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We study the Quark-Hadron Duality Violation in Finite Energy Sum Rules (FESRs) with the LR
correlator, through an analysis of the possible high-energy behavior of the LR spectral function,
taking into account the experimental hadronic τ -decay data and the known short-distance constraints. We show that the pinched weights allow to determine with precision the dimension six
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1. Introduction
QCD sum rules (QCDSRs) [3, 4] constitute a very useful tool, that enables us with a powerful connection between QCD parameters and physical observables. They have been widely
used during the last thirty years to study many important aspects of both perturbative and nonperturbative QCD. Here we will focus on QCD sum rules with the non-strange LR correlator
(0+1)
Π(q2 ) ≡ Πud,LR (q2 ) defined by

µ
d4 x eiqx h0|T Lud (x)Rνud (0)† |0i

(1.1)

= (qµ qν−gµν q2 ) Πud,LR (q2 ) + gµν q2 Πud,LR (q2 ) ,
(0+1)

µ

(0)

µ

where Lud (x) ≡ uγ µ (1 − γ5 )d and Rud (x) ≡ uγ µ (1 + γ5 )d. In the deep euclidean region, the correlator can be calculated using the Operator-Product Expansion (OPE)
ΠOPE (s) =

∑

k=3

C2k (ν ) hO2k i(ν )
≡
(−s)k

∑

k=3

O2k
,
(−s)k

(1.2)

where hO2k i(ν ) are vacuum expectation values of operators with dimension d = 2k and C2k (ν )
their associated Wilson coefficients, that contain logarithmic dependences with −s. Notice that
both are ν -dependent quantities, but this dependence cancels in their product O2k . This correlator
is an interesting object in the study of non-perturbative QCD because it vanishes identically to all
orders in perturbation theory in the chiral limit and so its OPE contains only power-suppressed
contributions from dimension d = 2k operators, starting at d = 6, as already indicated in (1.2).
Therefore the OPE of the correlator is dominated by O6 and O8 , two quantities that have been
determined by several groups during the last decade with somewhat contradictory results. Most of
these works are based on the use of QCDSRs with the LR correlator to extract the value of O6,8
from hadronic tau data. Given that the data used by these groups is the same, the discrepancies
come from the exact implementation of the QCDSR and the estimation of the associated errors.
A QCD Sum Rule takes advantage of the analytic properties of the correlator to relate its
imaginary part in the positive real axis (where hadrons lie) with its value in the rest of the complex
plane, where the OPE allows us to calculate it in terms of quarks and gluons. We can write a
general QCDSR for the LR correlator as
Z s0
sth

ds w(s) ρ (s) +

1
2π i

I

ds w(s) ΠOPE (s) + DV[w, s0 ]

|s|=s0

= 2 fπ2 w(m2π ) + Res [w(s) Π(s)] ,
s=0

(1.3)

where ρ (s) ≡ π1 ImΠ(s) is the LR non-strange spectral function that has been measured in τ decays
[5, 6, 7] (see Fig. 1) and w(s) is an arbitrary weight function that is analytic in the whole complex
plane except in the origin (where it can have poles). The r.h.s. contains the pion-pole contribution
and the residue at the origin for negative-power weight functions, 1/sn , which is calculable with
Chiral Perturbation Theory (χ PT). The quark-hadron duality violation (DV) comes from the OPEbreakdown near the positive real axis [8] and using analyticity it can be written as [9, 10, 11, 12]
DV[w(s), s0 ] =

Z ∞
s0

ds w(s) ρ (s) ,

(1.4)

that shows the DV as the part of the integral of the spectral function not included in the sum rule.
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2. Extracting Leff
10 , C87 , O6 and O8 : FESRs and pinched weights
eff
We will analyse the DV effects in different QCDSR-based extractions of Leff
10 ≡ −Π(0)/8, C87 ≡
′
Π (0)/16, O6 and O8 , where Π(s) ≡ Π(s) − 2 fπ2 /(s − mπ2 ). The first two quantities, that can be
expressed in terms of low-energy χ PT constants [13], are very well known with good agreement
between the different phenomenological and theoretical determinations and the DV contribution is
expected to be small. On an opposite situation we have O6,8 , defined in Eq. (1.2), especially for O8
where the different works do not even agree in its sign. The DV is much larger in this case.
The simplest sum rules that can be used to extract their value are the FESRs obtained with the
weights w(s) = sn , with n = −2, −1, 2, 3:1

Z s0

1
eff
ρ (s) = 16C87
− DV[1/s2 , s0 ] ,
s2
sth
Z s0
1
ds ρ (s) = −8Leff
10 − DV[1/s, s0 ] ,
s
sth
ds

Z s0

s
Z ths0
sth

(2.1)
(2.2)

ds s2 ρ (s) = 2 fπ2 m4π + O6 − DV[s2 , s0 ] ,

(2.3)

ds s3 ρ (s) = 2 fπ2 m6π − O8 − DV[s3 , s0 ] .

