , in the direction of ~T0;

yπ
f = yπ

0 +RL[1− cos(ω∆t)] , in the direction of ~N0.
(3.12)

And after one iteration: {
~Tf = cos(ω∆t)~T0 + sin(ω∆t)~N0
~N f = −sin(ω∆t)~T0 + cos(ω∆t)~N0,

(3.13)

such that the new velocity will be:
~v f =~v‖ + v⊥~Tf . (3.14)

1A circle of radius r has zero torsion and curvature 1/r.
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4. Our model

We simulated protons propagating inside a cubic Universe of (200 Mpc)3, where the unitary
cell is a cube of side lc = 1Mpc. For this proposal, we assumed in each cell random orientations
for the field, but constant intensities of

√
3 nG, as observed in the figure 3.

The proton is launched from the center of the Universe, with fixed energies between 1019 and
1021 eV , such that its initial speed is given by:

v = c
√

1− γ−2 , where γ =
E

m0c2 . (4.1)

The motion is determined by the equations 3.11, 3.12 and 3.14.
Then, we compared these propagations with those in an anisotropic and uniform Universe

(figure 4), with Bx = By = Bz = 1 nG.

Figure 3: Random magnetic field Figure 4: Uniform magnetic field

The step size between iterations, ∆s, has been taken to be a very small fraction of the in-
stantaneous Larmor radius of the particle: ∆s = 10−6RL. Since, for ultra-relativistic particles, the
parameter β = v/c taken from equation 4.1 demands several decimal places to be calculated, we
implemented in the code the GNU MPFR library [8] to achieve the needed accuracy.

5. Results

The resulting simulated trajectories for some selected energies are given in figures 5, 6 and 7.
One can see the expected resulting trajectory for the uniform field (plots at the right boxes), i.e.,
particles propagating in a spiral, according to their energies. However, for the random orientation
fields (plots at the left boxes), the particles tend to be reflected in the regions of the borders, where
the discontinuities of the fields take place.

For each energy value, we have propagated 100 protons. (We intend to increase the statistics
to 1000 particles/energy.)
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Figure 5: Proton propagation with energy E = 1019 eV : (left) propagation in the random magnetic field
B =

√
3 nG and (right) propagation in the uniform magnetic field Bx = By = Bz = 1 nG.
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Figure 6: Proton propagation with energy E = 1020 eV : (left) propagation in the random magnetic field
B =

√
3 nG and (right) propagation in the uniform magnetic field Bx = By = Bz = 1 nG.
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Figure 7: Proton propagation with energy E = 1021 eV : (left) propagation in the random magnetic field
B =

√
3 nG and (right) propagation in the uniform magnetic field Bx = By = Bz = 1 nG.
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6. Conclusions

We propagated the particles through the Lorentz force equation in the formalism of the Frenet-
Serret equations [7].

We did not expect the sharp deviations in the trajectory of the protons in the case of the random
field. In order to verify these results, we ran the same protons in uniform fields and the results were
consistent with those present in the scientific literature, i.e., the higher the energy, the smaller the
particle deviation that will suffer during the simulated trajectory [9]. The work is progress in order
to smooth the field discontinuities in the regions of the cells borders.
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