(2.4)

A more refined strategy makes use of the pinched weights (PWs), polynomial weights that
vanish at s = s0 and are supposed to minimize the DV [16, 17, 18, 14, 19]. However Eq. (1.4)
shows that things are more subtle [11, 12, 1] and that it depends on the particular weight used and
on how fast the spectral function goes to zero. In our particular case and avoiding the introduction
of unknown condensates of higher dimension, we have the following PW sum rules:

 

Z sz
s 2
2s
f2
ρ (s)
eff
(2.5)
1−
1+
= 16 C87
− 6 π2 − DV[w−2 , sz ] ,
ds 2
s
sz
sz
sz
sth


Z sz
ρ (s)
fπ2
s 2
ds
= −8Leff
− DV[w−1 , sz ] ,
(2.6)
1−
10 − 4
s
sz
sz
sth
(2.7)
1 We neglect

here the logarithmic corrections to the Wilson coefficients in the OPE. The associated error is expected
to be smaller than other errors in the analysis, as was found e.g. in Refs. [14, 15].
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(0+1)

Figure 1: Non-strange LR spectral function ρ (s) = π1 ImΠud,LR (s) measured from hadronic τ decays by
ALEPH [5].
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ds ρ (s) (s − sz )2 = 2 fπ2 s2z + O6 − DV[w2 , sz ] ,

(2.8)

ds ρ (s) (s − sz )2 (s + 2sz ) = 4 fπ2 s3z − O8 − DV[w3 , sz ] ,

(2.9)

where the negligible terms proportional to the pion mass have not been explicitly written for the
sake of brevity.

3. Estimating the quark-hadron duality violation

ρ (s ≥ sz ) = κ e−γ s sin(β (s − sz )) ,

(3.1)

for the spectral function beyond sz ∼ 2.1 GeV2 and finding the region in the 4-dimensional parameter space that is compatible with the most recent experimental data [5] and the following theoretical
constraints: first and second Weinberg Sum Rules [20] (WSRs) and the sum rule of Das et al. [21]
that gives the electromagnetic mass difference of pions (π SR). The parametrization (3.1) emerges
naturally in a resonance-based model [22, 23, 9] and has been used recently to study violations of
quark-hadron duality [11, 12, 24, 25], although without imposing the previously explained theoretical constraints in the numerical analysis.
Performing a numerical scanning over the parameter space (κ , γ , β , sz ), we have generated
a large number of acceptable spectral functions, satisfying all conditions, and have used them to
extract the wanted hadronic parameters. Carrying out the integrals in Eqs. (2.1–2.4) with s0 →
∞, one obtains the results summarized in Fig. 2, which shows the statistical distribution of the
calculated parameters [1].
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Figure 2: Statistical distribution of values of C87
6
8
10
the sum rules (2.1) - (2.4). The parameters are expressed in GeV to the corresponding power.
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In Ref. [1] we studied the DV from the perspective given by Eq. (1.4), using the parametrization
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From these distributions, one gets the final numbers (for the 68% probability region):
eff
C87
= (8.17 ± 0.12) · 10−3 GeV−2 ,

+ 0.08
−3
Leff
10 = −6.46 − 0.07 · 10 ,

3.6
−3
O6 = −5.4 +
GeV6 ,
− 1.6 · 10

+ 12.6
−3
O8 = −8.9 −
GeV8 ,
7.4 · 10

(3.2)
(3.3)
(3.4)
(3.5)

In Ref. [2] we have applied the same procedure to study the PW sum rules, Eqs. (2.5–2.9),
obtaining the results shown in Fig. 3. We can see that the histograms are much more peaked
around their central values than those obtained in Ref. [1] with standard Finite Energy Sum Rules.
The corresponding numerical values are
−3
Ceff
GeV−2 = (8.17 ±0.24) ·10−3 GeV−2 ,
87 = (8.17 ± 0.12) ·10
−3

Leff
10

(3.6)

−3

= (−6.44 ± 0.05) · 10 = (−6.4 ± 0.1) · 10 ,


+0.9
+2.1
O6 = −4.3 −0.7
· 10−3 GeV6 = −4.3 −1.5
· 10−3 GeV6 ,


+4.2
+8.6
O8 = −7.2 −5.3
· 10−3 GeV8 = −7.2 −12.7
· 10−3 GeV8 .

(3.7)
(3.8)
(3.9)

where the first and second results correspond to the 68% and 95% probability regions respectively.
The errors shown include both the DV and the experimental contributions (see Ref. [2] for more
details).
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Figure 3: Statistical distribution of values of C87
6
8
10
the pinched-weight sum rules (2.5) - (2.9). The parameters are expressed in GeV to the corresponding power.
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where the error includes both the DV and the experimental contributions (see Ref. [1] for more
details).
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4. Conclusions and comparisons

Our results agree with those of Refs. [17, 14, 18, 19], based also on pinched weights, Ref. [30],
based on the second duality point, and with Ref. [31] that follows a technique similar to ours. Our
analysis indicates that the DV error associated to the use of the first duality point is very large and
was grossly underestimated in Refs. [27, 32]. In Refs. [34, 36, 38] the numerical values obtained at
this first duality point are supported through theoretical analyses based on the so-called “minimal
hadronic ansatz” or Padè approximants, but our results show that the first duality point is very
unstable when we change from the WSRs to the O6,8 sum rules, indicating that the systematic error
of these approaches is non-negligible. Essentially the same can be said about Refs. [7, 29] where
the last available point s0 = m2τ was used.
In summary our results agree within two standard deviations with previous estimates of O6
and they indicate that O8 is also negative.
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Figure 4: Comparison of our results for O6 and O8 with previous determinations [5, 6, 7, 29, 30, 17, 14, 26,
27, 31, 32, 18, 19, 33, 34, 35, 36, 37].

2 In

Fig. 4 we have taken into account that in the O8 determination of Refs. [26, 27] there was a sign error, as was
pointed out in Ref. [28].
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We have studied the possible high-energy behavior of the LR spectral function using a physically motivated model for the DV. Our analysis, that was explained in great detail in Ref. [1], takes
into account the most recent hadronic τ data [5] and the known theoretical constraints. In this way
we have analyzed the error of different standard and pinched-weight FESRs, extracting the value of
eff
several hadronic parameters. Our results for the low-energy constants Leff
10 and C87 are in excellent
agreement with the precise determination of Ref. [13]. We have determined the condensates O6
and O8 using the PW sum rules (2.8) and (2.9), checking that the PW succeeds in minimizing the
errors and concluding that the most recent experimental data provided by ALEPH, together with
the theoretical constraints (WSRs and π SR), fix with accuracy the value of O6 and determine the
sign of O8 . Our results are compared in Fig. 4 with previous determinations2 .

Duality violation in QCDSRs with hadronic τ data

Martín González-Alonso

Acknowledgements
This work is dedicated to the memory of our collaborator and friend Ximo Prades, who sadly passed
away. This research has been partly supported by the EU network FLAVIAnet [MRTN-CT-2006035482], by MICINN, Spain [FPA2007-60323, FPA2006-05294 and CSD2007-00042 –CPAN–],
by Generalitat Valenciana [Prometeo/2008/069] and by Junta de Andalucía [P07-FQM 03048 and
P08-FQM 101].

[1] M. González-Alonso, A. Pich, and J. Prades, Phys. Rev. D81 (2010) 074007, arXiv:1001.2269
[hep-ph].
[2] M. Gonzalez-Alonso, A. Pich, and J. Prades, Phys. Rev. D82 (2010) 014019, arXiv:1004.4987
[hep-ph].
[3] M. A. Shifman, A. I. Vainshtein, and V. I. Zakharov, Nucl. Phys. B147 (1979) 385–447.
[4] E. de Rafael, arXiv:hep-ph/9802448.
[5] ALEPH Collaboration, S. Schael et al., Phys. Rept. 421 (2005) 191–284,
arXiv:hep-ex/0506072.
[6] OPAL Collaboration, K. Ackerstaff et al., Eur. Phys. J. C7 (1999) 571–593,
arXiv:hep-ex/9808019.
[7] ALEPH Collaboration, R. Barate et al., Eur. Phys. J. C4 (1998) 409–431.
[8] E. C. Poggio, H. R. Quinn, and S. Weinberg, Phys. Rev. D13 (1976) 1958.
[9] M. A. Shifman, arXiv:hep-ph/0009131.
[10] B. Chibisov, R. D. Dikeman, M. A. Shifman, and N. Uraltsev, Int. J. Mod. Phys. A12 (1997)
2075–2133, arXiv:hep-ph/9605465.
[11] O. Catà, M. Golterman, and S. Peris, JHEP 08 (2005) 076, arXiv:hep-ph/0506004.
[12] M. González-Alonso, València Univ. Master Thesis (2007) .
[13] M. González-Alonso, A. Pich, and J. Prades, Phys. Rev. D78 (2008) 116012, arXiv:0810.0760
[hep-ph].
[14] V. Cirigliano, E. Golowich, and K. Maltman, Phys. Rev. D68 (2003) 054013,
arXiv:hep-ph/0305118.
[15] S. Ciulli, C. Sebu, K. Schilcher, and H. Spiesberger, Phys. Lett. B595 (2004) 359–367,
arXiv:hep-ph/0312212.
[16] F. Le Diberder and A. Pich, Phys. Lett. B289 (1992) 165–175.
[17] V. Cirigliano, J. F. Donoghue, E. Golowich, and K. Maltman, Phys. Lett. B555 (2003) 71–82,
arXiv:hep-ph/0211420.
[18] C. A. Domínguez and K. Schilcher, Phys. Lett. B581 (2004) 193–198, arXiv:hep-ph/0309285.
[19] J. Bordes, C. A. Domínguez, J. Peñarrocha, and K. Schilcher, JHEP 02 (2006) 037,
arXiv:hep-ph/0511293.

7

PoS(LC2010)036

References

Duality violation in QCDSRs with hadronic τ data

Martín González-Alonso

[20] S. Weinberg, Phys. Rev. Lett. 18 (1967) 507–509.
[21] T. Das et al., Phys. Rev. Lett. 18 (1967) 759–761.
[22] B. Blok, M. A. Shifman, and D.-X. Zhang, Phys. Rev. D57 (1998) 2691–2700,
arXiv:hep-ph/9709333.
[23] M. A. Shifman, Prog. Theor. Phys. Suppl. 131 (1998) 1, arXiv:hep-ph/9802214.
[24] O. Catà, M. Golterman, and S. Peris, Phys. Rev. D77 (2008) 093006, arXiv:0803.0246
[hep-ph].

[26] B. L. Ioffe and K. N. Zyablyuk, Nucl. Phys. A687 (2001) 437–453, arXiv:hep-ph/0010089.
[27] K. N. Zyablyuk, Eur. Phys. J. C38 (2004) 215–223, arXiv:hep-ph/0404230.
[28] B. L. Ioffe, Prog. Part. Nucl. Phys. 56 (2006) 232–277, arXiv:hep-ph/0502148.
[29] M. Davier, L. Girlanda, A. Hocker, and J. Stern, Phys. Rev. D58 (1998) 096014,
arXiv:hep-ph/9802447.
[30] J. Bijnens, E. Gámiz, and J. Prades, JHEP 10 (2001) 009, arXiv:hep-ph/0108240.
[31] J. Rojo and J. I. Latorre, JHEP 01 (2004) 055, arXiv:hep-ph/0401047.
[32] S. Narison, Phys. Lett. B624 (2005) 223–232, arXiv:hep-ph/0412152.
[33] S. Peris, B. Phily, and E. de Rafael, Phys. Rev. Lett. 86 (2001) 14–17, arXiv:hep-ph/0007338.
[34] S. Friot, D. Greynat, and E. de Rafael, JHEP 10 (2004) 043, arXiv:hep-ph/0408281.
[35] A. A. Almasy, K. Schilcher, and H. Spiesberger, Phys. Lett. B650 (2007) 179–184,
arXiv:hep-ph/0612304.
[36] P. Masjuan and S. Peris, JHEP 05 (2007) 040, arXiv:0704.1247 [hep-ph].
[37] A. A. Almasy, K. Schilcher, and H. Spiesberger, Eur. Phys. J. C55 (2008) 237–248,
arXiv:0802.0980 [hep-ph].
[38] O. Catà, Phys. Rev. D81 (2010) 054011, arXiv:0911.4736 [hep-ph].

8

PoS(LC2010)036

[25] O. Catà, M. Golterman, and S. Peris, Phys. Rev. D79 (2009) 053002, arXiv:0812.2285
[hep-ph].

